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FOREWORD 


The School Mathematics series integrates a 
sound mathematics program with a teaching 
strategy that encourages the student to parti- 
cipate actively in the learning process. The 
essence of the School Mathematics series is 
reflected in some basic beliefs about the learn- 
ing process to which we are committed: 


1. Effective learning requires active partici- 
pation on the part of the learner. 

. Understanding of mathematical concepts 
is a necessary prerequisite to adequate 
development and acquisition of computa- 
tional skills. 

3. Learning proceeds from concrete experi- 

ences to abstractions. 

4. Learning is enhanced by motivation. 

5. Each learner must experience earned 

success. 


bh 


School Mathematics provides for the neces- 
sary mastery of basic mathematical concepts 
and computational skills while allowing for the 
wide range of abilities that are possessed by 
students at this level. Students are encouraged 
to discover patterns and relationships, reason 
logically, and develop their own generalizations. 

Problem solving skills are carefully devel- 
oped by means of diagrams, flow charts, formu- 
las, and equations. Numerous sets of word 
problems give the student experience with 
applications of mathematics to the fields of 
physics, chemistry, geography, history, and 
economics as well as everyday applications of 
mathematics in simple business transactions 
such as sales tax, discounts, and interest. 

Many other special features of this series 
such as the Think problems, Research Projects, 
and Mathematical Recreations are provided in 





the belief that the study of mathematics can 
be stimulating, enjoyable, and rewarding. 

The authors wish to express their apprecia- 
tion to numerous institutions and individuals in 
developing this series. Our teaching experi- 
ences at Ball State University, the Educational 
Research Council of Greater Cleveland, and 
Illinois State University have given us the op- 
portunity to experiment, and to develop and 
test our ideas. We are indebted to many out- 
standing mathematicians and mathematics edu- 
cators for their continual efforts to upgrade the 
teaching of mathematics in our schools. Special 
thanks go to Ms Jeanette Powelson for her 
contributions to the program, and to the edi- 
torial and production staffs of our publisher. 
Finally, we are deeply appreciative of the 
many teachers and students who have proved 
conclusively that the study of mathematics can 
be an exciting and gratifying experience. 


Charles Fleenor 
Robert Eicholz 
Phares O’Daffer 
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THE BOOK 2 PROGRAM 


Mathematics of the 
Book 2 Program 


The program for School Mathematics, Book 2, 
like that for the previous book in the series, is 
organized into four learning units. Each learn- 
ing unit contains three or four subunits, called 
modules. Each module is devoted to a specific 
mathematical topic. 


Unit E: Integers 

The first module of this unit reviews the basic 
ideas of numeration, numbers, and fundamental 
operations. Special attention is given to round- 
ing, exponents, and estimation. The binary 
numeration system is introduced to provide a 
contrast to the decimal numeration system and 
to provide motivating material for more able 
students. 

Module 2 provides some excellent back- 
ground for pre-algebra students. Algebraic 
expressions and equations whose replacement 
sets are whole numbers are introduced. Flow 
charts and functions are used to reinforce 
algebraic concepts. Only the minimum amount 
of set theory and symbolism necessary for the 
algebraic work is introduced. 

Some basic ideas of number theory are re- 
viewed and extended in Module 3. A special 
feature in this module is the work with se- 
quences of whole numbers. 

Module 4 is devoted to Integers. Addition, 
subtraction, multiplication, and division of in- 
tegers is covered in depth in this module. Since 
many students will have been introduced to 
integers in the previous book of this series, 
students may be expected to attain some pro- 
ficiency in the basic operations with integers. 
Additional applications of integers are provided 
by work with inequalities, absolute value, 
graphs of functions, and equations. 


Unit F: Rational Numbers 

Module 1 reviews the basic idea of fractional 
numbers, .but the principal emphasis is on the 
introduction of negative rational numbers. 


Since efficient computation with negative 
rational numbers depends strongly on the 
ability to compute with integers, the preceding 
module of Unit E is a prerequisite. Throughout 
the unit, computation with fractions having 
unwieldy denominators is kept to a minimum. 
Emphasis is placed on fractions which are 
powers of 10, in order to relate such fractions 
to the decimal system and the work in the 
metric system. 

Module 2, Decimals, reviews all of the basic 
Operations with decimals. This module also 
presents many relevant problem situations 
involving applications of decimals. Students 
who already have excellent paper and pencil 
skills in work with decimals might be addi- 
tionally motivated if they are permitted to use 
minicomputers or desk calculators at appro- 
priate times. 

Module 3 provides important work with 
ratio, proportion, and percents, and should 
further strengthen students’ ability to work 
with rational numbers in both fractional and 
decimal form. 


Unit G: Geometry 

Module 1 of this unit reviews the three rigid 
motions introduced in Book 2 of this series. 
Congruent figures are introduced in terms of 
combinations of rigid motions. Three triangle 
congruence theorems (Side-Side-Side, Side- 
Angle-Side, and Angle-Side-Angle) are high- 
lighted. The geometry of the module is almost 
exclusively nonmetric. 

Metric geometry is the topic of Module 2. 
Standard metric units of measure for length, 
area, and volume are emphasized throughout 
the module. Included in this module on mea- 
surement is angle measure and the Pythagorean 
Theorem. (The latter topic involves triangles 
with sides whose lengths are rational numbers.) 
The ideas of ratio and proportion that were 
presented in Module 3 of Unit F are prerequi- 
site for the work in this module. The work with 
similar triangles culminates with a brief intro- 
duction to three of the trigonometric functions 
—the sine, cosine, and tangent functions. How- 
ever, mastery in work with such functions is 
not an objective for the module. 


The final module of the Geometry unit covers 
the standard topics of circles, cylinders, cones, 
and spheres. Work with area and volume of 
these figures comprises the main emphasis 
in the module. 


Unit H: Some Special Topics in Mathematics 
The first module, on Probability, offers an ex- 
cellent opportunity for active student involve- 
ment and is a highly motivating topic for most 
students. Two of the topics, permutations and 
combinations, will be new to most students. 

Three measures of central tendency — mean, 
median, and mode —are reviewed in Module 2. 
Interpretation of graphical data is an important 
aspect of this module. The module concludes 
with some basic ideas related to sampling. 

Module 3, Real Numbers, could be taught 
following Module 2 of Unit F (Decimals). 
Knowledge of the Pythagorean Theorem is 
essential for the introduction to square roots 
of rational numbers. This module is more im- 
portant conceptually than it is computationally. 
While the student is expected to realize the 
role of the real numbers in completing the num- 
ber line and something of the nature of irra- 
tional numbers, the student is not expected to 
become proficient in computing with nonra- 
tional real numbers. 

The final module of the book, Other Topics 
in Mathematics, should be regarded as optional 
material. The main emphasis is on the mathe- 
matical structure found in some diverse sys- 
tems such as modular arithmetic, rotations and 
flips of a square around its lines of symmetry, 
the set of vectors and the operation of addi- 
tion, and the mathematical model of a switch- 
ing circuit with parallel and series switches. 


Features of Book 2 


School Mathematics, Book 2, consists of four 
learning units. Each learning unit is comprised 
of three or four modules. The four learning units 
are published as a single case-bound book or in 
four soft-bound booklets of single learning 
units. 
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Each module opening presents a list of the 
major objectives for the module. These objec- 
tives serve as general guidelines for the stu- 
dent’s work in the module. At the end of the 
module, a self-evaluation test, called Test Your- 
self, is presented so that the students them- 
selves may determine their degree of mastery of 
the objectives. Answers to the self-evaluation 
test are included in the student text so that 
immediate reinforcement is available. 

Each lesson, presented on two facing pages, 
normally constitutes enough material for a class 
session of 45 to 60 minutes. 

The core lessons are designed in one of two 
ways: those lessons which include an Investiga- 
tion activity begin on the left-hand page with 
the Investigation, followed by a set of Discus- 
sion Exercises and then by a set of exercises 
on the right-hand page for the student to work 
independently. (The titles of these sections are 
Investigating the Ideas, Discussing the Ideas, 
and Using the Ideas, respectively.) Other les- 
sons are designed around a set of discussion 
exercises (Discussing the Ideas) and a set of 
independent exercises (Using the Ideas). 

Many lessons throughout the book contain 
starred exercises for enrichment and a Think 
problem for the more able or interested student. 
At the bottom of many right-hand pages, the 
student is referred to the special sets of Supple- 
mentary Exercises found in the back of the stu- 
dent text. These exercises provide additional 
practice and reinforcement of basic mathemati- 
cal skills. 

At the end of each module, a set of review 
exercises called Reviewing the Ideas is pre- 
sented. This is followed by the self-evaluation 
test (Test Yourself) previously discussed. At 
the end of each learning unit, there are two 
pages of Cumulative Review exercises which 
cover the significant ideas of all the modules of 
the learning unit. Separate module achievement 
tests and unit achievement tests are also avail- 
able as part of the evaluation program. 

At the end of each module is a list of sug- 
gested Research Projects. These projects may 
encourage individual students to study some 
mathematical topics independently and in a 
greater depth than is possible in group work. 
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Many of the suggested explorations could be 
developed into projects suitable for mathe- 
matics fairs and exhibits. 

Each module concludes with a Mathematical 
Recreations page which will attract the atten- 
tion of many students. Most of these recrea- 
tions require little mathematical background. 
The puzzles, games, and activities that are sug- 
gested will serve as excellent motivation for 
many students. 


The Teaching Strategy 


The School Mathematics series is adaptable to 
a wide variety of classroom organizations and 
teaching strategies. Although teachers are en- 
couraged to use their own teaching techniques 
and methods, we offer a broad general teaching 
strategy for this book. Each day’s lesson in 
which the student is presented with a new con- 
cept can be divided into these stages: 


. Preparation 
. Investigation 
. Discussion 
Utilization 

. Extension 
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Preparation: The Preparation stage is usually 
a ‘“‘prebook”’ stage. Sometimes this stage con- 
sists in a review of concepts studied previously, 
in order to provide readiness for new ideas. At 
other times, it may consist in collecting and 
assembling material necessary for the lesson. In 
any event, the time devoted to the Preparation 
should be very short, and care should be taken 
that any activity undertaken at this stage does 
not preempt the Investigation which follows. 

Investigation: Generally, the Investigation is 
a student-centered activity which presents the 
rudiment of the concept treated in the lesson. 
Each Investigation presents the students witha 
challenge question. To answer the challenge 
question, the students must speculate, experi- 
ment, probe, estimate, and explore. The In- 
vestigation stage enables students to develop 
nonroutine methods of problem solving. They 


are often asked to find as many ways as they 
can to do a certain thing. This allows for indi- 
vidual differences in students, since the open- 
ended questions permit less able students to 
experience success even when they have found 
only a few ways to accomplish a certain task. 

In general, the Investigation should be car- 
ried out by students working independently or 
in small groups. The length of time needed to 
carry out an Investigation will vary, but should 
not be unduly prolonged. It is not necessary 
that every student complete all of the Investiga- 
tion. During the Investigation stage, the teacher 
should remain somewhat in the background, 
acting as a moderator and advisor to those stu- 
dents needing help. Encourage students to do 
their own thinking and exploring. Do not give 
too much help at this stage. 

Discussion: Following the Investigation, stu- 
dents are given an opportunity in the Discus- 
sion section to talk about what they did and to 
summarize the mathematical ideas of the lesson 
in preparation for working independently in the 
Using the Ideas section. Generally, the begin- 
ning discussion exercises are designed to stimu- 
late students to talk about what they did in the 
Investigation. You should encourage them to 
discuss the various methods that they used. to 
investigate and explore the concepts. Also, you 
should follow your teachers’ guide carefully to 
be sure that whatever mathematical ideas are 
to be developed in the section are actually sum- 
marized and understood. You should provide 
additional examples as needed in order to 
strengthen understanding before proceeding. 

Utilization: The material presented on the 
right-hand page of the student book, entitled 
Using the Ideas, gives students the opportunity 
to apply or utilize what they have learned in the 
preceding phases of the lesson. 

You should provide for individual differences 
in assigning problems in this section. The 
teachers’ commentary for each lesson provides 
suggestions for assignments on three levels: 
Minimum, Average, and Maximum. These sug- 
gested assignments should be regarded as 
guidelines, not prescriptions; you should feel 
free to vary assignments to meet the needs of 
your students. ~ 





Extension: The /nvestigating School Mathe- 
matics series provides opportunity for a wide 
variety of extension experiences. The Exten- 
sion material can be thought of as including 
three principal types of activities: enrichment, 
reinforcement, and remedial. 

The enrichment material is primarily, but not 
exclusively, intended for use by more able stu- 
dents. The reinforcement material should be 
used for all students who would benefit from 
further experiences in both the reteaching and 
practice areas. The remedial material, though 
primarily drill and practice, can be effectively 
used by any students who, for one reason or 
another, need to improve basic skills. Note that 
there is considerable overlapping in the cate- 
gories of Extension materials, and no student 
should necessarily be excluded from participa- 
tion in any one of the forms of Extension activi- 
ties. Your choice of Extension suggestions for 
individual students constitutes one of your best 
opportunities for providing for individual differ- 
ences and needs. 

Materials that can be utilized in the Exten- 
sion stage are offered in the student text, in the 
Teachers’ Edition commentary, and in the sup- 
plements (Workbooks, Duplicator Masters). 

Within the student text, the starred exercises 
represent either reinforcement exercises or en- 
richment. The Think problems are most often 
enrichment problems. The Research Projects 
and Mathematical Recreations at the end of 
each module also should be considered enrich- 
ment material. For remedial work as well as for 
- reinforcement, the Supplementary Exercises 
at the back of the text constitute a source of 
more than 1400 problems. 

In the Teachers’ Edition, in the Extension 
section, you will often find additional sugges- 
tions either for enrichment or for remedial 
work. You should also check through the list of 
Resources for Active Learning in the introduc- 
tory notes for each module for outside sources 
of material that might be used for Extension 
activities. 

Other materials that may be used in the Ex- 
tension stage are provided in the supplements 
designed for use with the student text. The 
Duplicator Masters provide additional practice 


for remediation and reinforcement. The Work- 
books also can serve as a reteaching tool for 
remedial or reinforcement work. 


The Teachers’ Edition 


General Format 

The Teachers’ Edition provides a wealth of sug- 
gestions and aids designed to assist you in pro- 
viding an effective mathematics program for 
your students. On each Teachers’ Edition page, 
the student page is reproduced in full size and 
includes annotated answers. The teaching com- 
mentary pertaining to each page is found in the 
margins beside the appropriate student page. 

Preceding each module are two pages of in- 
troductory notes for teachers which contain 
general objectives for the module, performance 
objectives, comments concerning the mathe- 
matical content of the module, suggestions for 
teaching the module, a suggested lesson sched- 
ule, a discussion of evaluation procedures, and 
recommended resources for active learning. 
Teachers should find it very worthwhile to read 
these opening pages before teaching the mate- 
rial in the module. 

At the top of each left-hand page of the 
Teachers’ Edition, under the heading Objec- 
tive(s), the goal of the lesson is stated in terms 
of what the student should be able to do as a 
result of the lesson. This objective summarizes 
the key idea of the lesson in terms of the stu- 
dent’s performance. 

Suggestions for the Preparation, Investiga- 
tion, and Discussion stages also follow in the 
left-hand margin of the Teachers’ Edition. 

In the right-hand margin of the Teachers’ 
Edition appear suggestions for the Utilization 
stage, along with certain selected answers 
where space was not available for annotations 
on the student page. Also in this column will be 
found follow-up suggestions for the Extension 
stage, which may be either remedial or enrich- 
ment material. Included here also are sugges- 
tions for Supplementary Exercises in the back 
of the text, Duplicator Master sheets, and 
Workbook assignments. Complete solutions to 
most Think problems occur under the Exten- 
sion section. 


General Suggestions 
We offer two general suggestions regarding use 
of the module and individual lesson notes: 


(1) Read and consider each point as it applies 
to the immediate objectives for the lesson 
and the overall objectives of the module. 

(2) Do not allow the Teachers’ Edition notes to 
deter you from using your own effective 
teaching methods or to stifle creative 
efforts. 


The Teachers’ Edition does not attempt to dic- 
tate all of the activities in the day-to-day han- 
dling of your class and the individuals in it. You 
should use your Teachers’ Edition as a guide to 
be coordinated with those methods which you 
have found to be most effective in teaching 
mathematics in the past. 


Provision for Individual Differences 

Each module introduction begins with a listing 
of both general objectives and performance ob- 
jectives. The performance objectives are re- 
lated in chart form to materials that would 
be helpful for background, reteaching, rein- 
forcement, and related activities. These ma- 
terials are given in the chart in abbreviated 
form. The Abbreviation Key follows (with 
Addison-Wesley’s Order Code Numbers given 
in parentheses). 


Abbreviation Key 

WB W orkbook (1272) 

DM Duplicator Masters (1273) 

ASC Arithmetic Skill Cards for Develop- 
ment, Practice, and Applications: 
W—Whole Numbers; F— Fractions; 
D— Decimals and Percent; AP— Ap- 
plications (1599) 

SWM 1. Success with Mathematics 1 (1580) 

SWM 2 Success with Mathematics 2 (1590) 

SWM 3 Success with Mathematics: A Course 
for Secondary School (2411) 


SP Skills and Patterns (2156) 
PD Patterns and Discovery (2296) 
DS Discovery and Structure (2321) 


Each performance objective listed in the 
chart is classified as red, yellow, or green. 
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The color assignments are made on the follow- 
ing basis: 

1. The red objectives present minimal per- 
formance standards. When only these are stud- 
ied, the resulting course is the Basic Course, 
as outlined in the Long-Range Planning Chart 
(see page x). 

2. The yellow objectives are within the cap- 
abilities of average students. When both the 
red and the yellow objectives are studied, the 
resulting course is the Average Course, as in- 
dicated in the Long-Range Planning Chart. 

3. The green objectives represent a maximal 
level of achievement for the module. These 
green objectives fall into two categories: 

(a) material that is considered to be more 

difficult or challenging, and 

(b) material that is considered to be ex- 

tension or supplementary to a_ basic 

program. : 
As an additional aid to individualization, mini- 
mum, average, and maximum assignments are 
suggested in the commentary accompanying 
each lesson other than review lessons. 


Long-Range Planning Chart 

The long-range planning chart on the next page 
provides the teacher with some general guide- 
lines in planning basic, average, and maximum 
coverage of School Mathematics. 

The basic course covers all the essential 
parts of the program necessary for adequate 
student preparation at the next level in mathe- 
matics. The average course covers all the 
material of the basic course but offers more ex- 
tensive coverage of in-depth and extension 
material. The maximum course provides for 
nearly total coverage of the text material. The 
suggested time schedule based on 170 teaching 
days should be viewed only as an aid in helping 
you plan a time schedule that allows for in- 
dividual differences within your class. You 
should not view it as a rigid schedule. Adjust 
the schedule according to the needs and abil- 
ities of your students. 


Classroom Organization 
The Book 2 program can be used in situations 
where the entire class works together on the 


same lesson, where small groups work together 
on the same lesson, or where individual stu- 
dents are allowed to proceed at their own rate 
of speed. You will want to employ the type 
of classroom organization that best suits the 
physical facilities of your particular situation. 
Teachers often find it stimulating to vary group 
sizes for different lessons and units of work. 
Smaller-size groups can often work more effec- 
tively together and allow greater opportunity 
to participate in the Investigation and the 
Discussion. Whatever class organization you 
choose, keep in mind that the key to the School 
Mathematics program is active student parti- 
cipation. 


Evaluation of Progress 

Students’ attitudes toward mathematics are 
often influenced by the methods used for evalu- 
ating their progress. All too often, evaluation 
procedures focus attention on what the student 
did not understand or master, rather than on 
what the student did accomplish. In evaluating 
progress, try to maintain a positive view, one 
which capitalizes on successes and develops 
confidence. 

Pretests and achievement tests for Book 8 
may be obtained from the publisher. Module 
reviews as well as cumulative reviews are pro- 
vided in the text, to aid in evaluation of stu- 
dents’ progress. However, you may find that a 
day-to-day evaluation of students, often in- 
volving personal interviews, will be a significant 
factor in determining how well they grasp 
the concepts and how well they are able to 
apply them. 


STUDENTS’ BIBLIOGRAPHY 

Books cited in the “Research Projects” at the 
conclusion of each module provide useful refer- 
ence material. A complete list of books is in- 
cluded here to provide historical background 
and reference material for additional research 
projects. They are also valuable for their con- 
tribution to recreational reading. 

Abbott, E. A., Flatland (New York: Barnes & 

Noble, 1963). 


Adler, Irving, Magic House of Numbers 
(New York: The New American Library, 
1962). 

Ahl, D. H., /0/ Basic Computer Games 
(Mass.: Digital Equipment Corp., 1973. 
Available from Creative Publications, Palo 
Alto, Calif.). 

Asimov, Isaac, The Clock We Live On (New 
York: Abelard, 1965. Also available from 
Creative Publications, Palo Alto, Calif.). 
____, Realm of Algebra (Boston: Houghton- 
Mifflin, 1961). 

Bakst, Aaron, Mathematics, Its Magic and 
Mastery (Princeton, N.J.: Van Nostrand, 
1967). 

Ball, E. T., and W. W. Rouse, Mathematical 
Recreations and Essays (New York: Mac- 
millan, 1962). 

Ball, Marion, What Is a Computer? (Boston: 
Houghton Mifflin, 1972). 

Barr, Stephen, Experiments in Topology (New 
York: Thomas Crowell, 1964). 

, Second Miscellany of Puzzles (New 
York: Macmillan, 1969). 

Bell, Eric, Men of Mathematics (New York: 
Simon and Schuster, 1962). 

Bendick, Jeanne, and Marcia Levin, Mathe- 
matics Illustrated Dictionary (New York: 
McGraw-Hill, 1965. Also available from 
Creative Publications and Cuisenaire Com- 
pany). 

Bergamini, David, et al., Mathematics (New 
York) Limes ince=9 1963): 

Berger, Melvin, Those Amazing Computers 
(New York: John Day Company, 1973). 

Boeke, Kees, Cosmic View: The Universe in | 
40 Jumps (New York: John Day Co., 1957. 
Also available from Cuisenaire Company, 
New Rochelle, N. Y.). 

Brooke, Maxey, Tricks, Games and Puz- 
zles with Matches (New York: Dover 
Publications, 1973). 

Charosh, Mannis, Mathematical Challenges 
(Washington, D.C.: National Council of 
Teachers of Mathematics, 1965S). 

Cundy, H. Martyn, and A. P. Rollett, Mathe- 
matical Models (New York: Oxford Univer- 
sity Press, 1961. Also available from 
the Cuisenaire Company, New Rochelle, 
New York). 
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Cutler, Ann, and Rudolph McShane, The 
Trachtenberg Speed System of Basic Mathe- 
matics (Garden City, New York: Double- 
day, 1960). 

Davis, Philip, The Lore of Large Num- 
bers (New York: Yale University/Random 
House, 1961). 

Denholm, Richard, Mathematics: Man’s Key 
to Progress, Books A and B (Chicago: Rand 
McNally, 1968). 

Diggins, Julia, String, Straightedge, and 
Shadow (New York: Viking Press, 1965). 
Dudeney, Henry, 536 Puzzles and Curious 
Problems (New York: Charles Scribner’s 

Sons, 1967). 

Emmet, E. R., Puzzles for Pleasure (New Y ork: 
Emerson Books, 1972). 

Fadiman, Clifton, Fantasia Mathematica (New 
York: Simon and Schuster, 1958). 

The Mathematical Magpie (New 
York: Simon and Schuster, 1962). 

Freitag, Herta, and Arthur Freitag, The Num- 
ber Story (Washington, D.C.: National Coun- 
cil of Teacher of Mathematics, 1960). 

Friend, J. Newton, Numbers: Fun & Facts 
(New York: Charles Scribner’s Sons, 
1972). 

Fujii, John, Puzzles and Graphs (Washington, 
D.C.: National Council of Teachers of Math- 
ematics, 1966). 

Gamow, George, One, Two, Three, . . . Infinity 
(New York: Viking Press, 1961). 

Gardner, Martin, editor, Mathematical Puzzles 
of Sam Loyd, Volumes | and 2 (New York: 
Dover Publications, 1959, 1960). 

Gardner, Martin, Mathematics Magic and 
Mystery (New York: Dover Publications. 
1956). 

, New Mathematical Diversions from 

Scientific American (New York: Simon and 

Schuster, 1966). 

_____, Perplexing Puzzles and Tantalizing 

Teasers (New York: Simon and Schuster, 

1969). 

, The Scientific American Book of 

Mathematical Puzzles and Diversions; The 

2nd Scientific American Book of Mathemat- 

ical Puzzles and Diversions (New York: 

Simon and Schuster, 1959, 1969). 
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Gilbert, Thomas, and Marilyn Gilbert, Think- 
ing Metric (New York: John Wiley, 1973). 

Golomb, Solomon, Polyominoes (New York: 
Charles Scribner’s Sons, 1965). 

Heath, Royal Vale, Mathemagic: Magic, Puz- 
zles and Games with Numbers (New York: 
Dover Publications, 1953). 

Hertzberg, Hendrik, One Million (New York: 
Simon and Schuster, 1970). 

Hogben, Lancelot, The Wonderful World of 
Mathematics (Garden City, New York: 
Doubleday, 1955). 

Holton, Jean, Algebra: A New Way of Looking 
at Numbers (New York: Weybright and Tal- 
ley, 1968). 

Hunt, Leslie, 25. Kites That Fly (New York: 
Dover Publications, 1971). 

Hunter, J. A. H., Fun with Figures (New Y ork: 
Dover Publications, 1965). 

Johnson, Donovan, Paper Folding (Washing- 
ton, D.C.: National Council of Teachers of 
Mathematics, 1957). 

Johnson, Donovan, and William Glenn, The 
Rubber-Sheet Geometry (St. Louis: Webster, 
McGraw-Hill, 1960). 

Jones, Madeline, The Mysterious Flexagons 
(New York: Crown Publishers, 1965). 

Kadesch, Robert, Math Menagerie (New Y ork: 
Harper & Row, 1970). 

Kaplan, Philip, Posers (New York: Harper & 
Row, 1963). 

Kordemsky, Boris, Moscow Puzzles (New 
York: Charles Scribner’s Sons, 1972). 

Kraitchik, Maurice, Mathematical Recreations 
(New York: Dover Publications, 1953). 

Lockwood, E. H., Book of Curves (New York: 
Cambridge University Press, 1963). 

Loomis, Elisha Scott, The Pythagorean Propo- 
sition (Washington, D.C.: National Council 
of Teachers of Mathematics, 1968). 

Mander, J., G. Dippel, and H. Gossage, The 
Great International Paper Airplane Book 
(New York: Simon and Schuster, 1967). 

McWhirter, Norris, and Ross McWhirter, 
Guinness Book of World Records (New 
York: Sterling, 1974). 

Moore, Charles, An Introduction to Continued 
Fractions (Washington, D.C.: National 
Council of Teachers of Mathematics, 1964). 


Mosteller, Frederick, Robert Rourke, and 
George Thomas, Probability: A First Course 
(Reading, Mass.: Addison-Wesley, 1970). 

National Council of Teachers of Mathematics, 
Enrichment Mathematics for the Grades, 
27th Yearbook (Washington, D.C.: National 
Council of Teachers of Mathematics, 1963). 

Newman, James, editor, The World of Mathe- 
matics (New York: Simon and Schuster, 
1956): 

Ore, Oystein, Graphs and Their Uses (Yale 
University; New York: Random House/ 
Singer, 1963). 

Peck, Lyman, Secret Codes, Remainder Arith- 
metic, and Matrices (Washington, D.C.: 
National Council of Teachers of Mathemat- 
ics, 1961). 

Rademacher, Hans, and Otto Toeplitz, The 
Enjoyment of Mathematics (Princeton, New 
Jersey: Princeton University Press, 1957). 

Rand Corp., Million Random Digits .. . (Glen- 
coe, Ill.: Free Press, 1955). 

Read, Ronald, Tangrams—330 Puzzles (New 
York: Dover Publications, 1965). 

Rogers, James, The Pantheon Story of Mathe- 
matics for Young People (New York: Pan- 
theon Books, 1966). 

Seymour, Dale, and Reuben Schadler, Creative 
Constructions (Palo Alto, Calif.: Creative 
Publications, 1968). 

Seymour, Dale, and Joyce Snider, Line De- 
signs (Palo Alto, Calif.: Creative Publica- 
tions, 1968). 

Smith, David, History of Mathematics, Vol- 
ume II (New York: Dover Publications, 
1953). 

Steinhaus, H., Mathematical Snapshots (New 
York: Oxford University Press, 1969. Avail- 
able from Cuisenaire Company, New Ro- 
chellesNeYe): 

Stonaker, Frances, Famous Mathematicians 
(Philadelphia: Lippincott, 1966). 

Tietze, Heinrich, Famous Problems of Mathe- 
matics (Baltimore, Md.: Graylock Press, 
1965). 

Wenninger, Magnus, Polyhedron Models for 
the Classroom (Washington, D.C.: National 
Council of Teachers of Mathematics, 
1966). 


Wisner, Robert, A Panorama of Numbers 
(Glenview, Ill.: Scott, Foresman, 1970). 

Yoshino, Y., The Japanese Abacus Explained 
(New York: Dover Publications, 1963). 


TEACHERS’ BIBLIOGRAPHY 

The books in the following list will provide a 
broader understanding of the overall mathemat- 
ical development and the approach to the teach- 
ing/learning strategy inthe /nvestigating School 
Mathematics series. 


Alberti, Del, and Mary Laycock, The Correla- 
tion of Activity-Centered Science and Mathe- 
matics (Hayward, Calif.: Activity Resources 
(Corel 972): 

Boyer, Carl B., A History of Mathematics 
(New York: John Wiley and Sons, 1968). 
Bruner, Jerome, Toward a Theory of Instruc- 
tion (Cambridge, Mass.: The Belknap Press 

of Harvard University Press, 1967). 

Buckeye, Donald, et al., Cheap Math Lab 
Equipment (Troy, Mich.: Midwest Publica- 
tions, 1972). 

Elliott, H. A., James MacLean, and Janet Jor- 
den, Geometry in the Classroom (Toronto, 
Ontario: Holt, Rinehart and Winston of Can- 
ada, Ltd., 1968). 

Greenes, Carole, Robert Willcutt, and Mark 
Spikell, Problem Solving in the Mathe- 
matics Laboratory (Boston: Prindle, Weber 
& Schmidt, 1972). 


Heinke, Clarence, Fundamental Concepts of 


Elementary Mathematics (Belmont, Calif.: 
Dickenson Publishing Co., 1970). 

Jacobs, Harold, Mathematics: A Human En- 
deavor (San Francisco: W. H. Freeman, 
1970). 

Kidd, Kenneth, Shirley Myers, and David 
Cilley, The Laboratory Approach to Mathe- 
matics (Chicago: Science Research Asso- 
ciates, 1970). 

Krulik, Stephen, A Handbook of Aids for 
Teaching Junior-Senior High School Mathe- 
matics (Philadelphia: W. B. Saunders Co., 
19a): 

Laycock, Mary, and Gene Watson, The Fabric 
of Mathematics (Hayward, Calif.: Activity 
Resources Co., 1974). 


National Council of Teachers of Mathematics, 
Enrichment Mathematics for the Grades 
(27th Yearbook, 1963); Enrichment Mathe- 
matics for High School (28th Yearbook, 
1963); Historical Topics for the Mathe- 
matics Classroom (3\st Yearbook, 1969); 
Instructional Aids in Mathematics (34th 
Yearbook, 1973); Mathematics Library— 
Elementary and Junior High School, 1973 
(Washington, D.C.: National Council of 
Teachers of Mathematics). 

Reys, Robert, and Thomas Post, The Mathe- 
matics Laboratory: Theory to Practice (Bos- 
ton: Prindle, Weber & Schmidt, 1973). 

Triola, Mario, Mathematics and the Modern 
World (Menlo Park, Calif.: Cummings Pub- 
lishing Co., 1973). 

Williams, E. M., and Hilary Shuard, Elemen- 
tary Mathematics Today, Grades 1-8 
(Menlo Park, Calif.: Addison-Wesley, 1971). 


BIBLIOGRAPHY OF RESOURCES 

FOR ACTIVE LEARNING 

Since implementing the investigative approach 
means more student involvement within the 
classroom or in a mathematics laboratory, it 
requires that the teacher be familiar with com- 
monly available, free, and inexpensive material 
and supplies. It also requires knowledge of 
commercial aids and teacher resource material. 

Included in each module introduction is a 
section titled “Resources for Active Learning.” 
This list correlates appropriate ‘‘Activities” 
from teacher sourcebooks to the objectives of 
that module. The “Manipulative Devices” and 
“Commerical Games” can be used to support 
the mathematical objectives. They also provide 
for a means of reinforcement, extension, appli- 
cation, and fun. 

At the time of this writing, the resources in- 
cluded were those which directly complement 
the active-learning approach and which are of 
good quality and present useful ideas. 

Familiarize yourself with these materials and 
others which have been marketed subse- 
quently. Check with your principal, supervi- 
sor, or mathematics coordinator for more 
recent materials. Only a few suppliers are listed 
for each device or game. Often they can be ob- 


tained from your local supplier. A complete 
bibliography and list of Suppliers of Resources 
for Active Learning is included immediately 
following this list. 


Abbott, Janet, et al., Franklin Mathematics 
Series: From Fingers to Computers; Making 
and Using Graphs and Nomographs; Math- 
ematics Around the Clock; Mathematics: 
Man’s Key to Progress, Books A and B: 
Probability: The Science of Chance (Chi- 
cago: Rand McNally, 1970). 

Addison-Wesley, The Metric System (Menlo 
Park, Calif.: Addison-Wesley, 1974). 

Bates, John, Donald Irwin, and Garry Hamil- 
ton, Developmental Math Cards (Don Mills: 
Addison-Wesley, 1973). 

Bennett, Jr., Albert, and Patricia Davidson, 
Fraction Bars (Fort Collins, Col.: Scott Re- 
sources, 1973). 

Boyle, Pat, Graph Gallery (Palo Alto, Calif.: 
Creative Publications, 1971). 

Buckeye, Donald, Creative Geometry Experi- 
ments (Troy, Mich.: Midwest Publications, 
1970). 





, Experiments and Puzzles in Logic 
(Troy, Mich.: Midwest Publications, 1970). 
, Experiments in Probability and Sta- 
tistics (Troy, Mich.: Midwest Publications, 
1970). 





, William Ewbank, and John Ginther, 
A Cloudburst of Math Lab Experiments, 
Volume 5 (Troy, Mich.: Midwest Publica- 
tions, 1972). 

Davis, Robert, Madison Project: Discovery in 
Mathematics; Explorations in Mathematics 
— A Text for Teachers and Student Discus- 
sion Guide (Menlo Park, Calif.: Addison- 
Wesley, 1964). 

Del Grande, John, Geoboards and Motion 
Geometry (Glenview, Ill.: Scott, Foresman 
and Company, 1972). 

Dienes, Z. P., Fractions: An Operational 
Approach; Powers, Roots and Logarithms 
(New York: Herder and Herder, 1967, 
1968). 

Elementary Science Study: Attribute Games 
and Problems; Mirror Cards; Peas and 
Particles; Pendulums; Senior Balancing; 
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Tangrams (St. Louis: Webster Division, 
McGraw-Hill Book Co., 1968-1971). 

Ewbank, William, Math Experiments With the 
Geo Strips (Troy, Mich.: Midwest Publica- 
tions, 1972). 

, 1-Inch Color Cubes (Troy, Mich.: 
Midwest Publications, 1972). 

Freedman, Miriam, and Teri Perl, A Source- 
book for Substitutes and Other Teachers 
(Menlo Park, Calif.: Addison-Wesley, 1974). 

Fujii, John, Puzzles and Graphs (Washington, 
D.C.: National Council of Teachers of 
Mathematics, 1966). 

Gillespie, Norman, Mira Activities for Junior 
High School Geometry (Palo Alto, Calif.: 
Creative Publications, 1973). 

Ginther, John, Math Experiments with Pento- 
minoes (Troy, Mich.: Midwest Publications, 
1972) 

Henderson, George, and Lowell Glunn, Let’s 
Play Games in Metrics (Skokie, Ill.: Na- 
tional Textbook Co., 1974). 

Henderson, George, and William Miller, Let’s 
Play Games in Mathematics, Volume 7 (Sko- 
kie, Ill.: National Textbook Co., 1972). 

Johnson, Donovan, Paper Folding (Washing- 
ton, D.C.: National Council of Teachers of 
Mathematics, 1957). 

Mold, Josephine, and David Fielker, Top- 
ics from Mathematics: Circles; Computers; 
Cubes; Statistics; Towards Probability; Tri- 
angles (New York: Cambridge University 
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Press, 1967-1971; available from Cuisenaire 
Co., New Rochelle, New York). 

Nuffield Mathematics Project: Angles, 
Courses and Bearings; Computation and 
Structure 4 and 5; Computers and Young 
Children; Decimals; Graphs Leading to 
Algebra; Logic; Probability and Statistics; 
Problems—Red Set; Shape and Size 4; 
Speed and Gradient; Symmetry (New York: 
John Wiley, 1969-1973). 

Pearcy, J. F. F., and K. Lewis, Experiments in 
Mathematics, Stages 1, 2, and 3 (Boston: 
Houghton Mifflin, 1966). 

Seymour, Dale, et al., Aftermath 2 and 3 (Palo 
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UNIT E: INTEGERS 


Module 1: Numbers, Numerals, and Operations 


General Objectives 


To review some ancient numeration systems and the decimal numeration 


system. 


To review the basic operations of addition, subtraction, multiplication, 


and division of whole numbers. 


To provide experience in rounding, estimation, and exponential notation. 


To compare the decimal numeration system with the binary numeration 


Performance Objectives 


RED Given a decimal numeral of six or fewer places, the student 
can give the place value of each digit. 


RED Given appropriate examples, the student can use exponents 
to write powers of numbers. 


RED Given a whole number of six digits or less, the student can 
round the number to a specified place. ° 


RED Given problems involving whole numbers and the basic 
operations, the student can estimate sums, differences, products, 
or quotients. 


RED Given problems involving the basic operations, the student 
can add, subtract, multiply, and divide whole numbers. 


YELLOW Given a numeral in an ancient numeration system 
(Roman, Babylonian, Egyptian, or Greek), the student can in- 
terpret and write it as a decimal numeral, and conversely. 


YELLOW Given a base-two numeral, the student can give an 
equivalent base-ten numeral, and conversely. 


GREEN Given two base-two numerals, the student can add, 


subtract, multiply, or divide using these numerals. 


Reviewing the Ideas 


system, 
Pupil Text Reteach-Reinforce Related Activities 
E-4, 5 “WB | SP a-1 
E-10, 11 WB 3 DS f-1 
DM 2 
Bal? 3 WB 4 
E-14, 15 WB 5 SWM 1 178, 
DM 3 302 
lato, 1 in @ WB 2, 6 ASC W-1 SWM 2 36, 195 
laa, 17 DM |, 4-7 through 10 SWM 3 14, 28, 
SP a-1, 2, 3, 4 Di sal ORs 
PD a-1, 2, 3,4 230-243, 
262, 263 
H-25,3 
Je ailehs IY WB 7 DS a-3 SWM 1 253 
E-20, 21 SWM 2 97 
E-24, 25 DM 8 
E-26 WB 8 





MATHEMATICS 

This module plays an important role in the 
overall development of the coming year’s 
work. Although most of the material will be 
review for many students, the emphasis upon 
the decimal numeration system, place value, 
basic operations, basic principles for the opera- 


_E-1ITA 


tions, and exponents form a solid foundation 
upon which succeeding modules of the text 
are based. 

The decimal numeration system is used 
almost universally today. The word decimal 
comes from the Latin word decem, meaning 
ten. Since we group by tens, the base of the 


*See Abbreviation Key on page Ix. 


system is ten. Using ten as a base, the Hindu- 
Arabic digits 0-9, and the idea of place value, 
we can write numerals for every whole number. 
The choice of base ten is quite useful but other 
bases can be used. A numeration system em- 
ploying place value can be developed as 
follows: 


1. Choose a base b, where b is a positive 
integer greater than one. 

2. SI Ine Sse OFT GNIS AOS le Zo Bodine os 
(b— 2), (b—1)}. If bis greater than ten, 
new symbols for the digits representing 
numbers greater than nine must be 
created. 


Using the idea of place value, every non- 
negative whole number can be represented in 
the form 


Gn An-1 An-2* °° 41 Ao 


where a; is any of the digits of the system. 
Using expanded notation, this symbol means 


O° DES Oa 9 WE Ss Ci IE se 0 ID! aie hy (OY 
Thus, 23415(,.,) in expanded notation 1s 
Do TOPS 3 0 OE Se abe ORs Wo Ke = Sc IY! 
However, 23415,,) means 

2) Sikes By ots se Gh one a] Osu a) One) 


One of the more important reasons for studying 
bases other than ten is the insight that can be 
gained into the decimal system by contrasting 
it with a nondecimal system. An important 
by-product is the interest and motivation it 
may provide for students. 


TEACHING THE MODULE 


Vocabulary 
addend exponent 
addition factor 
associative Hindu-Arabic 
principle numeral 
base identity element 
base two multiplication 
binary system numeral 
bit _ one principle 
commutative operation 
principle palindrome 
decimal system period 
digit place value 
distributive power 
principle product 
division rounding 
estimation subtraction 


expanded notation zero principle 


Since much of the material in this module 
will be review for most students, careful at- 
tention should be given to pacing. In particular, 
the first lessons involving numeration, place 
value, and basic operations should be covered 
quickly. This will give additional time for such 
developmental topics as exponents, rounding, 
and estimation. 

The material on the binary system should 
be regarded as optional material. If you prefer, 
it could be omitted or it could be taught as 
a “‘mini-course”’ at any convenient time during 
the year. 

The Research Projects on page E-27 and 
the Mathematical Recreation on page E-28 
can be utilized to provide interesting extensions 
of the ideas presented in the regular lessons of 
the module. Encourage as many of your stu- 
dents as possible to participate in these 
projects. 


Lesson Schedule 

A daily lesson is presented on each pair of 
facing pages of the module. For fast-paced 
classes, some lessons may be combined so 
that two lessons can be covered in one day, 
thus shortening the time requirement. Students 
working individually may proceed quite rapidly 
through the module. If optional material is not 
taught, 8 to 10 days should be sufficient time 
to cover the salient portions of the module. 


Evaluation 

As you evaluate students’ understanding of 
the ideas presented in this module, keep in 
mind that the material covered is predomi- 
nantly concept-oriented rather than computa- 
tional. Students should be able to add, subtract, 
multiply, and divide whole numbers, but the 
other objectives listed at the beginning of the 
module should be given equal emphasis. 

The review exercises (Reviewing the Ideas) 
on page E-—26 are designed to prepare the stu- 
dent for the self-evaluation test (Test Yourself) 
on page E-27. Module Achievement Tests de- 
signed for use with School Mathematics are 
available from the publisher, or you could use 
the self-evaluation test as a model for your own 
test covering the module. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Aftermath 3, pp. 67, 89, Creative Publications. 

Cloudburst, Vol. 5, Nos, 1348, 8318, 8328, 
Midwest Publications 

Computers, Cuisenaire Co. 

ESS: Peas and Particles, Webster, McGraw- 
Hill 

Experiments in Mathematics, Stage 1 (pat- 
terns), pp. 56-58; Stage 2 (codes and de- 
vices), pp. 22-23, 48-51; Stage 3, pp. 54-57, 
Houghton Mifflin 

From Fingers to Computers; Mathematics: 
Man’s Key to Progress, Book B, pp. 21-31, 
Rand McNally 

Let’s Play Games in Metrics (games and 
activities involving exponents), pp. 90-91, 
Addison-Wesley 

Nuffield Project: Computation and Structure 
4, “Extension of place value,” pp. 1-12; 
Large Numbers and Indices,” pp. 50-63; 
Computers and Young Children, Wiley 

Powers, Roots and Logarithms, Set 5M, Set 
SE, Cards 1-17, Herder and Herder 

Sourcebook for Substitutes, pp. 90-91, Addi- 
son-Wesley 


Manipulative Devices 

Abacuses—a variety (Creative Publications; 
Selective Educational Equipment) 

Binary Counter, (Creative Publications: Sar- 
gent-Welch) 

Binary and multi-base materials (Educational 
Teaching Aids) 

Calculators (Cuisenaire Co.; Selective Educa- 
tional Equipment) 

Multi-base Converter (Educational Teaching 
Aids) 

Napiers Bones (Rods) (Creative Publications; 
Midwest Publications). 

Slide rules (Creative Publications; Geyer; 
Pickett) 


Games and Puzzles 

In Order Game Kit (Midwest Publications) 
Numo (Gamco; Midwest Publications) 
Radix (Lang) 
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UNIT E: /ntegers 
MODULE 1: Numerals, Numbers, and Operations 


OBJECTIVES: 


25 


3 





After completing this module, you should be able to: 
BI 


Interpret or write numerals using some ancient 
numeration systems. 

Give the place value of the digits in a decimal 
numeral and round whole numbers to a given 
place. 

Recognize the basic principles for whole 
numbers. 

Write powers of numbers using exponents. 
Add, subtract, multiply, and divide whole 
numbers. 

Estimate sums, differences, products, and 
quotients of whole numbers. 

Write a base-two numeral for a base-ten numeral 
or convert a base-two numeral to a base-ten 
numeral. 

Perform calculations using base-two numerals. 


Objective 

The student can interpret Egyptian, Baby- 
lonian, Greek, and Roman numerals, given a 
table of symbols for the numeration systems. 


PREPARATION 
Discuss with the class: 
1. Man’s need for numbers. 
2. The need for symbols (numerals) to re- 
cord numbers. 
. The fact that different cultures developed 
different numeration symbols. 
If you have posters, pictures, or other ma- 
terials concerning ancient numeration systems, 
display these in your classroom. 


WwW 


INVESTIGATION 

The Investigation involves the students in some 
simple activities that utilize the information in 
the table. Most students will have had some 
experience with Roman numerals. You should 


not expect everyone to complete all parts of 


the Investigation correctly. Corrections can 
be made as the material is discussed, following 
the Investigation. 


DISCUSSION 

The emphasis of the Discussion should be on 
the fact that the Egyptian and Greek numera- 
tion systems were additive systems. They can 
be contrasted to the Roman numeration system, 
which has subtractive as well as additive fea- 
tures. The Babylonians utilized a place-value 
system based on 60. This base is supposed to 
have been chosen because the Babylonian year 
contained 360 days; they divided a circle in 
360 parts. However, the numerals they used are 
relatively awkward, and we would find com- 
putation with them difficult. 


Ancient Numeration Systems 


Investigating the Ideas 


Symbols for numbers are called numerals. 


So 


present-day Hindu-Arabic numerals are 1 PaO ee 
given in the table at the right. 





[2] [e] [=] | 


ie 


. The Babylonians wrote in clay 


1 10 100 1000 10000 100000 1 


[BAe Ss ess re selec 
Egyptian hieroglyphic numerals, 





1 10 60 600 
1 < if ya 


Babylonian cuneiform numerals, 





me ancient numerals as well as the 
100 500 


ee i BANG eee cy ip ct 





12225, = 0p e502 1008R E500 
[pa VS Kee ee Caen) 


How many of these questions 


Can you answer by writing the 
numeral indicated? 





2 Gr Aeroure Ont 
Hindu-Arabic digits 








Early Greek numerals, prior to 300 B.c. 


Roman numerals, 100 A.D. 








What is your age in years? (Egyptian) 
What is your height in centimetres? (Babylonian) 
What is the number of people in your classroom? (Greek) 


What is the year of your birth? (Roman) 


Discussing the Ideas 


The Egyptian numeration system was an additive system. 
The numbers for the symbols were simply added together. 
For 23, they might have written |!|\ 1 or AA III or Wi 
What are some other numerals you might have written for 
your age for question a above? 


Hindu-Arabic 


Babylonian 


with a stylus. eneemeen See 
The figure shows how they might 
have represented 172. (For the 
numbers less than 60, the values 





Re et 2: 60+ 502 















000000 
am | 
3300 B.C. 














2000 B.c. 
4000 


X 


1000 
M 











claps) 





of the numerals were added.) 
What Babylonian symbol would 
represent 215? 


The Greek system did not use place value either. 
Like the Egyptian system, it was an additive system. 
What number would HHAAAT" | represent? 


. The early Roman system was also an additive system. 


Later it also had some subtractive phases. Thus 
nine, once written as VIIII, became IX. 
What is the Roman numeral for the present year? 


Using the Ideas 


. Write the Hindu-Arabic numeral for each Egyptian numeral. 


re (VATE Dwain 
B AVI ex 778 \N\ANil 
e 7% SGIIl| pee eels oe 88841111 | 


vyy vy << 
Acyyy SS SV pieeeeee <ic 


AV D X G LX dh Gp 
B VI E Xl H XL Kk MC 
c IV F IX j (we t CM 


. Write the numeral 247 using 


A Egyptian hieroglyphics. B Greek numerals. 


. The Romans often used an abacus to calculate 


and then recorded their answers using numerals. 
The answer to a problem is shown on the abacus. 
Record the answer using Roman numerals. 


. Write the Hindu-Arabic numeral for each Babylonian numeral. 


D < 
y a, 
Write the Hindu-Arabic numeral for each Greek numeral. 


Pelee I Aieleex XI HHA AT II 


Write the Hindu-Arabic numeral for each Roman numeral. 


m MCLIX 
CLXXVIII 
MCMLXX 


° 


c Roman numerals. 





| 





i 






rireetsd) 





UTILIZATION 

Since the purpose of the lesson is basically to 
stimulate interest and provide some historical 
background in numeration systems, it is not 
necessary to emphasize skill in working with 
any of the ancient numeration systems. In fact, 
you might wish to treat several of these exer- 
cises as an extension of the Discussion Exer- 
cises on page E-2. Such a discussion may 
heighten student interest considerably. 


EXTENSION 
This lesson provides good opportunities for 
student activities and projects. Students in- 
terested in art could be encouraged to create 
an “Egyptian papyrus manuscript” inscribed 
with hieroglyphics. Other students might use 
modelling clay and a wedge-shaped stylus to 
make Babylonian “‘clay tablets.’ Bulletin board 
displays showing early schemes for writing 
numerals would add to the interest and help 
begin the year in a stimulating surrounding. 
The Thirty-first Yearbook of the National 
Council of Teachers of Mathematics, Histori- 
cal Topics for the Mathematics Classroom 
(NCTM, Washington, D.C., 1969), is an ex- 
cellent source of reference in mathematical 
history. Standard histories of mathematics 
could also be utilized. 


Think Solution 


eooe) — 4-18 - 20= 1440 


Eee os 
[se] irk 
A716 


Assignments 
Minimum 1-4. Average 1-5. Maximum 1I-6. 


Objective 

Given a decimal numeral, the student can 
give the meaning of the digits in each place 
and name the periods in a numeral. 


PREPARATION 
Provide a small piece of tracing paper for stu- 
dents to use in the Investigation. 

This lesson reviews the basic ideas of the 
decimal system of numeration. Because of 
student familiarity with this topic you will 
want to progress quickly through the material. 
With good students you may want to cover 
this and the next lesson on the same day. 


INVESTIGATION 

The purpose of the Investigation is to point 
out the ease of counting sets of objects which 
are grouped by tens as opposed to sets which 
are not grouped. The groups of ten dots in 
set A are easily counted. Allow students to 
use any method they wish to count the dots in 
set B. One possible method would be to place 
a piece of tracing paper over set B and ring 
sets of ten dots. 


DISCUSSION 

This lesson is important because work with the 
basic operations is based primarily on a clear 
understanding of place-value concepts. Also, 
in working with rational numbers in decimal 
notation, students must have a very clear 
understanding of the place-value concepts as- 
sociated with the whole numbers. 

As preparation for the exercises on page E-5, 
it might be helpful to give your students some 
experience in writing numerals in expanded 
notation. For example: 3256 = 3000 + 200 + 
50 + 6. 


Decimal Numerals 
Investigating the Ideas 
We use whole numbers {0, 1, 2,3, 4,5,6,.. .} when we count. 


We use Hindu-Arabic digits to record our counting. Counting 
is the most basic aspect of mathematics. 


Can you count and [A] woes (esee) cece cucedacccumesecmeces 
record the number S560 9000) 508s e eran uessic ooee 

of dots that are at i ee, Wy ey rel 

in set A and in Ae 


set B? 





aS Seeery BESS he Af ps 
Discussing the Ideas 


1. a How many dots are in set a? 
B Why are they easy to count? 


2. A How many dots did you find in set B? 
B Can you describe a way to make the counting easier? 


BASE TEN 


S //L 
//s/3//s/)s//s/- 
S/S /.Sw0/ 2 <= 
SV E//* 

BER 


3. Our system of writing 
numerals to represent 
numbers is called 
the decimal system. 

The word decimal comes 
from the Latin word 
decem which means ten. 
By using ten as a base, 
the idea of place value, 
and the ten Hindu-Arabic 
digits, we can write 
numerals for every 
whole number. 
A Give the names of the next three places beyond the 
thousands’ place in the base-ten diagram above. 
B In the numeral in the diagram, the three digits 
2, 7, and 8 tell how many thousands and thus make 
up the thousands’ period. Give the names of as many 
periods beyond the thousands’ period as you can. 
c Read the base-ten numeral shown in the diagram. 


ees 





Base-ten 


Place-value 
names 


1. Give the missing number for each ||lll. 
A In 6287, the 2 means 200. 
B In 72964, the9 means |||l|. 
c In 84 760, the 4 means ||lll. 
D In 684 219, the 6 means ||ll|. 
E In 65 728 134, the 5 means |||. 


2. Write a base-ten numeral for each sum. 
bp 100000+ 100 + 1 
E 60000 + 7000 + 80 


A 800+ 70+ 4 
B~3000)'4+.6007- 90> 1 


c 20000 + 8000 + 400+ 30+7 F 3000 000 + 700 000 


3. The names for the first 12 periods are given in the table. 
















units, tens, trillions 


hundreds 


thousands 








ee 





-quadrillions. 





10th octillions 










millions 


4th billions 











quintillions 


sextillions | 











nonillions 












decillions 
Ss 





Use the information in the table to write the Hindu-Arabic 


numeral for each number name. 


5 periods 


EXAMPLE: 3 trillion ANSWER: 3 000 000 000 000 


A 6 quadrillion c 276 septillion 
B 73 billion p 1 decillion 


E 439 octillion 
F 89 million 


4. The value of the gross national product in the United States 
for a certain year was one trillion dollars. Write a base-ten 


numeral for the amount. 


Uru 





Suppose that in a certain newspaper the total 
number of digits used to number the pages of 
the newspaper was 111. How many pages were 


in the newspaper? 























UTILIZATION 
The exercises can be assigned as written work 
or discussed orally. 

Students should be able to name the periods 
through the billions. Other periods above bil- 
lions occur infrequently and are given in Exer- 
cise 3 for the interest they may generate. 
Extremely large numbers are often represented 
in scientific notation. 


EXTENSION 
Further practice exercises are provided on 
page | of the Workbook. 

Remedial: If some students have difficulty 
in reading or writing numerals, some additional 
practice in this should be provided. Give some 
number names orally and see if the student can 
write the correct numeral. 

Enrichment: Some students may be inter- 
ested in doing research concerning the names 
of the periods of numbers beyond those given 
in the table in Exercise 3. An excellent refer- 
ence is Philip J. Davis’ Lore of Large Num- 
bers (New Haven, Conn.: Yale University 
Press 1961, page 23). Also, many standard 
dictionaries include number tables which give 
the names of the periods beyond decillions. 


Think Solution 
The newspaper contains 60 pages. 

The first 9 pages contain 9 single digits, and 
111—9= 102. Since two digits would be 
needed for each page between 9 and 100, the 
newspaper must have 9 + 757, or 60 pages in all. 


Assignments 
Minimum |, oral; 2; 3. Average | and 2 oral; 3. 
Maximum | and 2 oral; 3; 4. 


Objectives Basic Operations 


The student can identify addends and sums 
in addition problems, and factors and products 
in multiplication problems. 


The student can demonstrate an understand- : ‘Il hel F th ti 
ing of the inverse relationship between addi- The function machines wi elp you to review the operations 


tion and subtraction, and multiplication and of addition and multiplication for whole numbers. 
division. 


Investigating the Ideas 


For each input pair (addends), "FUNCTION RULE | 

PREPARATION this addition function machine = ie 
The main goal of the lesson is to emphasize produces a unique output NEE ez 
the relationship of the addition and multiplica- number (sum). Lineur _ioureur 
tion Operations and the subtraction and division A ok Ss 
Operations. The function-machine approach to . 
these ideas should provide some novelty for B15 
students. cba RES) 

Students who have used the Investigating For each input pair (factors), lle ain Lesa cients 
School Mathematics series before will be famil- this multiplication function (Multiply | 


lar with the construction and use of the function : : sliherae 
machine produces a unique PiNPUT PlouTPUT] 
machine. However, you should check to ascer- = a 


output number (product). Factors |fll( Product 
tain that everyone understands the use of the B oe : (p ) ("36 | 


function machine and the meaning of the terms 








input, function rule, and output. 4:9=36 
INVESTIGATION How many different pairs of addends can you find to have a 
The Investigation questions involve students sum of 15? How many different pairs of factors can you find 
in finding sets of related addends and sums, and to have a product of 36? 
factors and products. Since we are concerned 
only with pairs of numbers whose sum is 15 or r 
pairs of numbers whose product is 36, the order Discussing the Ideas 
of the numbers in each pair is unimportant. 

There are 8 unordered pairs of whole num- 1. What is the missing addend we 
bers whose sum is 15 (16 ordered pairs), and for this function machine? Lee eeu 
there are 5 unordered pairs of whole numbers 
whose product is 36 (9 ordered pairs). 2. You can think of subtraction as an 

operation in which you know the 

DISCUSSION sum (Ss) and one addend (a) and 
Exercises | and 2 emphasize the fact that find- find the other addend. 


ing a missing addend in an addition equation is 

equivalent to finding a difference in the corre- 

sponding subtraction equation. 3. What is the missing factor 

Exercises 3 and 4 emphasize that a similar for this function machine? 

relationship exists between missing factors and 

quotients. 4. You can think of division as an 
operation in which you know the 
product (Pe) and one factor (F) 
and find the other factor (F). 
What is the missing factor n? 


What is the missing addend n? 





Using the Ideas 


1. These function tables Show a way of recording input and 
output numbers for function machines. Complete the tables. 


Function Rule Function Rule Function Rule 













































































Add Add Multiply 

input output input input | output input output 
A (8,6) il @ (lll, 5) 13 m (5,7) Il 
B (9,4) ll H (7, |llll) 12 N (9,8) i 
c (19,6) Hl 1 (lll, 16) | 23 o (6,0) Il 
p (50,30) | ll a (1 | 14 p (9, ll) | 9 
— (99,101) | Ill K (([l|,48) | 56 @ (lll, 40) 
F (324,976) | | a sie 324 rR (47, |lI|) | 376 











2. Think about finding the missing. addend or factor. 
Then solve each subtraction and division equation. 








16—-—7=n 63+-9=r 32—29=Cc 
bp 270=30=t E 105—-98=d F 3600 + 40=—w 
G 1000 — 498 =x H 10°+107=s 1 2268 + 36=y 
3. Give the number for the point above each letter. 
300 500 S0as 
eee | NOC NAT UN ethos relive Bidisp-a CAN 
e ad ea ——_e—_________e—_—_e—_ o> 
vie S B C 765 D ig Ie 
8 40 200 
E i fae oe fae 
| H G 863 Lk J 517 





UTILIZATION 

Depending on the ability of your class, you can 
assign these exercises as individual written 
work or use them for group discussion. 


EXTENSION 

The exercises provided on Workbook page 2 
and Duplicator Masters page | would be appro- 
priate for additional practice with the ideas 
presented in this lesson. 

Enrichment: Provide some completed function 
rule tables, omitting the function rule. Have the 
students determine the rule by inspection. 


Function Rule Function Rule 
































input output input | output 
(9, 6) 3 (4, 7) 2S 
(al 553) 10 (6) 30 
(3:75 19) 18 (UK) | 
(100, 54) 46 GIS) | 108 








Function Rule Function Rule 









































inpu output input | output 
(2, ai 4 (Us 3h) 10 
(CE) 24 (42, 3) 14 
(ld dead 16 (69523) 3 
(23.77) | 100 (17, 10 aaa 











Think Solution 

A principle of the branch of mathematics 
known as “topology” may help students solve 
this Think problem: When more than two ver- 
tices are formed by an odd number of line seg- 
ments, the figure is impossible to trace. If the 
figure contains exactly two vertices formed by 
an odd number of line segments or if all ver- 
tices are formed by an even number of seg- 
ments, the tracing is possible. 

In figure C, four vertices are formed by two 
or four (even) line segments. Two vertices are 
formed by three (odd) line segments. Thus, the 
tracing is possible. (The figure has only two 
vertices with an odd number of line segments.) 


Assignments 

Minimum 1, written; 2 and 3, oral. 
Average 1, written; 2 and 3, oral. 
Maximum 1-3, oral. 


Objective 

The student can identify the basic princi- 
ples for addition and multiplication of whole 
numbers. 


PREPARATION 

Pages E-8 and E-9 present a departure from the 
usual Investigation format. Both pages may be 
covered as one lesson, unless special emphasis 
is placed on some portions of this material. 


DISCUSSION AND UTILIZATION 
Page E-8 provides a review of the basic prin- 
ciples for whole numbers. 

Have the students study the chart at the top 
of the page and then complete the exercises that 
follow it. The answers for these questions are 
inverted at the bottom of the page for self- 
checking by the students. 

Afterwards, discuss the significant ideas re- 
lated to the exercises. For example, you should 
point out that the most valuable use of the com- 
mutative and associative principles for addition 
(multiplication) occurs when we use them in 
combination to change both the order and the 
grouping of addends (factors). Thus, the sum 
Tea 3) canbe written as’ (7 => 3) 9. You 
will want to stress the fact that the distributive 
principle ties the operations of addition and 
multiplication together. Provide examples such 
as “Find the product of 9 - 16.”" This can be 
written as9- 10+9-6 

Since these principles will be used in later 
chapters with integers, rational numbers, and 
real numbers, emphasis on them at this point 
will make their use more meaningful. 


Assignments 
Minimum 1-7, oral. 
Average 1-6, oral: 7. 
Maximum 1-7. 


A Review of Basic Principles 


The basic principles for addition and multiplication can be used 
to explain the computational rules used for the whole numbers. 
In the table below, the letters a, b, and c refer to any whole number. 





Commutative principle: 






a+b=b+a_ 





"Associative principle: 
a-(b-c)=(a-b)-c_ 
One principle: 
a+0=a ee 
_ Distributive principle: a-(b +c) =(a-b) +(a-c) 


Associative principle: 
a+(b+c)=(a+b) +'C 








Zero principle: 






















Answer each question below. Then check your answers 
with the inverted answers at the bottom of the page. 


1. Does the commutative principle for addition deal with order of 
addends or with grouping of addends? 


2. Does the associative principle for multiplication deal with order 
of factors or with grouping of factors? 


3. The number zero is called the identity element for addition. 
What is the identity element for multiplication? 


4. Which principle involves both addition and multiplication? 


5. If the answer to A is correct, 


: A/a OOM OC lO IZoo 
what is the answer to B ? 


92 + 47 + 13 + 86 = || 
(42-69) -37 = 107 226 
(69 - 37) 42 = Ill 


500 BB Pp 


6. If the answer to c is correct, 
what is the product for p? 


7. Give the number for n and the name of the principle illustrated. 
A 89+ n= 46+ 89 
B 97-42=n-97 
c n+0=+12 


p 9: (8-10) = (9-8)-n 
E 5/-1=n 
F (8-30) + (8:4) =8-n 
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some special Function Machine Rules 


Each function table below shows 
an interesting operation made up 


by various students. Complete 














each table. 
uli Function Rule 
Multidub 
Input Output 
i203) 12 
aA (3,4) | Ill 
B (5,12) | Illi 
¢ (10,10) | Ill 
4. Function Rule 





Dubfirst, add 











Input Output 

(2, 1) 5 

(10,9) | 29 
a (50,10) | Iilll 
B (37,8) | Illi 
e (98,4) | ill 





Multidub 


INPUT PJouUTPUT 










































































Function Rule oe Function Rule 
Doubleadd Advide 2 
Input Output Input Output 
(255) 14 (8, 4) 6 
A (4,5) | ill aA (5,7) | lll 
e (107) | ill e (4,36) | Il 
© (25,20) | Ill © (17,39) | iil 
Function Rule 6. Function Rule 
Greaterplus diff Admul 3 
Input Output Input Output 
(382) 4 (273) 15 
(100,2) | 198 (150) 24 
a (8,5) _| Ill aad Met il 
B (25,20) | Ill B (9,6) | Ill 
¢ (500, 200) | Ill e¢ (3,10) | Ill 


* 7. Study the function table. Then 
give a name for the function rule. 


Function Rule 








Jauupu 


Find n and p. Then explain 
the pattern shown. 


, 325 =S(nin) =p 
2.4:-6=(n-n)—1=p 
3.5°:7=(n-n)—-1=p 
4.9:-11=(n-n)—-1=p 
5 
6 


_ 





.19:-21=(n-n)-—1=p_ 
Oo 10b (hon) 1p 









Objective 

The student can complete a function rule 
table when given a rule involving a combination 
of operations. 


DISCUSSION AND UTILIZATION 

These exercises are designed to provide a stim- 
ulating challenge to students. Therefore you 
may not want to assign the exercises to every- 
One in your group. 


EXTENSION 

Enrichment: Have students create their own 
function rules involving a combination of opera- 
tions and devise tables without the rule stated 
(as in Exercise 7). Students could then chal- 
lenge each other to find the missing function 
rules. 


Think Solution 


ln=4, p=15 
2,.n=5, p=24 
3.n=6, p=35 
4,.n=10, p=99 
5. n=20, p= 399 
6. n= 100, p = 9999 


The product of any two consecutive odd 
numbers (or even numbers) is | less than the 
square of the number between them. 


Assignments 
Minimum 1-3. Average 1-6. Maximum 1-7. 


Objective 

The student can express appropriate pro- 
ducts using exponents and can express a given 
power as an ordinary numeral. 


PREPARATION 

A cardboard or wooden model of the 8 by 8 by 
8 block building shown in the Investigation 
may be useful for demonstration and discussion. 


INVESTIGATION 

The Investigation will require only a short time 
to complete. Most students will readily see that 
finding the number of rooms involves com- 
puting the product 8-8-8. The lesson in- 
volves learning to express such products using 
exponents. 


DISCUSSION 

Exercise | should guide the students in finding 
some ways of counting the number of rooms in 
the building. Volume of rectangular parallelepi- 
peds in general need not be discussed. 

In discussing Exercise 4, encourage students 
to observe that to find the area of a square 4 
units on a side, they would use 4 as a factor 2 
times, which can also be expressed by the nota- 
tion 4” (‘4 squared’’); to find the volume of a 
cube 4 units on a side, they would use 4 as a 
factor 3 times, which can be represented by 4° 
(“4 cubed’’). 

In Exercise 5 students should be able to gen- 
eralize the fact that 10”, where n is a nonzero 
whole number, can be written as | followed by 
n Zeros. 


E-10 


Investigating the Ideas 


Each small cube Cp 


represents a room in 
the, Block Building. 





Discussing the Ideas 


. The process of finding 


. You can discover a rule for 


Exponents 





How many rooms 


are in the 
Block Building? 





1. A How many rooms are in each row? 


B How many rooms are on each floor (or story) of the building? 
c How many floors (stories) are in the building? 
pb Explain how you found the number of rooms in the building. 


. When the same number is used as a factor several times, 


you Can use an exponent to show how many times the 
factor (base) is used. 
A How many times is 10 Exponent ian ren oy ee 
used as a factor in 10°? Base——> 10°= 10-10: 10- 10- 10 = 100 000 
B You can read 10° as ‘‘ten to the fifth power.” 
How would you read 64? 58? 97? 


. Express the number of rooms in the Block Building using 


an exponent. 


the area of a square 

and the volume of a cube 
suggests a reason why 

4? is called “‘four squared”’ 
and 4% is called ‘‘four cubed.” 
Give this reason. 


writing the decimal numeral 
for any power of ten. 
Explain this rule. 











Using the Ideas 


. Write each product using an exponent. 


l Wivaceré D105 0en10'710 GPO=D 
Beayon 3 BROMO SOMO GLG [LORS RS CRS Pal oat si i$ 
C¥em ee 2a 2 Fe 1051021010310 1 4-4-4 


. Tell how many times ten is used as a factor in each part. 


A 102 B 102 Cag pb 10’ eE 10° F 10° G 101000 
. Give the usual numeral. EXAMPLE: 102= 100 
A 103 B 10° c 106 D 108 E 10° F  10\'4 G 10' 


. Write the product as a power of ten. 
EXAMPLE: 107- 10'= (10-10) - 10 =105 


AmiOe102 pb 102: 10? Gn102-n102 
B 102-103 ee 107" 107 H 104-105 
Cu107-104 F 105-10! 110224108 





. Write the quotient as a power of ten. 


EXAMPLE: 104 = 10?2= oom = = 100 = 102 
A 105— 103 B 10°= 102 c 103— 10? bp 10’7= 104 


. Give the number for each |||. 


AmtOee 1021045" B 104 10%= 104" ¢ 104+ 104*=1040" 


. Since 104+ 104= POE = 14 and 104~ 10*= 104-*= 10°, 
we define 10°= 1. Similarly, 7°=1 and 3°= 1. 

In general, if n is a non-zero number, then n°= 1. 

The symbol 0° is undefined. 

Which part is not a symbol for 1? 


A 8° B02 =102 c 1? D 2i28 





. Base-ten numerals can be written in expanded notation. 
EXAMPpUE# 704 = (3 102)lg 407) + (6 -10") +. (4+ 10°) 
Write each base-ten numeral in expanded notation. 


A 27 B 473 c 507 D 9625 E 87 034 F 4632 470 


More practice, page S-2, Set 1 


UTILIZATION 
Exercise 7 defines n° as 1. It may be useful to 
spend some time discussing this definition and 
considering examples. The division example of 
this exercise can be illustrated with bases other 
than ten. 

Exercise 8 illustrates how the powers of ten 
are utilized in expanded notation. 


Answers, Exercise 8 


IN (2 8 MOD) SEF ois) 

B (4- 107) + (7- 10') + (3 - 10°) 

C (5- 107) + (Q- 101) + (7 = 10°) 

DEO 102) 2 (6 102) Oe 10D ea(SeOu} 

B83 10? Se (7 102) (ORO) era oan) 

Se (ees 1h) 

F (4- 10%) + (6- ee eee 10*) 
+ (4. 102) 7 = 10 D= 0 a0e) 

EXTENSION 


Appropriate exercises for additional practice 
may be assigned from Supplementary Exercise 
Set | on page S-2, Workbook page 3, and Dupli- 
cator Masters page 2. 

Enrichment: Some students may be inter- 
ested in the laws of exponents for whole 
numbers. 


Multiplication Law: a? - a¥= ist 


Division Laws (A) a? = a =a 4x Sy 
l 
CB) RC 
ay I - 
Power of a Power Law: (a”)¥= av 


Power of a Product Law: (a - b)7 =a” - bt 


Students can give numerical examples illu- 
strating each law. Notice that since we are 
restricted to non-negative exponents at this 
time, the division law has two cases. 


Think Solution 
21024 21000 


100 = 10° 
2 1000 — = (22%) 100° — ( 10°) 100° 19300 
Therefore Qe googol < 21000 


Assignments 

Minimum 1-3, oral; 4-7. 
Average 1-3, oral; 4-7. 
Maximum 1-3, oral; 4-8. 


Objective Rounding Whole Numbers 


The student can round whole numbers to a 



























specified place. ‘4 
paar oe Investigating the Ideas 
PREPARATION : 
ipomitireduce the lessone conduce a shor dic. The middle number of each set of three numbers is always 
cussion of exact data contrasted to approximate between the other two. 
data. The population of Canada from a recent A 1280 c E 50-0-20.0/0 
census 1s an example of a large exact number. 
The circumference of the Earth at the Equator, 2.78 2° °4°3.9-76 3:7 
which is often given as 40 000 km, represents 270 9° 4°00 -30°0-0 
approximate data derived from rounding more 
precise data. 

B |i32220-0 D | 7°6°0:%-0-020 F |€62°4--20205056202020 
INVESTIGATION 
The middle number in each given group lies 3192 ESS eee a Nee ee 
between two successive multiples of some 312020 1-5. 0352,02020 B23 000 es0 S020 














power of ten. The student must find which of 
the two multiples is nearer to the middle num- 
ber. This is the basic idea that underlies the 
rounding process. 





Can you find which of the other two numbers is closer 


to the middle number in each set? 





DISCUSSION 
Rounding plays a key role in, estimating and Discussing the Ideas 
estimation plays a valuable role in problem 
solving. Therefore the rounding process should 
be reviewed carefully, even though most of the 
students are already familiar with the process. 

Since the following lesson uses rounding in 


1. Because 2/8is nearer to 280 than to 270, you can say 
‘278 rounded to the nearest ten is 280.” 
To round 278 to the nearest hundred, you must decide 


estimation problems, you may want to cover whether 2/Sis nearer to 200 or 300. 
both lessons in one day. What is 278 rounded to the nearest hundred? 
Exercise 5 points out the agreement to round 
“up” for numbers halfway between two mul- 2. In part B above, what is 3192 when rounded to the 
tiples of 10. This agreement is, of course, an nearest hundred? 
arbitrary one, but it is one that we shall con- 
sistently use. 3. Describe the rounding for each of the parts ¢ through F above. 


4. Why do you think it is helpful to be able to round numbers? 


5. The number 2500 is halfway between 2000 and 3000. 
In cases such as this, we agree to round “‘up.”’ 
What is 2500 rounded to the nearest thousand? 


6. a Estimate the number of students that attend your school. 


B Find the exact number of students in your school and 
round it to the nearest hundred. 


c How close was your estimate to the rounded number for part B? 





Using the Ideas 


1. aA Is 6287 nearer to 6000 or 7000? 


B What is 6287 when rounded to the nearest thousand? 


. Choose the number that best completes the sentence. 

2 857 450. 

2 857 460. 

2 857 400. 

2 857 500. 

2 857 000. 

2 858 000. 

2 850 000. 

2 860 000. 

2 800 000. 
2 900 000. 


A 2857 456 rounded to the nearest ten is 
B 2 857 456 rounded to the nearest hundred is | 
c 2857 456 rounded to the nearest thousand is 
D 2 857 456 rounded to the nearest ten thousand is 


E 2 85/7 456 rounded to the nearest hundred thousand is | 


. Round each number in the 
table to the nearest 
thousand. 


437 150 
2.083 951 


1 639 335 
30648 


o fo B Pp 





. The area of Canada is 
9 976 185 square kilometres. 


A Round this number to the nearest thousand. 
B Round this number to the nearest million. 


. The highest active volcano is Guallatiri in Chile. 
It is 6060 metres high. 


A Round the height to the nearest hundred metres. 
B Round the height to the nearest thousand metres. 






. The population of Mexico City in 1970 was 8 541 070. 
A To the nearest hundred thousand, what was the population? 
B To the nearest million, what was the population? 





More practice, page S-2, Set 2 


UTILIZATION 

The exercises on this page can be used for oral 
discussion. If you wish, you might ask students 
to round the numbers to places other than those 
suggested by the text. 


EXTENSION 

Supplementary Exercise Set 2 on page S-2 and 
Workbook page 4 may be assigned to strengthen 
the skills of students who would benefit from 
further practice. 

Enrichment: Some students might be chal- 
lenged to find exact and rounded numbers that 
occur in the daily newspapers. Scrapbooks, 
posters, or bulletin board displays could be 
used to show their findings. 


Think Solution 
The number is 639. Students can solve the 
problem by trial-and-error methods. An analy- 
sis of the problem follows: 

Let d = tens’ digits. Then the number, in 
expanded form, is 

OW o afar IR > late Syel 2 

The ones’ digit is 3d and 3d < 9. 
Hence d is 1, 2, or 3. The table shows the num- 
ber resulting from each choice for d. 











| 100’s | 10°s | Ws | | 
digit digit | digit | Number 
a1 Z 3 213 
g=2 4 2 6 426 

d =3 6 3 9 639 














Since the number must be greater than 500, 
only d= 3 satisfies this condition. 


Assignments 


Minimum 1-6 oral. Average 1-3, oral: 4-6. 
Maximum 1-6. 


E-13 


Objective 

Given problems involving addition, subtrac- 
tion, multiplication, and division, the student 
can round the numbers and estimate the 
answer. 


PREPARATION 

You may want to discuss estimation before 
beginning the Investigation. If you do, use 
examples such as those in Discussion Exercise 
4 to avoid preempting the Investigation. Some 
mental computation using multiples of 10, 100, 
or 1000 will also help prepare the student for 
estimating. 


INVESTIGATION 
Students should choose one or more of the 
estimation problems. Allow sufficient time to 
discuss the methods used in making the esti- 
mates. It is quite likely that the Investigation 
will spur some students to seek exact answers 
rather than estimating.answers. Encourage an 
estimated answer first, and then compare it 
with the computed answer if such an answer is 
possible. 
Sample answers: 
A. For 29 students, each about 13 years old, 
the total of the ages can be estimated as 
30 X 13, or 390 years. 
B. For a 14-year old student, the estimate 
can be made by finding 10 x 400 or 
15 X 400, which gives 4000 to 6000 days. 
Gao 0 -Ccinastepsa) Kmic:5. 0m 
200 000 cm + 50 cm = 4000 steps 
For 80-cm steps: 2 km + 80 cm = 
200 000 cm = 80 cm = 2500 steps 


DISCUSSION 

Discuss the role of rounding and mental compu- 
tation in making estimates. Thus, to estimate 
the product 98 x 743, we could round each 
number to the nearest hundred and mentally 
compute 100 x 700 to get 70 000 as an estimate 
for the problem. Also, since 98 is very near 100 
and 743 is near 740, we could mentally com- 
pute 100 x 740 to get 74 000, which is a better 
estimate. 


E-14 


Estimation 


Investigating the Ideas 


One of the more useful skills in mathematics is the ability 
to make a reasonable estimate of the answer to a problem 
before actually computing the exact answer to the problem. 


Can you make estimates to one or more of these problems? 





















of the ages of al 
the students in | 
your math class? 





Discussing the Ideas 


DB Mow any C About how many 
days have 
you lived? 











would you take in 
walking a distance 
of two kilometres? 












1. In Bob’s eighth grade math class there are 29 students. 


Bob is 13 years old. 


A Is 300 too low an estimate for the total age 


of all the students? 
B Is 600 too high an estimate? 


c How would you make an estimate of the total age 


of all the students in Bob’s class? 


2. Explain your estimate for Investigation question B. 


3. Explain how you made your estimate for Investigation 


question C. 


4. To make estimates, you can round the numbers to the 


nearest multiple of 10, 100, or 1000. 


Explain how to round the numbers and estimate the 


answers to each of these problems. 


A 219+ 398 + 134 + 372 B 63° 589 


ce 39)1611 





Up 


In 


Using the ideas 


Use multiples of 10, 100, or 1000 for each ||lll. 

A To estimate 297 + 609, you can find the sum 300 + |||. 

To estimate 684 - 9, you can find the product |||l| - 9. 

To estimate 63 - 78, you can find the product 60 - |||. 

To estimate 2139 = 69, you can find the quotient 2100 = |||. 
To estimate 692 — 176, you can find the difference |l|l| — 200. 
To estimate 6 - 4195, you can find the product 6 - ||lll. 

To estimate 524 + 395, you can find the sum ||| + 400. 

To estimate 63 - 295, you can find the product 60 - |||. 

To estimate 78 + 63 + 91, you can find the sum 80 + 60 + ||lll. 
To estimate 8199 + 2411, you can find the sum ||| + 2000. 
To estimate 381 - 714, you can find |l|l| - 700. 


xer-remmoos 


. Give an estimate for the answer for each part in Exercise 1. 


. Give an estimate for each of the following problems. 


Af 2h 1695 
B 843 + 275 
Cmo2g 179 


Deo2 on), G 1984 + 6911 
E 778=4 H 78+ 24+ 98 
F 71-688 1 213-498 


J2625-5 3/0 
K 7684 + 3211 
L 566 - 32 


Exercises 4 through 6, give an estimate for the answer. 


. The area of Alaska is 1 519 809 square kilometres (km?’). 


The population in 1970 was 302 173. About how many 
square kilometres per person are there? 


. In 1971, the average salary of 2 061 000 public school 


teachers was $10 100. About how much total salary was 
earned by these teachers in 1971? 


. The USSR has an area of 22 402 200 square kilometres and 


a population of 242 612 000. Canada has an area of 

9 976 185 square kilometres and a population of 21 830 000. 
A About how many Russians per square kilometre? 

B About how many Canadians per square kilometre ? 

c Which country is more densely populated? 


More practice, page S-3, Set 3 


UTILIZATION 

The first three exercises could be discussed 
orally with the students. In Exercise 3, some 
variation in answers may be expected due to 
different rounding of the numbers by the 
students. 


EXTENSION 

To provide further practice, make selective 
assignments from Supplementary Exercise Set 
3 on page S-3, Workbook page 5, and Dupli- 
cator Masters page 3. 

Enrichment: Challenge your students with 
some difficult estimation problems such as the 
ones that follow. i 

1. How many hamburgers are consumed in 

one day by the people in a given city, 
town, or province? 

2. How many times do you breathe in a day, 

a month, or a year? 

3. How many times has your heart beaten in 

your lifetime? 

4. How far do you walk in a day or a year? 


Assignments 
Minimum: 1-3, oral. Average 1-3, oral; 4, 5. 
Maximum |-3, oral; 4-6. 


Objective 
The student can add, subtract, multiply, or 
divide using whole numbers. 


PREPARATION 

This lesson can be contrasted with the previous 
lesson. While in the preceding lesson only ap- 
proximate numbers were expected, in this les- 
son exact results are expected. 


INVESTIGATION 
The problems in the Investigation can be used 
to diagnose students’ computing skills. For 
those students whose computing skills are 
rusty, the extra practice sets cited at the bottom 
of page E-17 are recommended. 

The coded answers in the Investigation per- 
mit the students to check their own answers. 


DISCUSSION 

During the Discussion, emphasize routine com- 
putational shortcuts such as grouping by tens in 
addition or multiplying by multiples of 10, 100, 
and 1000. Encourage students to check their 
results. Exercises 4, 5, and 6 point out the im- 
portance of estimation as a rough check on 
computational accuracy. 

Although the word palindrome is introduced 
on page E-17, you might find it convenient to 
use a discussion of the term’s meaning as a 
bridge between the Discussion and Utilization 
exercises. Many students may already be famil- 
iar with verbal palindromes such as “rotator” 
and the nonsense sentence “Able was I ere | 
saw Elba.” 


E-16 


Computing with Whole Numbers 


Investigating the Ideas 





Can you compute the answers to these problems 
and then check your answers by breaking the code? 








319 80} 
—JT4 966 


7296 oy 
874 
4287 
+1099 


3. 478 
x 39 


Coded answers: 1.GIAAB 2.GJUDIA 3.GDBJH 4.ICBrilE 


Discussing the Ideas 


iF 


= 


. Explain why this 


What are some shortcuts you can use in addition problems? 
Explain why the subtraction 
26 6 2 iii 
problem is incorrect even 
though the screens cover a 


some of the digits. 


. How can you check your work for a subtraction problem? 


. Estimate the product for the multiplication 


problem 274 - 308. 


student did not 
get the correct 
answer. 





. Which is the best estimate of the quotient 64)38 954? 


A 60 B 600 c¢ 6000 


. Find the quotient and remainder for Exercise 6. 


. How can you check your work in a division problem? 


4. TC) PLP ZE) 


1. A palindrome is a numeral which represents 


Using the Ideas 


the same number if the digits of the numeral 
are written in reverse order. Examples of 
palindromes are 171, 2662, and 35653. The 
example at the right shows how to get a 
palindrome by reversing the digits of a 
number and adding. Find the palindrome for 
each number using the addition method. 


 Shle ce 692 E 3587 
B 813 D 1962 F 57919 





Study and complete part a. Then perform the same 
operations with the numbers given in the other parts. 


A S76 B 624 ce 902 D 753 
so 478 
198 
+891 


HO | <= sem 


<— number 
<— reverse 
<— difference 


<— reverse 


. Find the products. They may be interesting to compare. 


- — 


223 
x 966 


322 D 
x 669 


A 96 5 69 c 
x 46 x 64 








. Find the quotients and remainders. 


A 52)2704 B 123)456 789 ¢ 1001)839 839 


. Copy each problem, replacing the screens by digits 


so that the answers are correct. 


a iil 8 il 7 B= 4 |i il 7 c 0 D I 
+9 6 7Illl = Iiil_9_ 8 Ii x 999 76 MT 
I 5 ill 45 1018 I i il i 


I KY i 
MI il 6 
4 7 i ii il 4 0 


More practice, pages S-3,4,and 5, Sets 4,5,6, and 7 


re 4 
4 


UTILIZATION 

These exercises are designed to review addi- 
tion, subtraction, multiplication, and division in 
unusual and motivating ways. 

In Exercise 1, each given number will pro- 
duce a palindrome in a finite number of rever- 
sals and additions according to the procedure 
shown in the example. However, it should not 
be thought that the procedure can be applied to 
all numbers to produce palindromes, at least not 
in a few steps. For example. it has been shown 
that the number 196 will not produce a palin- 
drome in 4147 steps. Furthermore, the com- 
pleted steps revealed no kind of periodicity in 
the digits which would suggest that a palin- 
drome might ultimately result. 

Exercise 2 is based on the fact that any 3- 
digit numeral of the form abc. with a = c. will 
produce the number 1089 in the 4 steps shown 
in part A. 

Exercise 3 presents pairs of multiplication 
problems with reversed digits which produce 
the same product. 

Parts A and C of Exercise 4 are division 
problems having quotients which are equal to 
the divisors. 

Exercise 5 provides reconstruction problems 
involving the four basic operations. 

Keep in mind that the aim of these problems 
is to provide some motivation while improving 
basic computational skills with whole numbers. 


EXTENSION 

For students who would benefit from further 
practice, make selective assignments from Sup- 
plementary Exercise Sets 4-7 on pages S-3, 
S-4. and S-5. Additional exercises appropriate 
for use here are provided on Workbook page 6. 
Duplicator Masters pages 4-7. and Arithmetic 
Skill Cards W-1 through W-10. 

Enrichment: Have students create their own 
problem sets similar to the ones on this page 
and challenge other students to solve their 
problems. 


Assignments 


Minimum 1A-C, 2, 3A and B, 4A. 
Average 1-4. Maximum I-S. 
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Objective 

The student can express a power of two with 
an exponent and can express a base-ten nu- 
meral in terms of a sum of powers of two. 


PREPARATION 
Materials: Index cards, scissors. 

As much time as possible should be allowed 
for the Investigation. Therefore you may want 
to review only briefly the use of exponents in 
writing powers of numbers. 


INVESTIGATION 

The students should work in pairs on the game 
suggested. If time permits, you might have pairs 
of students compete in a race to see which ones 
can construct the correct sum first. 


DISCUSSION 

The fact that every positive whole number can 
be expressed as a sum of different powers of 
two is the basis of the binary numeration sys- 
tem. The purpose of this lesson is to give stu- 
dents some experience with the idea. 

This and the three following lessons deal with 
the binary numeration system. You may regard 
them as optional lessons: they may be omitted 
without any loss of continuity or development. 
The material on the binary system is presented 
for these reasons: 

(a) It offers an illuminating comparison and 
contrast to the familiar base-ten numera- 
tion system. 

(b) It is highly motivating to many students. 

(c) It has some significant computer appli- 
cations. 

You might delay presenting these lessons until 
later in the school year if you wish. 


Try this game with a classmate. 


RuLes: A Make seven cards like 


Can you play the game to 10 points with a classmate? 


Discussing the Ideas 


Powers of Two 


Investigating the Ideas 





the ones shown. 
B Name any number less than 128. 


c Your opponent gets one minute 
(or less) to choose the cards ; 
whose numbers give your 19= 
number for their sum. 

pb Your opponent scores one point if he gets the number. 


— Your opponent then challenges you with a number. 








1. Do you think there are some numbers from 1 through 127 


that cannot be formed from the seven cards? 


. What is special about the set of cards for these numbers? 


A 63 B 31 c 15 bp 7 E 3 


. Give the missing exponent for each power. 


A 64 = gill c16 — Dill € 4=—9illl G {—gllll 
B 32 — ill D 8 = oil FE 9 = oil 


. Mary Binary, who was very good at the game, made a table 


like the one below to help her find the correct cards 
quickly. She tallied a ‘‘1” if a card was needed and 
a “0” if it was not needed. 


What are the numbers for A, B, and C in the table? 

















1. Complete the ‘tally sheet’ for each number. 


o ao B Pb 


Using the Ideas 














3. The symbols below represent tallies from the charts above. 
Give the number that each tally represents. 











4. Make a tally for each of these base-ten numbers. 
A 7 c 26 E 42 G 61 ie 
B 13- D 30 F 50 H 67 J 80 





Kk 100 
Gales 


UTILIZATION 

In completing the tally sheets for the exercises, 
students should refer to the completed tally 
sheet for Discussion Exercise 4. There is no 
need to introduce binary numerals at this time, 
even though the tally sheets show base-two 
numerals. The binary notation will be intro- 
duced in the next lesson. 


Answers, Exercise 4 













































































NUMBER [2°] 2 (2? (op 
A | meant ee 
B 13 | Sp one 
G 26 Sa one oe 
D 30 iit (oo 
E 42 1 | 04 oes 
F 50 1) eos oma eG 
G 61 li oie 
H 67 i Oo oon 
I B | 00 ie hor ove 
J 80 i eB OL 
K 100 ret [0 | onion 
a ames (| Ltt osm 
EXTENSION 


Enrichment: Suggest that students make tally 
charts for some body measurements. The tally 
chart can be extended to include larger numbers. 





bh 


aoe ae 


~) 


Sample [ 27] 28 
Age 

Height (cm) 
| Weight (kg) 
Waist (cm) 
Head (cm) 
Wrist (cm) 








So 











ha er le 


—|o}/—|olo|jo/t 


























Solo|/—|—|o/|— 
(eel Nl [meh a (a er 





0 
0 
I 
I 
l 





Assignments 
Minimum 1, 2. Average 1-3, 4A-F. 
Maximum 1-4. 


Objective 

The student can write a base-ten numeral 
as a base-two numeral or a base-two numeral 
as a base-ten numeral. 


PREPARATION 

Review the method of preparing tallies for 
base-ten numerals as presented in the previous 
lesson. 


INVESTIGATION 

Have the students study the base-two and base- 
ten tallies for set A. Discuss the ways that the 
two tallies are different. Then have the stu- 
dents complete the tallies for set B. 


DISCUSSION 

The base-two tallies provide a simple transi- 
tion from base-ten to base-two numerals. The 
place-value chart above Discussion Exercise | 
should be carefully studied and discussed, for 
it is essential for understanding how to convert 
from one base to another. 

Converting from base two to base ten and 
vice versa is not an easy process either to per- 
form or to understand. Do not expect all stu- 
dents to master these skills. However, changing 
from one base to another does constitute an 
interesting activity and may prove quite stimu- 
lating to your more able students. 

You may find it helpful to provide some ex- 
amples of converting base-two numerals to 
base-ten numerals and vice versa before as- 
signing the exercises on page E-21. 


Answers, Discussion Exercise 3 

A. “One, one, base two” means one group of 
two and one. 

B. “One, zero, zero, base two’? means one 
group of four and no twos or ones. 

C. “One, one, one, base two” means one group 
of four, one group of two, and one. 

D. “One, zero, one, one, base two’’ means one 
group of eight, no group of four, one group 
of two and one. 

E. “One, zero, one, zero, one, base two” 
means one group of sixteen, one group of 
four, and one. 


E-20 


The Binary System 


Investigating the Ideas 


Study the base-two and base-ten tallies 










that show the number of dots in set a. 

[a] OC9COOOCOOHHOCOOHOOHOHOOCOOLE 
COHOOHHHHOHHOHOOHOEOOOOCO®E 
000 00OOOOOHHHHOCOHOOOOOO® 
©0000 OOOHHHHOHHHOHOOOOEOOC® 
©0000 OOHOCCOHCHOOOOOOOOO® 

RR Spappr occricacnogcon: 
COCHHCHCOCHOHHOCOCO LOL OOEEOE ee 
0900000 OCOCHHOCHOOOOOOCOOO® PoP 
COCOCHOCOCHCOCOEC OOOO OOOOOCOCO®E 


Can you show base-two and base-ten tallies for the number 


of dots in set B? 





Discussing the Ideas 


In the decimal system of numeration, we group by tens in order 
to write numerals for numbers. In the binary system (base-two), 
we group by twos. The diagram below should help you understand 


the binary system. 
Place 
S/ /M/ /s//o////?/ /~/e— values 
i Z Gs Vd pel Powers 
VLA LV [6/1 LV [%/ <— 
af prof [xf ff [x]. ><] [x of two 


a ee 8 Oe 8 bea 
(2) numeral 


644+ 324+0+8+4+0+1=109 <Base-ten 
numeral 


1. In the decimal numeration system, the place-value names 
are powers of ten. What powers are the place-value names 
in the binary system? 











2. In the base-ten, or decimal, system of numeration, we use 
the digits 0 through 9 to write numerals for any whole 
number. In the base-two, or binary, system, what are 
the only digits needed? 


3. We write 101,,, to show 1 -2?+0:-2'+1:2° 
The symbol 101,.,is read as “One zero one, base two ’”’ 
This means one group of four, zero groups of two, and one. 
Read and give the meaning of each of these base-two numerals. 


A 11,2) B 100.) C 111, DB 1011, E 10101 ,.) 
















Using the Ideas 


. Complete each sentence concerning the digit printed in color. 
EXAMPLE: 1101... >The in the fours’ place represents 1 x 2? 

A 1011,,, — The1 inthe ? place represents ?. 

B 110101,,,— Thei inthe ? place represents ?. 

¢ 1000001,., > The1 inthe ? place represents ?. 


. Write the base-ten numeral for each base-two numeral. 
B 10,., D 100.2, Fe Oe H 1100, ONO. 


K 1011.) 
bot 15 














. Copy and complete the table for powers of two. Po Woreuring 
You will need the results in later exercises. 2°— |) 27-1 
. Expand each base-two numeral as shown in the example. 2'= [| 2° = 
Then use the table of powers of two and calculate the 22=|Il|_ 29 = 
base-ten numeral that represents the same number. 23 = |Ill| 21 =| 
EXAMPLE: iy = (1-29) + (1-22) + (0-21) +1 oe | = 
=) 8 s4 eee 0: = are 
Agel Oe, CHM 100c, Eeiidat5; Gea 1OJ1d — | ou 
B 1000.) pb 10000,,, F 100000,,, H 10101010,., 2 












































. Write a simple base-two numeral for each part. 


A (1-2") + (1-29) 

Bel 2) 0-2") f (1-29) 

© (1-24) + (1-23) + (0-22) + (0-2') + (0- 2°) 

D (1-25) + (0-24) + (1-23) + (1-22) + (1-21) + (0-29) 


. Convert these base-ten numerals to base-two numerals. 
Refer to the powers of two table in Exercise 2. 


A 156 
B 372 


c 539 
Dp 684 


E 900 
F 1023 


G 1279 
H 1584 









Sey A and B how a shortcut’ 
or ee a ae numeral” 





en u 


2244 98177 








UTILIZATION 

Exercise | can be discussed orally. It is im- 
portant that students be able to quickly give 
the place value of any digit in a base-ten 
numeral. 


Selected Answers, Exercise 4 





(a) (1:29) + (1-2) + (1-21) +0 
= 8 4 44 2+ 0 = lA ven) 

(@) (ile 23) FE lo Bey Sele Day se (2 22) se 0 
=164+8+4+0+0 
2 Oey 

(ey (1s2 2") 1 22?) cr 0 P22 ee AnD: rel 
=164+8+44+2+1 
= 2 ten 

EXTENSION 


Additional practice exercises are provided on 
page 7 of the Workbook. 

Enrichment: This would be an opportune time 
to suggest that students explore the Mathe- 
matical Recreation (page E-28) which involves 
place value concepts. 


Think Solution 
The shortcut is performed as follows: Start by 
counting the left-hand binary digit 1, then 
double for each place to the right, adding | if 
a | occurs in a particular place. The sum ob- 
tained when the ones’ place is reached is the 
base-ten numeral for the binary numeral. 
To see how the shortcut works consider the 
base-two numeral 1101,.): 
| l OF PIS 
(a) (b) (c) (d) 
Successive steps (a), (b), (c), and (d) are 
(a) | l 
(Wo) We Pee Tl = 3 
(CCl) pee = 6 
Cd) Le ar 1) a2 ales 
Observe that if the distributive principle is ap- 
plied to the expression in (d), we get 
lo DP SE io Rese il Olay 
= 13 


(ten) 


Assignments 

Minimum 1, oral; 2A—D; 3; 4A—-C; 5; 6A-C. 
Average 1, oral; 2A—H:; 3; 4; 5; 6A-F. 
Maximum 1, oral: 2-6. 


Objective Using the Binary System 
The student can use binary numerals in 


roblems involving various codes. : 4 
“ s Investigating the Ideas 





PREPARATION eh : 
Plan a short review of writing binary numerals Each digit of a binary numeral 
for base-ten numerals and vice versa. is called a bit. Suppose the 

letters of the alphabet were 
INVESTIGATION coded in order with five-bit 
While students are completing the five-bit bi- binary numerals as shown in 
nary code in the Investigation, write some the table. For example, the 
words or some student names in the binary binary code for MATH would be: 
code on the chalkboard. When the students 01101 —> M 
have completed the code table, challenge them 00001 > A 
to use it to find the words or names you wrote 10100 > T 
on the chalkboard. 

01000 — H 





DISCUSSION : 7 ane 

Perini aindiiticonvenient towse. the five bil Can you complete the five-bit binary code table and 
numeral 00000 to designate a space between write a word or message using the binary code? 
two words. Thus, the message | AM COLD, 


for example, could be coded as follows: Discussing the Ideas 


01001 I 
00000 (space) 





1. Since E is the fifth !etter of the alphabet, what 


00001 K five-bit binary numeral would be the code for E? 
01101. M . 

00000 (space) 2. The code for M is 01101. What base-ten numeral 
00011 e gives its position in the alphabet? 

O1111 O 

01100 iE 3. Each group of five-bit binary numerals is a coded 


00100 D name. Decode each name 


There is no need to develop any particular skill ai100100 B 
using the binary code. The main purpose of 
this lesson is to provide interesting recrea- 
tional and motivational applications of binary 
numerals. 








4. Explain how this palindromic message could be written in 
five-bit binary code: 
N'E V E-R.*O DD! © Re EL V-E-N 


5. What is the largest number of symbols that could be coded 
using five-bit binary numerals? 


6. How many symbols could be coded with six-bit numerals? 
E-22 


Using the Ideas UTILIZATION 
The exercises on this page deal with a scien- 


tific application of binary numeration. Exer- 
cises 1, 2, 3, and 4 might be utilized to stimulate 
discussion. Exercise 5 provides an imaginary 
simplified example of the Mariner coding 
scheme. 


The Mariner spacecraft (1965-1971) took 
pictures of the planet Mars which were 
radioed back to earth and produced with 
the help of a computer and binary numerals. 
The computer received the ‘‘pictures”’ in 
the form of binary numerals consisting 
of six bits. Each group of six bits 
determined the shade of one dot in the 
final picture. The shading of the dots 
varied in 64 different shades from 
completely white to completely black as 
shown in the table at the right. All binary 





EXTENSION 

Enrichment: Some students may be interested 
in doing some research on the Mariner space 
flights. One of the best summary accounts of 
the Mariner voyages and achievements and of 
the men behind the missions appeared in Time 
ie aS ei magazine under the title ‘Portrait of a Planet” 
Almost ee ee (Vol. 86, No. 4, July 23, 1965; pp. 36-44). 





numerals representing numbers between 
0 and 63 represent various shades of gray Black oof A So Enlargements of pictures taken by Mariner can 
between white and black. be found in the article ““The Terrain of Neigh- 
. A Which number from 0 through 63 is represented by 101001? Cee ity Kae 
B Does this number represent a shade of gray closer to white or to black? Mariner 6 and Mariner 7 flights can be found 
in Saturday Review (October 11, 1969; pp. 
. In the picture transmission just described, what binary numeral 75-77). Some excellent close-up pictures of 
would represent the darkest shade of gray that is not black? Mars taken by Mariners 6 and 7 appear in 
Science (Vol. 165, August 15, 1969; pp. 684- 
. Which binary numeral would represent the lighest shade of gray? a and Vol. 165, August 22, 1969; pp. 787—- 


: ; The best source of information on this and 
5 Ww meral would repr nt sh f gra : ; 
Give two binary numerals that would represent shades of gray other space probes is, NASA AWrteta Ea 


midway between white and black. cat ome a Ole Education Publications Distribution, FAD-1, 
OUj}11)511411 1131101 Washington, D.C. 20546.) Still another source 
011100111011 01 of information concerning the Mariner flights 
1111111110 1101 is the Office of Educational Services, Jet Pro- 
04 4111 11101101 pulsion Laboratory, California Institute of 


Technology, NASA, Pasadena, California, 
01,01/11/11 |11) 11 01 91103. 


01}17,11:11)11)11,/01 


. Suppose that an imaginary spacecraft, 
Sparrow I, was sent on a close flight 
past an imaginary planet Nova. After 


taking pictures, radio signals were pe Sei 
sent back and amplified to give this 

array of two-bit binary numerals. 
Use this array, and the code below 01.01.0110 10 01 01 Assignments 


to convert the numbers into a picture Grid Minimum 1-4, oral. Average 1-4, oral; 5. 
on a 7-by-7 grid as shown. laren Or AuD SO pa Maximum 1-4, oral; 5. 


Code 
Base-ten Binary 


numeral numeral 
i004 | 
01 > 
2> 10> 


o-oo aoe» 








Cason O. oo) 





Objective 

The student can use binary addition and mul- 
tiplication tables to compute using binary 
numerals. 


PREPARATION 

Review the idea of addition with base-ten 
numerals using sets of dots. Then present the 
same problem using base-two groupings as in 
the example below. 


eee eocee eo 
Base ten: ecco e@e0 e 


6iten) ar Liven a 3 aen) 
Base two: OK): (O10: (6g) 
Wipe Ge ah ee 
INVESTIGATION 


The purpose of the Investigation is to have 
students compare the number of “‘basic facts” 
for addition and multiplication in base ten and 
in base two. You may want to place the com- 
pleted addition and multiplication charts on 
the chalkboard for later reference. 


DISCUSSION 

One of the chief purposes of this lesson is to 
stimulate interest. We do not intend that stu- 
dents should become efficient at computing 
in other bases or that they memorize the base- 
two addition and multiplication tables. How- 
ever, they should work independently to find 
sums and products of numbers given in base 
two. 

A point that should be emphasized through- 
out the study of numbers in other bases is that 
the numbers themselves do not change; it is 
only our notation for these numbers that 
changes. 

Provide other examples as needed and dis- 
cuss them before assigning the exercises on 
page E-25. 


Computing with Base-two Numerals 
Investigating the Ideas 


In order to compute efficiently using 
base-ten numerals, you must know a 
large number of basic addition and 
multiplication ‘‘facts.”’ 


To compute using the base-two numerals, 
you need to know only the eight facts 
for the base-two tables. 





Can you copy and complete the base-two 
addition and multiplication tables? 





Discussing the Ideas 


1. The only “hard” addition fact is 1,2, + 12) = 10¢). 
Are any of the multiplication facts “hard” ? 

















2 Here is the way a student showed 
an addition problem using base-two 
numerals. Can you explain how 
the sum was found? 








3. What is 10,.) — 1,2)? 








4. How would you complete this abs tse 
subtraction problem? res lal te 
(2) 
5. Explain the steps in this tata. 
multiplication problem. AP Ves 

lea 

ea 

AOn1bOs tn? 


6. Try this division problem. 10,2) O11 Ol 
Check your work by using multiplication. 


Using the Ideas 
All numerals in the exercises are base-two numerals. 


1. Find the sums. 


AceetOTe es 11 c= 11 p 101 eE 100 Feet id 
ae] +10 aah 110 111 11 
rics “oy ae lA 110 Bag 

ar +101 eon 





2. Find the differences. 

















A lal B Onc OO Dame On E OTM OR 1000 
= j =f = 41 =1011 = WO — 1 

3. Find the products. 
A 11 c 10 E 100 G 101 I 100 K 101 
xd SAC x 100 Daal x 110 alata 
B 10 p 100 F ah H 111 dy al L 101 
x0 110 x 11 al lal xi x TANe 


4. Find the quotients. 
a 1)101 B 11)110 ce 10)10110 pb 110)110000 


5. Write a base-two numeral for the number n in each equation. 


AYtt n= 101 Dp) 10len= tii G 11-n=1100 
Bolliton=i110 E 110+10=n H n+ 100 = 1000 


cl0en= 100 f= al = Toa 1 


1000 —n=111 





UTILIZATION 
You will need to vary your assignment accord- 
ing to the interest and ability of your students. 


EXTENSION 
Page 8 of the Duplicator Masters provides ap- 
propriate exercises for further practice. 
Enrichment: Research Projects B and D on 
page E-27 are recommended for interested stu- 
dents at this time. 
Some students might enjoy making a calendar 
using binary numerals. 





September 11110110111 





= 
| 10 I 100 101 110 
1010 | 101] 


ey 1111 LOROhy Meno) 10010 | LOOT | 10100 





[ | 
1] eT 1001 1100 1101 








10101 10110 | 1014 11000 11001 | 11010 11011 


11100 | 11101 | 11110 | | 
































Think Solution 
1. one, ... dek, el, one zero, 
One one, . . . one dek, one el, two zero, 


nine dek, nine el, dek zero, 



















































































nine one... . 
dek one, . . . dek dek, dek el, el zero, el 
one,... el dek, el el, one zero zero. 
3 
+ |0 | 3 4 S 6 a & g D € 
Oi) 110) | Zz 3 4 5 6 7: & 91D € 
| i] 2 3 4 § 6 a 8 ODE 10 
EUs 2 3 4 a 6 a & BD) 462 HAO aa 
P| eS 4 Ss 6 FT & 9 | Diy ex TOU a2 
4)4 5 6 it & 3) WDE te 0) a es 
bya test 6 ili 8 9 D ce LOS 2 ei ae 
©: 6: 8 9 De 10 {Waa Wes ha AS 
al oe & SD all te LO} 1 1 8213 pA aT M6 
8 & 9 D € POY 12 eT Se | a 
9 | 9 | D4 LO WT aS TA US GF 18 
DAD alize LO) Ta | 2 3 4a TS oe a7 PS WS 
€ lee (10 NE | M2 AS TA IS AGA Was WS aD: 
x! O! tf 3 4 5 6 vi 8 9 D € 
iff = T =i 
0/010 0 0 0 0 0 0 0 0 0 0 
ey Sa tp 2 3 4 5 6 7 & 9 D € 
AS YG) eee! 4 6 8 | Dy 10) 12) 146) 1 ED: 
SO ss 6 9 10.) 13'| 16) 19 | 20) 23 | 26 | 29 
4/014 8 10 | 14] 18] 20 | 24} 28] 30] 34 | 38 
S10 4 D | 13} 18 | 21} 26] 2e | 34} 39 | 42 | 47 
6; 0) 6 10 | 16] 20 | 26} 30 | 36] 40 | 46 | SO | 56 
TNO 7 12 | 19 | 24 | 2e | 36 | 41 | 48) 53 15D] 65 
8} 0] 8 14 | 20 | 28 | 34] 40 | 48 | 54] 60 | 68 | 74 
9/0] 9 16 | 23 | 30 | 39 | 46 | 53 | 60 | 69 | 76 | 83 
D] 0| D} 18 | 26 | 34 | 42] 50 |SD] 68 | 76 | 84 | 92 
el Ol € | IDI 29 138 147156 | 65 | 74)°83 192 | D1 
Assignments 


Minimum 1, 3A-F. Average 1, 2, 3A-H. 
Maximum |-S. 


Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 

The exercises can be assigned as individual 
written work or discussed in small- or large- 
group situations. The order of the exercises 
corresponds to the order of topics in the 
module. Thus, if you have not covered the bi- 
nary numeration system you should not assign 
Exercises 14 through 17. 

Most students will benefit from a discussion 
of the exercises. Give each student an oppor- 
tunity to clear up any difficulty that arose in 
connection with the content of the module. 

Additional review exercises are presented on 
page 8 of the Workbook. 


E-26 


REVIEWING THE IDEAS 


1. Write a Hindu-Arabic numeral for 
each numeral. 


A 7B Ill 


B XPHPAM I! 
© MCDLXIV 


2. Write a base-ten numeral for 
each number. 
A 3 billion B 748 million 
3. Which digit in the numeral 
634 396 863 represents 
30 000 000? 


4. Write a subtraction equation 
that can be used to find the 
missing addend n in the addition 
equation 27 + n=53. 


5. Write a division equation that 
can be used to find the missing 
factor y in the multiplication 
equation 9-y = 234. 


6. Which principle is illustrated in 
each of the following equations? 


LN Thar w= Sar If 
B 3462-1 = 3462 


c (2:3)-7=7- (2-3) 
pd (9+16)+4=9+ (164+ 4) 
—E 42+0=42 


7. Write each product using an 


exponent. 
A 6-6-6 c 10-10 
B4-4:4-4-4 bp 2-2-2-2-2-2-2 


8. What is the missing 


exponent? 10! =i 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


. Solve the equations. 


A 102-10°=n Dp 82-8'=n 
Be2? 22. — in E n—/7?=73 
c 104:10°=n Fees Osan 


Round 7 463 487 to the nearest 
A hundred B thousand  c million 


Which number is the best estimate 
for 179 - 73? 
A 16000 B 


14 000 c¢ 12000 


Estimate the quotient for 58 )29 437 
to the nearest hundred. 





Compute. 
A 9685 B 8007 c 805-496 
+ 8796 — 2369 =p 87)21 503 
Write a base-two numeral © © ° ® ® 
that tells how many dots ° ° ® © ® 
there are in this set. bets ih ur 
@®eeee? 


Write each base-ten numeral as a 
base-two numeral. 


A5 ce 19 
B 12 Dp 29 


E 32 
F 66 


Give the base-ten numeral for each 
base-two numeral. 


A 110.) ce 1000, ERailiia, 

B 1011.) dD 11011, Fe omOnuires 

Compute in base-two. 

A. 111%) 0B) .10000(.,) See lita, 
+ 116) Fe 111) alOilhey 


D 10,2))10010..) 




















1 What Hindu-Arabic numeral shows. 
the same number as MCMLXXVI? 





In the decimal numeral 537 426, 
the digit 3 stands for 3 

a thousands. 

B_ ten thousands. 

¢ hundred thousands. 


' 3. Write the product 6-6-6-6 using 
an exponent. 


(4 Round 347 896 to the nearest ten 
_ thousand. 


5. Which equation illustrates the 
distributive principle? 
A 2:(7:4) = (2-7) -4 
@ 2:47 +4) =2-7+2:-4 
ce (2-7):4=4- (2:7) 


RESEARCH PROJECTS 


A A method of computing called ‘finger 
reckoning’ was practiced in the 14th 
century in Europe. Find out how to 
use your fingers to find products. 
(See From Fingers to Computers by 
Margaret F. Willerding; Pasadena: 
Franklin Publications, 1968; Grolier.) 


B_ A binary abacus has only one counter 
in each place. 


Tia) 





Make a model of a binary abacus. 
Learn how to add and subtract using 
binary numerals with the abacus. 


. 


2 





10. 


C 


Estimate the product 385 - 83. 


. Write a base-two numeral for each 


. Write each base-two numeral asa — 


Compute. cy 
‘A 596 = 8 33091 
8129 = 28 747 
+2748 





base-ten numeral. 
A 13 B 37 





base-ten numeral. 
A 11010.) B 401111,5 








Compute and write the answer using a 


base-two numerals. 


a 10115 (84101, 
TAN x aabee 
+1101, 


The duodecimal system (base twelve) 
requires two extra digits (one for 

ten and one for eleven). Using pb 

for ten and e for eleven (See page 
E-25), make up some addition and 


multiplication problems in base twelve. 


(See Understanding Arithmetic by 
Robert L. Swain; New York: 
Rinehart and Company, 1957; Holt, 
Rinehart and Winston.) 


The binary system is utilized by 
modern electronic computers. Find 
out about them and make a poster. 
(See Mathematics by David Bergamini 
and the Editors of Life, Life Science 
Library; New York: Time, Inc., 1963; 
General Learning Corporation.) 











TEST YOURSELF 

The ten self-evaluation questions are designed 
so that students can decide for themselves 
whether they mastered the objectives listed on 
the opening page of this module. The number 
annotated beside each exercise on the student 
page denotes the objective to which it relates. 

Answers to the Test Yourself exercises are 
printed below the Mathematical Recreation on 
page E-28. Students should be encouraged to 
check the problems themselves in order to gain 
immediate feedback. Remedial work should be 
provided as needed at this time. 

Students who are successful with the Test 
Yourself questions can expect to be successful 
on the Module Achievement Tests which are 
available as part of the testing program de- 
signed for use with School Mathematics. The 
Test Yourself questions could also serve as a 
model for a teacher-made achievement test for 
the module. 


RESEARCH PROJECTS 

Encourage as many students as possible to try 
one or more of these projects. Many of the sug- 
gested topics could easily be developed into a 
project for a mathematics-science fair project. 


E-27 


MATHEMATICAL RECREATION 
This Mathematical Recreation can provide 
stimulating experiences for many _ students, 
while strengthening their understanding of 
place value and base-two numerals. Several 
worthwhile activities can be built around these 
cards. For example: 
One student can show the back side of a card 
to another student who, seeing only the holes 
and slots, must give the base-ten numeral for 
the front of the card. This involves thinking 
about the place values in reverse since the 
ones’ place will be on the left of the card. 


O O 
Vaaei tt Ou 16 


Thus for the card above the student would 
HKG eres — ll Siren 
Here is another surprising activity with the 
cards: 
Shuffle the cards well, keeping the diagonal 
corners together. With the back side of the 
stack toward you, put the end of the paper 
clip through the holes at the 16’s place. Lift 
out all cards that stay on the clip, place them 
in front of the rest of the cards in the stack. 
Repeat this step for each of the other places 
on the cards. 
Now examine the cards. You should find 
that they are stacked in order! 







































YOURSELF 
Answers 
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some scissors for this project. 


Cut off one corner and punch five 
holes through an index card as shown. 
Use this card as a pattern to cut 

and punch the other 31 cards. 


A BASE-TWO CARD SORTER 


You will need 32 index cards, a paper punch, and 





Cut slots to the appropriate holes so that each 
card represents one of the base-two numerals from 


O;ea through ies: 
Number the cards. 
You can select any 
number from 0 
through 3iten in five 
sortings performed 
as follows: 


Use a paper clip. Put one end through 
all the holes in the 16’s place. Retain 
the cards that do not stay on the clip. 
These have a slot in the 16’s place. 
Discard those on the clip. Put the paper 
clip through the holes in the 8’s place. 


Suppose that you wish to select card 19:4... 


C 
16’s 8's 4’s 2's 1's 








19 ten = 10011 





Keep the cards that stay on the clip, discard the others. 
Put the clip through the hole in the 4’s place, retain 
those cards that stay on the clip. Put the clip through 
the 2’s place. Keep the cards that do not stay on the 
clip. Put the clip through the 1’s place. The card that 
comes off has a slot in the 16’s place, the 2’s place, 


Try to locate other cards by this method. 





1. 1976 2. B 3:67 


9. A 26: B 47 


and the ones’ place; therefore, it must be 19 


7, A 11473; B 4 344; € 29 564; D 36 


(ten)* 






4. 350 000 5. B 
8. a 111,.,; B 1001 
10. A 11111,.,; B 100111,,, 





UNIT E: INTEGERS 


Module 2: Sets, Equations, and Inequalities 


General Objectives 
To review the basic language of sets and the essential symbolism of set 


theory. 


To review and extend the ideas of algebraic expressions equations, and 


number solutions. 


To increase the students’ ability to solve linear equations with whole 


To strengthen and extend work with inequalities both on the number line 


and in the positive integral quadrant of the co-ordinate plane. 


functions using whole numbers. 


To provide experience in graphing functions, equations, and inequalities. 





Performance Objectives Pupil Text Reteach-Reinforce Related Activities 

9 RED Given basic set terminology and symbolism, the student E-30, 31 SP b-1, 2 
can understand and use them. 

10 RED Given two sets, the student can find the union or intersec- E=322933 SP b-1, 2 
tion of them. 

11 RED Given an algebraic expression in one variable and a replace- E-34, 35 WB 9, 10 SP b-4 SWM 2 247 
ment set, the student can evaluate the expression. E365) 37 DM 9, 10 

12 RED Given a linear equation, the student can apply the basic E-38 WB 11-13 PD f-1, 2, 3, 4 
principles and use the basic operations to find its solution. through 45 DM 11, 12 

13. YELLOW Given a word problem involving whole numbers, the E-46, 47 WB 14 PD f-1, 2,3,4 SWM 38, 9, 
student can solve it by expressing it in flow-chart form or as an DM 13 100 
equation. 

14 YELLOW Given inequalities involving “and” and ‘or’ and a E-48, 49 SP b-2 
replacement set, the student can find their solution sets. 

15 YELLOW Given a function and several input numbers, the stu- E-S0, 51 DS d-1 
dent can find corresponding output numbers. 

16 YELLOW Given a function and several input numbers, the stu- E-52, 53 WB 15 SP b-3 SWM 1 92 
dent can find corresponding output numbers and graph the coor- DM 14 DS d-1 SWM 2 56, 57 
dinate pairs. 

17. GREEN Given a linear equation involving two variables x and y, E-54, 55 DS d-1 
the student can find ordered pairs of numbers satisfying the equa- 
tion and can graph them. 

18 GREEN Given an inequality such as x +y < 4, the student can E-56, 57 DS d-4 
graph the inequality. 

Reviewing the Ideas E-58 WB 16 
MATHEMATICS Two sets A and B are said to be in one-to-one B is also an element of A. We write: B C A. 


The early lessons of-this module review and 
extend some basic ideas of set theory. Only 
the necessary language and symbolism that 


are useful in the work the student will be doing of A. 


during the course of the year are introduced. 
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correspondance if every element of A is paired 
with exactly one element of B and every ele- 
ment of B is paired with exactly one element 


Set B is a subset of set A if every element of 


Each subset of A other than A itself is called 
a proper subset of A. 
The kinds of sets that occur in mathematics 
can be separated into two classes: finite and 


infinite. 


An infinite set can be defined as follows: 


A set A is an infinite set if there is a proper 
subset of A which can be placed in one-to- 
one correspondence with A. 


For example, let N be the set of whole numbers 
and M be the set of multiples of 3. Then M 
is a proper subset of N since every element 
of M is in N. Furthermore there exists a one- 
to-one correspondence between the two sets: 


Nai OMu 2 fee} 


Teed 
M2403 6.9 E215. 4} 


Therefore N is an infinite set. 

A finite set is one that is not infinite. It is 
not possible to establish a one-to-one cor- 
respondence between any finite set and one 
of its proper subsets. 


TEACHING THE MODULE 


Vocabulary 

algebra identity element 

algebraic identity function 
expression inequality 

commutative infinite set 
principle input 


intersection 
one principle 


constant function 
coordinates 


disjoint open sentence 
distributive operation 
principle output 
element replacement set 
empty set set 
equation solution set 
finite set subset 
flow chart union 
function variable 
generalization Venn diagram 
graph zero principle 


A great part of the material in this module is 
algebraic in character. Since only the set of 
whole numbers are used in this module, it is 
possible for the student to concentrate upon the 
essential algebraic ideas without being dis- 
tracted by computational difficulties. This will 
pay dividends in later modules in which the 
domain of discussion will be integers, rational 
numbers, or real numbers. 


You will notice that the approach to solving 
equations in this module relies upon the use 
of the basic principles and inverse relations 
between addition and subtraction and between 
multiplication and division. Students at this 
grade level would gain little insight into worth- 
while mathematical concepts if they were 
simply given mechanistic rules or rote methods 
of finding solutions. 

Considerable work with graphing is pre- 
sented in the chapter. Functions, equations, 
and inequalities involving whole numbers are 
graphed. The relation between algebra and the 
geometric representation of algebraic ideas is 
one that is emphasized repeatedly throughout 
the text. 


Lesson Schedule 

The module includes 14 lessons plus review 
and evaluation pages. Fast-paced classes may 
be able to cover more than one lesson per day. 
The work with graphs at the end of the module 
may be considered optional, especially for 
slow-paced classes. About 12 to 15 days 
should be allowed for adequate coverage. 


Evaluation 
In evaluating students, you should not expect 
that they will be able to solve a large number 
of equations or inequalities with great effi- 
ciency. Rather you should expect reasonable 
competency on a few well chosen problems of 
the type covered. Short daily quizzes, direct 
observation of students’ work, and student 
conferences can also aid you in your evaluation. 
The self-evaluation test on page E-59 can 
serve as a model for a teacher-made test cover- 
ing the module, or you might administer Module 
Achievement Test 2, Learning Unit E. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Cloudburst, Vol 5 (logic), Nos. 8148-88, 
Midwest Publications 

ESS: Attribute Games and Problems; Senior 
Balancing, ““Off Centre Boards,” Problem 
Cards M1-M3, Webster, McGraw-Hill 


Experiments and Puzzles in Logic, Midwest 
Publications 

Graph Gallery, Creative Publications 

Madison Project: Discovery, Chapters 1, 3, 
24, 30-41, 44-46, Addison-Wesley 

Making and Using Graphs and Nomographs, 
pp. 5-18, 25-34, Rand McNally 

Nuffield Project: Computers and Young Chil- 
dren, “Flow Charts,” pp. 11-27; Graphs 
Leading to Algebra, (open sentences, in- 
equalities, intersections), pp. 11-43; Logic; 
Problems — Red Set, Nos. 1, 2, 7, Wiley 

Sourcebook for Substitutes, pp. 76-79, 82-83, 
Addison-Wesley 


For activities on topology, see Resources 
for Active Learning, Unit H, Module 4 


Manipulative Devices 

Flow Chart template (Addison-Wesley) 

Madison Project: Independent Exploration 
Kits (Mind/ Matter) 

Math balance (Creative Publications; Selec- 
tive Educational Equipment) 


Games and Puzzles 

Beeline and Hex (Selective Educational Equip- 
ment) 

Cal-Q-Late (Scott, Foresman) 

Checkermatics, Levels 2 & 3 (Selective Edu- 
cational Equipment) 

Chess, Checkers, (3-D) Tic-Tac-Toe (school 
supplier; Sigma) 

Equations (SRA; Wff’N Proof) 

FOO (Cuisenaire Co.) 

GO (Mind/Matter; Sigma) 

Inter-union Logic Game (Sigma) 

Kalah (Mancala, Oh-Wah-Ree) (Creative Pub- 
lications) 

Math Match (Creative Publications) 

Mudcrack (Creative Publications) 

On-Sets (Wff’N Proof) 

Operational Systems Games—Set Games 
(Webster, McGraw-Hill) 

Tac-Tickle (Wff’N Proof) 

Tri-Nim (Wff’'N Proof) 

TUF (Cuisenaire Co.; TUF) 

Wff’N Proof (Cuisenaire Co.; Wff’N Proof) 
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UNIT E: /ntegers 
MODULE 2: Sets, Equations, and Inequalities 





OBJECTIVES: 

After completing this module, you should be able to: 

1. Use the basic language and symbols for sets. 

2. Evaluate expressions, given the replacement set 
for the variable in the expressions. 

3. Solve equations and inequalities. 

4. Solve equations using the zero, one, and 
distributive principles. 

5. Solve word problems by writing and solving an 

equation for the problem. 

Use “or’’ and “and” correctly in inequalities. 

Find ordered pairs of whole numbers for 

functions, equations, and inequalities, and draw 

their graphs. 


aes dd 


E-29 


Objectives 

The student can (A) distinguish between 
finite and infinite sets; (B) determine if an ele- 
ment belongs to a given set; (C) identify and 
name subsets of sets; and (D) show relation- 
ships of sets by means of Venn diagrams. 


PREPARATION 

The notion of a set is familiar to most students 
at this grade level. However, some of the lan- 
guage and notation presented in this lesson is 
likely to be new to some students. Since there 
are many ideas contained in this lesson you 
should cover the material slowly and carefully, 
without overteaching it. It is important for stu- 
dents to develop good intuitive feelings about 
set concepts and to be able to use set language 
and notation well enough to communicate their 
ideas; there is no need at this level for them to 
become experts in set theory. 


INVESTIGATION 
Students can use the given sets A, B, and C as 
models for the sets described in parts |, 2, and 
3 of the Investigation. We can designate the 
sets in parts | and 3 by listing a few elements. 
Peelers he Oe Ll. a} 
Bae Ort 49 216. 25... 4 2} 
However, for the set of points in the interior of 
a circle, no simple listing is possible. Students 
may suggest a picture of a circle, with the inte- 
rior shaded to represent the set of points. 


DISCUSSION 

Only intuitive descriptions of finite and infinite 
sets are given. More precise definitions are 
given in the Mathematics section of the intro- 
duction to this module. Such definitions may be 
given to students who are capable of under- 
standing them. 

Exercises 2 through 5 introduce notations 
and language for is an element of (€), is a sub- 
set of (C), and empty set (d@). You may also 
want to discuss Venn diagrams (see Exercise 5, 
on page E-31) before assigning the exercises. 
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Sets —Language and Symbols 
Investigating the Ideas 


The language of sets can be found throughout all of 
mathematics. Some examples are given below. 


[a] The set of whole numbers: {0,1,2,3,4,5,6,.. .} 
[s] The set of points ona line: <——_—_— = 
[c] The set of even whole numbers less than ten: {0, 2, 4, 6, 8} 


, Can you show or list the sets described below? | 


[1] The set of odd whole numbers. 
[2] The set of points inside a circle. 
[3] The set of numbers that are the squares of the whole numbers. 


Discussing the Ideas 


1. The three dots in set A indicate that the numbers in the 
set continue forever in this pattern. The set of whole 
numbers is an infinite set. If a set is not infinite, 
then it is finite. What kind of a set is each of the 
three sets that you found for the Investigation question? 


2. In set © above, we say that 2 is an element of the set and 
write this as 2 « C. The number 3 is not an element 
of sete and we write 3 €C. 


A Is8eC? B Is7«C? ce Is12«C? 


3. If X= {1, 2,3, 4, 5,6} and Y= {2, 4, 6}, then 
Y is a subset of X because every element in Y is an 
element in X. We write: Y C X 
Which of these sets are subsets of X? 


A = {0, 1, 2, 3} B= {4, 5} C = {3, 5, 7} D = {1, 2,3, 4, 5, 6} 


4. The set which has no elements is called the empty set 
and is denoted by { } or d. The set of whole numbers 
greater than 4 and less than 5 is the empty set. 
Describe the empty set in other ways. 


5. The empty set is a subset of every set. Does the 
empty set have any subsets? 


* 9. 


. Tell whether each set is infinite or finite. 


A The set of multiples of 3. 


B The set of points on the sides of a square. 


Using the Ideas 


c The set of whole numbers that are less than or equal 


to one trillion. 


pb The set of men who have walked on the moon. 


. Suppose A = {0,1, 2,3, 4,5, 6}, S = {2, 4,6}, and T= {0, 1, 2, 3, 4}. 


Which statements are true and which are false? 


A4eR 
B5eS 


Chores 
DEOreS 


Elef?T 
PRES 


. List all of the subsets of S in Exercise 2. 


. A Venn diagram is used to show 


relationships between two or more 
sets. Think of the ovals or circles 
as enclosing the elements of the sets. 


Describe three relationships between 
sets A, B, and C shown at the right. 


. What are the relationships between 


sets M, N, and Q shown by the Venn 
diagram at the right? 


. Suppose J C K and K C L. What 


other relationship must be true? 


. If AC Band B C C, what can you 


conclude? 


TG *SCLLW.— 110812, 31400 ,0neme. 
the whole numbers, is an infinite set. 
A Give a subset of W which is 

also an infinite set. 
B Give a subset of the subset 

for Part a which is also an 

infinite set. 


GacrG Rk (eek, 
Hes ee 


JGed 


. How many subsets does a set.of four elements have? 


ex 


Z is not a subset of X. 


Some elements of Z 
are also in X. 









UTILIZATION 

Exercises 1 and 2 can be discussed orally. It 
would be useful to discuss all the exercises after 
the students have completed them, in order to 
check on any difficulties that students may have 
encountered. 


Solution, Exercise 4 

A set having » elements will have 2” subsets, 
including the empty set. Thus, a set of 4 ele- 
ments will have 24= 16 subsets. 


Think Solution 
8 small squares 
5 (2 X 2) squares 
4 (3 X 3) squares 
_| large square 
18 total 


EXTENSION 
Enrichment: Some students will find the idea of 
infinite sets interesting to pursue: Infinite sets 


have some interesting and seemingly paradoxi-. 


cal properties. For example, the one-to-one 
correspondence between the set of whole num- 
bers and the set of even whole numbers 


{07 ip 2 Sal see, 
{J tf v t 9 
{0202 4 6 SA ee 


shows that there are as many even whole num- 
bers as there are odd and even whole numbers 
together. Both of these infinite sets are said to 
have the same transfinite cardinal number. For 
these sets the number is called aleph-null and 
is denoted N,. The set of rational numbers also 
has the same transfinite number. However, the 
set of real numbers, those numbers which can 
be named by decimals, has a larger transfinite 
number than Np. 


Assignments 

Minimum | and 2, oral; 3; 5; 6. 
Average | and 2, oral: 3-6. 
Maximum | and 2, oral: 3-9. 


Objective Union and Intersection of Sets 


Given the elements of two sets, the student 
can give the elements in the union and inter- 


: : Discussing the Ideas 
section of the sets. 





PREPARATION 1. The union (=) of set A and set B 

An overhead projector can be used effectively is the set containing all the 

with teacher-made or commercial transpar- elements in A or in B or in both 

encies to illustrate union and intersection of A and B. We write A U B 

sets. for the union of A and B. 

ReeucsoN A In the Venn diagram, what parts of circular regions A 


ae ' ; and B represent the union of set A and set B? 

If your students have had previous experiences 

with the ideas presented in this lesson, you may B if A= {5,6,7,8,9, 10} and B={7, 8, 9, 10, 11, 12}, 
want to treat the material as review. However, which elements are in set A U B? 
if the ideas are new to some of the students, you 

should move more slowly and make certain that 

students clearly understand the distinction be- 

tween union and intersection of sets. Use Venn 


diagrams freely to help illustrate the ideas. At 2. The intersection (fit) of set C and 
this point we are principally concerned with set D is the set containing all the 
the intersection and union of sets of numbers, 

elements that are common 


but geometric examples are also useful and ; 
sometimes more enlightening. to both C and D. We write C 1) D 





You may wish to discuss whether or not the for the intersection of C and D. 
operations of union and intersection are com- A In the Venn diagram, what parts of circular regions C 
mutative or associative and whether there is an and D represent the intersection of set C and set D? 
- analog of the distributive principle using these B If C= {5,6,7,8, 9,10} and D = {7,8,9, 10, 11, 12} 


operations. It is interesting to observe that 
union and intersection are both commutative 
and associative operations and we can show 
that either operation distributes over the other. 


which elements are in C NM D? 


Thus, there are two forms of a distributive R Ss 
principle: 
Pememoyee Z) = (X OY) U (xin. Z) 3. If set R and set S have no elements 
and in common, their intersection is the 
ems eeZ,)— (XU Y)o1 (xX UZ). empty set. R and S are disjoint sets. 
Suppose X = {1 2,3, 4,5}, Y= {2, 4, 6, 8}, RAS=6¢ 
and Z = {6, 7, 8,9}. Which pair of sets are 
disjoint? 
P 
Q 


4. Suppose sets P and Q are such that Q C P. 
A Describe P U Q. 
B Describe PO Q. 
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Using the Ideas —— UTILIZATION 
More capable students may be interested in 
1. If A= {3,6,9, 12} and B= {1,3,5,7,9}, give the elements observing the two forms of distributivity in 
‘ : : Exercise 4. For example parts A. and G show 
in each of the following sets: that (R US) AN T=(RNAT)U (RAT). OF 
AAUB BAMB course, the general proof of this statement 
should not be presented at this level. 
elite tOn 1250475) wo 40/4"0,0,7},and | — 47,8, 9}, 
list the elements in each of the following sets. EXTENSION 


Aa DES Seat T. SS ua p ANS EwOIGET Fo S”AT Enrichment: Duplicate a diagram such as the 
one below, and distribute copies to the students. 


3. Use the sets R, S, and T of Exercise 2 to form the following sets. 


AM OREORS) ANT E MARES ORCA GieTiee 81 S°Ut(R OT) 
BRS) Wi T FAI (S 0 T) eR (SUD) 
CT (AHA.S) oo. T Gunter onSea T) = *Ko (Ria Ss) 0 (7 4S) 
DE Rees ae (Rete e n(n (Sy) ot (RUT NS 





4. Draw a Venn diagram that will show how the three sets of 
Exercise 2 are related. , A large variety of problems about sets A, B, 
and C can be formulated; for example: 


5. a Let S be the subset of the whole numbers which are [eEand the samyot the nami (eee 


exactly divisible by 4. List several numbers in S. se . i ; = - H 3 “ fe ee 
B Let 7 be the subset of the whole numbers which are 2. Repeat Exercise | but find the products 

exactly divisible by 6. List several elements in this set. instead of the sum. 

List several numbers in S A T. 3. Find the sum of the numbers inA U BUC. 


4. Find the product of the numbers in B N C, | 
then subtract the sum of the numbers in | 
ANB. | 





What special properties do the numbers in S  T have? 
Assignments 


Minimum |-2. Average 1, 2, 3A—-H, 4. 


C Maximum 1|-S. 
1. Use the numbers in set 
X= 1A 2S, 475,071, 0, 910) 
to replace the |j|\/in sets A, B, and C so that 


A each number in X is used exactly once 
and AN 


B the sum of the numbers in each of the A B 
sets A, B, and C is\27. 








2. Repeat Exercise 1 making the sum in each 
set 22. 








Objective 

Given algebraic expressions such as 3x — 2 
or n> +4n-+ 1 and a replacement for the vari- 
able, the student can evaluate the expressions. 


PREPARATION 

Review the usual agreements that are made 
When multiple arithmetic operations are in- 
volved in expressions. When no parentheses 
occur in an expression, we agree to multiply 
adjoining numbers before adding or subtracting. 
Thus, 7->4+3=28+3=31 and 5°—2-8= 


m5 16—9. 


INVESTIGATION 

Students should read through the exposition 
and then evaluate expressions B and C in a 
manner similar to the example for A. 


B. eae) G@ XA S 
x=0->2-04+3=3 x=0—-0°+5=5 
ee | = 3 5 x= > P53 =—6 
Ga 2-2 3 = 7 X= 22 + = 9 
ws 7 2-3 +-3=9 x= 3 > 3? +5 = 14 
x=4>2-44+3=11 x=4—> 474+5=21 
eee Se 3 = 13 xX=5 > 5° 5 — 30 
DISCUSSION 


Most students have evaluated expressions such 
as the ones in this lesson before, but probably 
most often on an intuitive level. This lesson is 
more algebraic in character and forms a basis 
for later work with simple algebraic equations. 

Students should be expected to be able to 
evaluate expressions such as those in Exercise 
4 mentally or with a minimum amount of paper- 
pencil work. 


Evaluating Expressions 


Investigating the ideas 


In algebraic problems, you must often 
evaluate expressions like these. ——————__» 


To evaluate the expression, you 
replace the letter with a number. 
Suppose that you replaced x in 
expression A with each of the 
numbers in the set {0, 1, 2, 3, 4, 5,}, 


VO CW OUTG CC 


Can you evaluate expressions B and c using the 


numbers in the set {0, 1, 2,3, 4, 5,6}? 





x=0>0+6=6 
=1>1+6=7 
x=2>2+6=8 
x=3>3+6=9 
x=4>4+6=10 
x=5>5+6=11 





Discussing the Ideas 
1. Explain how you evaluated expression B. 
2. What did you do to evaluate expression c ? 
3. The set of numbers {0, 1, 2,3, 4,5} that you used 
is called a replacement set. Each number in the set 


is a replacement for the variable x. Any letter can 
be used as a variable in an expression. 


What are the variables in each of these expressions? 


Ayt+1 B 3-n+7 Cart dbz-+4 


4. Evaluate each expression for the replacement given. 


A lf a=7, then 2-a=|ll. E 
B If r=3, then11—r= lll. F 
c Ifs=10, then3-s+13=llll. G Ifn=5, 
D a 


If y= 6, then y?— 4 =f}. 


If t=8, then 13 —t= lll. 
If q = 35, then q~7 =. 


then n?— 5='llll. 


If w= 15, then 8- w=llj. 


—_ 


7. 






_ that are of the form n° where n is a whole number? 


Using the Ideas 


. Evaluate the expression x + 9 for each number 


in the set {1, 2, 3}. 


. Evaluate 12 — y if the replacement set is {5, 6, 7, 8}. 


Evaluate 3- x — 2. The replacement set is {0, 2, 4, 6}. 


Find the missing number for each part. 
A lfs=2, then8+s='lll. E If n=6, then (5-n) 


—1= Ill. 





| = ’ ; e e) an 
B If w=9, then6-w Il af ON then Zante il. 
¢ Ifz=12, thenz+4 =|). 
p Ifx=7, then x-x="lll. @ If a= 24, then a + 3= ill 


H If d=7, then (6-d) +7='ll. 


Suppose the replacement set for 4: n— 13 is {1, 2,3, 4,5, 6, 7, 8, 9, 10}. 
What is the replacement for n that will make the value 
of the expression 19? 


. In the expression x? — x, each x must be replaced with the 


same number from the replacement set. 
if xi—3.then x*— x — 3? 3—-9—3=6. 
Evaluate n?+n-+ 1 for each replacement in the set {0, 1, 2, 3, 4}. 


A Evaluate y?+2-y+1 using the numbers in set {1, 2, 3} 
as the replacement set. 

B Evaluate (y + 1)? using the numbers in set {1, 2,3} as 
the replacement set. 








Can you find a pattern for the last digit of the numbers 





256 | 5°= 3125 








More practice, page S-5, Set 8 


UTILIZATION 
You may need to emphasize the fact that when 
a variable appears more than once in the same 
expression, as in Exercise 4D, the same num- 
ber must replace it throughout the expression. 
It is expected that students will solve Exer- 
cise 5 by substituting each number in the re- 
placement set for n to find when the expression 
has a value of 19 rather than using any algebraic 
techniques. 


Think Solution 
The pattern of digits is not easy to discover. It 
will surprise many students to discover that the 
pattern does not start repeating after 10'°, but 
rather after 20°°. To find the last digit of a 
power such as 131°, certain shortcuts can be 
used. Since the last digit of 3* is 7, the last digit 
of 13° is also 7. Then 13°= 137: 13° so 13° has'a 
last digit of. 95(7 = 7), 1322— 138-3 sola? aihas 
a last digit of 11(9 -~9)) 13213 13 2shenee 
theilast disitvotl3*21ssaGle-ss)e 

The pace IS: 

5, Ox Sh toe, 35 Os OL) 
‘i 0. 


1, 6; 3,76;,5, On neas 


EXTENSION 
To provide further practice with the concepts 
presented in this lesson, make selective assign- 
ments from Supplementary Exercise Set 8 on 
page S-5, Workbook page 9, and Duplicator 
Masters page 9. 

Enrichment: Challenge your more able stu- 





dents with this “Jet Airliner Expression.** Eval- 
uate for n= {0, 2, 3,4}. 
eeessione n? — 19n? + 196n — 480 
34n — 120 


This expression will give the number of engines 
on a 7n7 jet airliner. 
Thus: n = 0 > engines on a707 jet (4) 

n= 2 — engines on a 727 (3) 

n= 3 — engines on a 737 (2) 

n = 4 — engines on a 747 (4) 


Assignments 
Minimum 1-3, 4A-D. Average 1-S. 
Maximum 1-7. 


Objective Solving Equations 


Given appropriate equations with the set of 
whole numbers as the replacement set, the stu- 


dent can find the solution set. Investigating the Ideas 


PREPARATION When the replacement set for an 
Some oral practice in finding missing addends open sentence is the set of all 
and factors could precede the Investigation. whole numbers, then it is impos- 
Use examples such as these: sible to try every number as a 
“T am thinking of a certain number. If you possible solution. Instead, you 
add 8 to it you will get 13 as the sum.” can often find the solutions by 
“Tam thinking of a number. When it is multi- thinking about missing addends, 
plied by 12, the product is 48. What is the 





: sums, factors, or products. 
number?” 


Suppose the hand in each equation covers the number 
INVESTIGATION that makes each sentence a true statement. 


The Investigation can be completed quickly. 
Finding the number covered by the hand intro- Can you find the number that is covered by the hand in each equation? 
duces students to the basic problem they con- 


front in solving equations. . , 
Discussing the Ideas 


DISCUSSION 
The inverse relation between addition and sub- 1. a In equation A above, did the hand cover a missing 
traction and between multiplication and division addend or a sum? 


is the most important mathematical concept 
students will use in this section. For example, 
when students think that to solve the equation 
x+5=9, they can write x =9 —5, they are 


B What was the number covered by the hand? 
c In what way is equation A like the equation 7+ x= 15? 


using the inverse relation between addition 2. A In equation B, did the hand cover a missing addend 

and subtraction. Likewise, when they solve or asum? 

3° x= 12 by writingx = 12 ~ 3, they are apply- B What was the number covered by the hand? 

ing the inverse relation between multiplication 

ONS 3. a In equation C, does the hand cover a factor or a product? 


No formal manipulative rules for solving 


Equations are given at this time. Instead, the B In equation D, does the hand cover a factor or a product? 
equations are kept purposely simple so that the c What are the numbers covered in equations C and D? 
significant ideas are not obscured and the in- 

verse relations will be easily seen. ° 4. We often omit the multiplication symbol between a numeral 


and a variable or between two variables. 

Instead of 6- x, we write 6x. 

Instead of r- s, we write rs. 

Instead of 5- (a + 4), we write 5(a + 4). 
How would you write each of the following without using 
the multiplication symbol? 


A 8-y B ¢-w Cal Zio aay Db 6timesr 


5. Why would you not write a product like 3-7 without using 
the multiplication symbol? 
E-38 


Using the ideas 


The replacement set for the equations on this page is the 
set of whole numbers. 


1. Give the number for each |l|l|. Then give the number for n. 


A 5+n=12 B 3n=21 c n—-8=3 

n= 12 -|ll n= lll + 3 n=3 + lll 

n=? n=? n=? 
Dn+6=3 E 9n=45 F 13—n=6 

n=3-|lll n= 45 = lll 6+ n=l 

n=? ; n=? n=? 

2. Solve the equations. 

Ax+5=9 E 7d=56 ! 10+ m= 100 Mr=+3=8 
B 7+a=13 F 8+ b=34 J 10n= 100 N 9=28—-a 
c 20=m+1 G 56=18+g K 6a= 72 o 5=15-+s 
Dp s+9=10 H 10w=/70 tL 49=7+¢c P q—8=4 


3. Study the example. 
EQUATION: 4x—5=19 
SOLUTION: 





apie 
A 


Ss A 
4x—5=19 mom 4x=24 mp x=6 


Give the number for the |||. Then give the number for x. 


A 2x+3=11 c 2x+4= 24 E 2x+3=17 
2x = Ill 2x = Ill 2x = Ill 
x= ? x= ? x=? 

B 4x—3=17 D 3x—5=13 F 25=5-+ 5x 
4x = Ill 3x = Ill Ill = 5x 
x= ? x= ? 2=—x 

4. Solve the equations. 
A 4x+1=21 ec 5x—1=14 E 2x+9=11 
B 3x+7=37 D 8x+3=3 F 6x—5=31 


More practice, page S-6, Set 10 


UTILIZATION 

At this stage in students’ development, it is 
probably more valuable for them to attack prob- 
lems by intuitive methods than to use the more 
mechanical procedures that might be intro- 
duced. Thus, the “hand-covering” technique 
illustrated in Exercise 3 is easily understood by 
students and is recommended, especially in 
illustrating two-step solutions. 

Students can be asked to “check” their solu- 
tions to some of the equations by substituting 
their solutions for the variables in the original 
equation. 

It should be pointed out to the students that 
equations often are given without a specifically 
denoted replacement set. In such cases, we 
agree that the replacement set is the largest set 
available — in this module, the set of whole num- 
bers. After integers are studied, the replace- 
ment set may be the set of all integers. 


EXTENSION 

Additional practice with the concepts presented 
in this lesson is provided by Supplementary 
Exercise Set 10 on page S-6 and Workbook 
page 11. 

Enrichment: Equations such as the ones 
below may offer extra challenge to your 
more capable students. (Solutions are given 
in parentheses.) 

















% 2 se || 
a, — 
A. 5 2 E. 3 l 
x= |llll (8) x=|flll (4) 
432 12 
———_ = =) 
B. = 8 F. para 
Ill = x (54) x= lll (5) 
C. aay *G. 2375 ae 
x= [lh () x= fll (4) 
3 22S 
D. oN 4 * +H. a 3 
x= || (1) x= |llll (6) 
Assignments 
Minimum 1, 2A—-H, 3A-C. 
Average |, 2A-L, 3, 4A-C. 
Maximum 1, 21-P, 3, 4. 
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Objective 
The student can solve appropriate equations 
by applying the zero and one principles. 


PREPARATION 

Review the fact that 0 is the identity element 
for addition and 1 is the identity element for 
multiplication in the set of whole numbers. 


INVESTIGATION 
Equations A through E are generalizations for 
the set of whole numbers. However, equation 


_F is not a generalization for the set of all whole 


| 
i 
i 


numbers, but only for the nonzero whole num- 
bers. This is a subtle point but one that needs 
emphasis. 

The generalizations in A through E are the- 
orems in a formal course of algebra, but their 
proofs would be out of place at this grade level. 
Generalizations A and D are direct conse- 
quences of the property of 0 and the definition 
of subtraction: 


lites 0 — x, then x — x — 0: 
Ole Or —ex. 


Generalization E is a consequence of the one 
principle and the definition of division: 


ieee x ethen x — x1 — Ie 


Equation B is a generalization based on the 
zero and distributive principles. Equation C is a 
generalization based on the one and distribu- 


tive principles. 


DISCUSSION 

Give careful attention to Discussion Exercises 
3 and 4, making certain that students under- 
stand the role of the zero and one principles in 
these problems. Give additional examples as 
needed, such as these: 


en 8? (Zero principle: 9 + 0 = 9) 


(ego) — 0 
PS 
3 i = : (One principle: 12 - | = 12) 
LS 


Using the Zero and One Principles 


Investigating the Ideas 


The zero principle and the one principle are examples of 
generalizations because they are true statements for every 
whole number. 


FOR EVERY WHOLE NUMBER X, 
AtO= A ZERO PRINCIPLE 
Si a7 8 ONE PRINCIPLE 


EXAMPLES: 3640-0 — §/=8 
IE IT4K = 10 THWHO IF 46 -Y = Yb, THEN Y 21. 





How many of the these equations are generalizations? 


ALxX— x — 0 CmeXG. Xt eX EWX.- li — x 


B x-0=0 Dx — 0 — x F x+x=1 





Discussing the Ideas 


1. Are there any equations in a through F above that are 
not generalizations? Explain. 


2. A In equation F, if x is replaced by 0, you have 0 + 0=1. 
Is this a true statement? 


B Is equation F true if x is replaced by any whole number 


except 0? 

3. Explain how to find the lf 21 + (GS) = 21, 
number for each screen. then x — 5 = 
Think about the zero and then x = |ll 
principle. 

4. Explain how to find the If 8 (3) = 8, 
number for each screen. then x — 3= lll 
Think about the one and then x = |i 
principle. 


1. Give the number for each |||. Then find the number for x. 


A 6+ =6 —E 13+ a3 
x—1=|llj x— 11 =| 
X= ? x=? 
B 7 =7/ F 7-— a) 
3 — x= lll x+3=|lll 
x=? x=? 
c 4 =0 rey fs) wal 
x— 2=llll x + 2=|lll 
x=? X=? 
dD 9 =9 H fox+ 18 = 18 
5 — x =| 6x = || 
x=? x=? 


2. Copy and solve the equations. 
A705 X17 D 7(3x—6) =0 


Using the Ideas 


—3=0 
x— 8=Illl 
Xrea? 
+10=1 
x+3=iIlll 
x=? 
+ 10= 25 
x +3 =I 
x=? 


L9G) - 54 


12e5 


x=6 
= 


G 5(2x—10) =0 














B 6(x— 4) =6 EQ(XS 3). T= 10 H 9+ (2x—12) =9 
C73 (x —5).— 0 F 3(x>—5)=3 Wee8 ee (551K) i= 7 

Try this Addition Mystery Trick on a friend. Ask 4728. Friend 

your friend to write a four-digit number. You look 3524 Friend 

at the number and then write the Mystery Sum on 6953 Friend 

another piece of paper. Ask your friend to write 6475 You 

two more four-digit numbers. Then you quickly 3046 You 

write the last two numbers to give the Mystery Sum. 24726 Mystery Sum 







1. Study the example and explain the trick. 


2. What would the Mystery Sum be if the first number were 2369? 









UTILIZATION 
Students are given considerable guidance in 
organizing their work in Exercise 1. In the first 
step, encourage students to think of the expres- 
sion in the parentheses as a single number. 
Once this number is known, the solution to the 
equation can be quickly found. 

Students will benefit from having some parts 
of Exercise 2 displayed on the chalkboard and 
discussed. 


EXTENSION 
Page 12 of the Workbook and page 11 of the 
Duplicator Masters offer exercises that are 
suitable for additional practice with the con- 
cepts of this lesson. 

Enrichment: Ask students to solve these 
equations. (For your convenience, the solutions 
are given in parentheses.) 


1. 3(x—4)=0 (4) 

De VS(3xkt=— 5) 18 (2) 
3 Or (2x 12) = 6)" (6) 
4. 7(2x—10)=0 (5) 

529 (Xd!) — 97 2 (6) 

Ol Ge) ae |) (al) 


Think Solution 

The mystery sum is always the friend’s first 
number plus 20 000 minus 2, or his number plus 
19 998. This sum can always be obtained if the 
friend’s second and third number and the two 
numbers you write have a sum of 19 998. This 
is easy to do if each of the numbers you write 
when paired with your friend’s second and third 
numbers gives a sum of 9999. In the case illus- 
trated note the pairs that give the sum of 9999, 


4728 


3524 
6953 + 9999 
9999 + 6475 
3046 
24,726 





Assignments 
Minimum 1A-H. Average 1, 2A-C. 
Maximum 1], 2. 
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SSS 


Objective 

The student can find sums such as 3x + 2x 
and 9x+5x by applying the distributive 
principle. 


PREPARATION 

Write some expressions such as 4x + 3, 19 —3x, 
6x? on the chalkboard. Practice mental evalua- 
tions of the expressions for x using a small sub- 
set of whole numbers as a replacement set 
for x. 


INVESTIGATION 

Some students will quickly discover that a sim- 
ple way to evaluate 2x + 3x is to evaluate the 
expression Sx. Other students are likely not to 
notice this. You may extend the replacement 
set to 10 or more numbers for added emphasis. 


DISCUSSION 

The distributive principle, which is exemplified 
in Exercise 3, plays an important role in alge- 
bra. By applying the principle to equations such 
as 2x + 3x = 30, students can extend their equa- 
tion solving ability. 

Discussion Exercise 5 is concerned with an 
extended form of the distributive principle in 
which there are more than two addends. Be 
sure to emphasize Discussion Exercise 6, 
which states that multiplication distributes over 
subtraction. 
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The Distributive Principle 


Investigating the Ideas 


Can you evaluate 2x + 3x for each of the 


numbers in the set {0, 1, 2, 3, 4, 5}? 








Discussing the Ideas 


1. Describe any pattern that you see in the set of numbers 
you found when you evaluated 2x + 3x. 


2. A Do you think 2x + 3x = 5x is a generalization for 
the set {0, 1, 2,3, 4, 5}? 
B Do you think 2x + 3x = 5x is a generalization for 
all whole numbers? 


3. The distributive principle can help you understand 
why 2x + 3x = 5x is a generalization. Use this principle 
to give the number for each screen. 

The lL jutive Principle: ba+ca=(b+c)a 

, ales I y 

2x + 3x = (fill + Illll) x = ill x 





4. Use the distributive principle to give the number for ||lll. 
A 6x + 2x = |lll|x © 4x + 5x= |llx E 1x+ 4x = |lllx 
B 3x +7x=\llix D 7x + 6x= |llx F 8x + 3x=|lll|x 


5. The distributive principle can be extended to more than two 
addends. Thus, ax + bx + cx= (a+ b+ c)x. Use this 
extended form of the distributive principle to find the sums. 


A 2x + 5x + 6x B 3x + 4x + 10x c 9x + 9x + 9x 


6. Multiplication also distributes over subtraction: 
ba—ca=(b-—c)a 
A What is 5x — 3x? B What is 10x — 4x? 


1. Find the sum or difference. 


Using the Ideas 


A 5x + 7x —e 10x — 3x 1 6x + 6x + 6x 

B 2x + 9x Fl 7 xe 1x J 7x+10x + 4x 

Cc 8x — 2x G 6x — 5x K 8x + 3x + 12x 

D 4x + 8x H 2x + 4x + 3x Dt Xe eX) aX 
2. Since x-1=1-x=-x for all x, we often omit the 

numeral 1 before the variable. Find each sum or 

difference. 

A x+ 2x —E 10x —x (7X 3x) — x 

BxX+xX+xX Fox xX aX 4X J x + (8x — 5x) 

CG 3x— x G x+x+ 6x KX eX eok ts 4X 

D Ox. X HD (x-2 9x) — 2x Doxa 10x x} 
3. Give the expression for each |||. 

A 8x = 3x + |lll D ||| + 6x = 13x H 3x — ||| = 2x 

ANSWER: 5x E 4x = 6x — ||ll| 1 6x + |[l| + 3x = 15x 

B 9x = ||| + 5x F 9x — |llll = x J [fll + x + 2x = 4x 

c 2x + Ill] = 10x G x + |[lll = 2x K (5x — fll) + 2x = 6x 
4. Evaluate each expression. 

A 7x + 2x when x=5 G 10x — 3x when x= 2 

B 4x + 6x when x=9 H xX + 5x when x= 10 

ce x+ 8x when x=7 1 9x —x when x=0 

D 11x — 5x when x= 8 J 10x — 10x when x= 3 

E 23x + 7x when x= 4 K 5x — 4x when x=5 

F 15x — x when x= 10 Lt (3x — 2x) +x when x= 1 





UTILIZATION 

Part or all of Exercises | and 2 might be treated 
orally. In Exercise 2, be sure to emphasize the 
statement of the agreement that the factor of | 
with a variable is usually omitted: instead of 
1 - x or lx, we simply write x. 


EXTENSION 
Remedial: For students who find it difficult to 
understand and use the distributive principle, 
you might try examples like these: 
1A. Two x’s and three x’s = how many x’s? 
B. 2x + 3x =Illlx 
2A. Five x’s and four x’s = how many x’s? 
B. 5x + 4x =Ifllllx 


Think Solution 

Cross out the letters in the expression that 
spell FIVE LETTERS. The remaining letters 
spell SOME MATH FUN. 


Assignments 

Minimum |, oral; 2. 

Average | and 2, oral; 3; 4A—-F. 
Maximum | and 2, oral; 3; 4. 


E-43 


Objective 
The student can use the distributive principle 
in solving appropriate equations. 


PREPARATION 

Conduct a brief oral review of the use of the 
distributive principle in expressions such as 
Oke qe Dae, Gixe == Sine, avaval se se Ube. 


INVESTIGATION 

The Investigation presents the kind of equation 
students will work with throughout this lesson. 
By applying the distributive principle to 7x + 2x, 
students can see that a must be 9. Hence 
9x = 72 and therefore x = b= 8. 


DISCUSSION 

Discuss the steps that are followed in order to 
solve the equations in Exercises 2, 3, and 6. 
Provide additional examples if necessary. 

The usual substitution method of “checking” 
an apparent solution to an equation is actually 
an important, logical part of the equation-solv- 
ing process. In more advanced algebraic work, 
students may encounter equations that yield 
apparent solutions which, if substituted in the 
equation, do not satisfy the equation; that is, 
they do not result in a true statement. There- 
fore the check is a vital step. 
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Solving Equations Using the Distributive Principle 
Investigating the Ideas 


Study the equations below. 








MEO O12 8 4. 54 
Tite #£ ee eet 7D. 


Whip Qe = 712 
a a a 











: aa Ses 
Can you find the numbers for a and b? 


Discussing the Ideas 





1. a How did you find the number for a? 
B How did you find the number for b? 


2. Complete each step in the 


solution of this equation: 5x + 3x = 56 
8x = Ill 
x= lll 
3. Explain each step in the 
solution of this equation: 9x — 4x = 40 
5x = 40 
x= 8 


| 





CHECK: 9:8—4-8=72-— 32= 40 


4. Explain how the check of the solution was made. 


5. Check the solution you found for the equation 
in the Investigation. 


6. Explain or show how you would solve 


and check this equation. (5x + x) +1=19 


Using the ideas UTILIZATION 
The format of Exercise | gives students guid- 


1. Copy the equations, giving the correct number for each ||. ance in solving the equations. You might find it 


A 2x+4x=18 prAy eax 7 @ 2x+3x+2=22 beneficial to have students show a check of 
their solutions on some or all of the equations. 


6x = 18 I x aie Sx = IT While the check.may seem laborious to many 
X= ll x= i x = Ill students, it not only provides a check on their 
work but gives additional practice in evaluating 
B 2x +3x=30 E 5x— 2x=12 H 4x +x—5=30 agep eee SESSION, 
5x = 30 lilx = 12 5x = Ill EXTENSION 
Xi Ih x= Il x= Hl Extra practice is provided by Supplementary 
Exercise Set 11 on page S-7, Workbook page 
13, and Duplicator Masters page 12. 
c 10x — 4x = 42 F (2x + 3x) + 4x = 27 © (11x — 4x) —4=10 
6x42 9x = || 7x = Ill Think Solution 
x = Ill x = || x = lll 11 Partitions of 6: 15 Partitions of 7: 
6 7 
2. Copy and solve the equations. ied s - 
A 3x+4x=14 D 7x- 6x=5 G 9x — 2x = 21 Ae tel Pert ye: «| 
B 5x + 3x = 32 E (8x—3x) —2x=15 kM x+ (3x—3) =17 an’? Sati 
ase 2 ae ae 
c x+5x=24 F 11x—4x= 14 w 1 5x + (2+ 3x) = 18 pee aad head ms es 
22? Sse Bae i 
ee lieiel Boe wce 2 
3. Copy and solve the equations. cig pire are “att 7 seins Uae 
A (2x + 3x) +2=17 D (x + 5x) +3= 39 *G 6x = 15+ 3x ee eye eae yl eye eee) 
Dae dD se se 
B 4x—x=9 E (8x— 3x) —2x=15 *H 8x=2x+ 30 5 a Sea 


a 2+1+14+14141 
CaoxXeOX)e 129 F (10x—5x)+3=18 *1 26+ 3x=2+ 7x 1: 1 
Assignments 

Minimum 1A-F, 2A-F, 3A-C. 

Average 1, 2A-—G, 3A-F. Maximum 1-3. 
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Objective 
Given an appropriate word problem, the 
student can write and solve a related equation. 


PREPARATION 

Students who have used other books in the 
Investigating School Mathematics series will 
be familiar with flow charts such as those found 
in this Investigation. Students who have had 
little or no experience with flow charts may 
need some preliminary instruction. Point out 
the shape of the input box, the output box, and 
the rectangular instruction boxes. Often, flow 
charts are shown with “start” and “stop” sym- 
bols. We omit them here and present only the 
essential elements of flow charts. 


INVESTIGATION 

The flow charts in the Investigation present 
word problems in a step-by-step sequence. 
After studying the completed example at the 
top of the page, students should be able to 
write equations for flow charts A, B, and C. 


DISCUSSION 
Student responses for Discussion Exercise | 
should be similar to those given below. 


A. If a number x is multiplied by 3 and then 5 
is subtracted, the result is 7. 

B. If 12 is added to a certain number and the 
sum is multiplied by 2, the product is 36. 

C. If a number nv is multiplied by 6 and the 
same number is then subtracted from the 
product, the difference is 25. 


The purpose of having students construct a 
flow chart in Exercise 2 1s to help them analyze 
the problem in terms of the steps needed to 
write the equation. Once this skill is mastered, 
the construction of flow charts can be discon- 
tinued. Present other word problems for simi- 
lar analyses as needed before assigning the 
exercises on page E-47. 
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Writing and Solving Equations 
Investigating the ideas 


The flow chart below suggests an equation. 













i 
7n+8 


{ 
‘In+8=50 


EQUATION 


d Can you write an equation for each of these flow charts? 
ulti 


Multiply 
bys. 





Discussing the Ideas 


1. The equation for the first flow chart above could be 
stated in words as, ‘‘If a certain number n is multiplied 
by 7 and then 8 is added to the product, the result is 50.” 
How would you state the equation for flow charts A, B, and C? 


2. A Make a flow chart suggested by the word problem below. 





B Which equation is correct for the word problem? 
A Let n=the number 
(3 — n)7= 28 


ec Let t= the number 
t 3. 7— 28 


B Let x= the number 
(x — 3) 7= 28 


3. What are the solutions for the equations that you wrote 
for the flow charts in the Investigation? 


Using the Ideas 


1. Write the equation suggested by each flow chart. 





2. Solve each equation for Exercise 1. 


In Exercises 3 through 7, design a flow chart to illustrate each 
problem. Then write and solve an equation for the flow chart. 


3. Five times a certain number plus 6 is 46. 
What is the number? 


4. If 6 is subtracted from a certain number and 
the difference is multiplied by 10, the product 
is 70. What is the number? 


5. Margaret said, ‘If you multiply my age by 3 and 
add 1, you will get my mother’s age.” If Margaret's 
mother is 40 years old, how old is Margaret? 


6. Rex had 87 cents. After paying for five candy bars 
he had 12 cents left. How much did each bar cost? 


7. Diane multiplied a certain number by 5. Karl multiplied 
the same number by 3. Then they added the two products 
together and got a sum of 56. What was the number? 


%* 8. Beth is 5 years older than Tina. Kd bw ~u iF 
The sum of their ages 10 years ’ 
from now will be 53. 

A What is the sum of their ages now? 


B How old is each girl? 


%* 9. Dave is 3 years older than Chuck. 
When Chuck is as old as Dave is now, 
the sum of their ages will be 39. 
How old is each one now? 





More practice, page S-7, Set 12 


UTILIZATION 

You might find it worthwhile to have the flow 
charts for Exercises 3—7 shown on the chalk- 
board or overhead projector and discussed. 
With more capable students, however, you 
might choose to Omit the requirement that flow 
charts be constructed for Exercises 3-7. 


Flow Charts, Exercises 3-7 





Solutions, Exercises 8 and 9 
8. Let t= Tina’s age now. 
t+ 5S = Beth’s age now, 
t+ 10 = Tina’s age in 10 years 
t+ 5-+ 10= Beth’s age in 10 years 
AUN (GSO) S08 Se He 0) = 53 


2a 
t = 14 (Tina) 
t+ 5 = 19 (Beth) 
14+ 19 = 33 


9. Let c= Chuck’s age and c + 3= Dave's age. 
When (Css 3isas)ee Gass) hao 
2c = 30 
c = 15 (Chuck) 
c +3 = 18 (Dave) 


EXTENSION 
To provide further practice, make assignments 
from Supplementary Exercise Set 12 on page 
S-7, Workbook page 14, and Duplicator Mas- 
ters page 13. 


Assignments 
Minimum 1-5. Average 1-7. Maximum 1-9. 


E-47 


Objective 

Given inequalities using the conjunctions 
“or” and “and” and the replacement set, the 
student can find the solution set. 


DISCUSSION 

The main thrust of the lesson is to encourage 
students to understand and use the connectives 
and and or correctly in mathematics. The les- 
son points out that to find the solution set of 
two open sentences joined by and, one must 
find the intersection of the solution sets for 
each open sentence. The solution set for two 
open sentences joined by the word or is found 
by forming the wnion of the solution sets of 
the two open sentences. 

In logic, if p and qg are statements, then the 
disjunction, p or q, is true except when both 
p and q are false. The conjunction, p and q, 1s 
true only when both p and gq are true. Write 
several simple conjunctions and disjunctions 
on the chalkboard and have the students de- 
cide which are true and which are false. Exam- 
ples such as 

2:2=4 and 3-5 =8 (False) 
2-2=4o0r 3:5=8 (True) 
are quite adequate. 

Note that the symbols = and = are intro- 
duced in Discussion Exercise 3. 


E-48 


“Or” and “And” in Inequalities 


Discussing the Ideas 


The examples in the display below will help you understand the 

logical use of the words ‘‘and”’ and “‘‘or” in algebra and how these 
two words are related to the idea of union and intersection of sets. 
The replacement set for these examples is {1, 2, 3, 4, 5, 6, 7, 8, 9}. 























1. The inequality x > 4 and x < 7is often written 
as 4 <x < 7. You can think of this as meaning 
“all numbers x from the replacement set that are 
between 4 and 7.” 
What does each of these inequalities mean? 


Alex 5 B3<x<9 Cli Xe 


2. Does the set of points shown in color 
on the number line represent the Pt SAE gO 
solution set to inequality A or B? 


A X<4andx>6 B x<4orx>6 


3. An inequality such as x < 3 or x =3 is often denoted 
by the special symbol =and written x = 3 It is read 
“x is less than or equal to 3’ The symbol = means 
“is greater than or equal ta_’ 
A Using {1, 2, 3, 4, 5, 6, 7, 8, 9} as the replacement set, 
what is the solution set for x = 3? 
B What is the solution set for x = 3? 


4. How could you write each inequality in a shorter way? 


AUXi—@/20Xi—s/ GaxXe 2 1O exe En Xe—e ranGexe=s 
Bx<8andx>6 Dpix > liand.x'— 7 F x=6o0rx>6 


* 5. 


Using the Ideas 


. The replacement set for this exercise is {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. 


Give the solution set for each inequality. 


AwXa-<aS Xe 5 
A={?} B={?} 
BxXx>2 x <9 
Coan D={?} 
CuxE—aS Xe /, 
Beye i bade 
DEX) x=2 
Gi et} in) Sah ey 


Axe crancd xa 110 
B x <19andx> 12 


x<8andx>5 
Ai, B=4.2.3 


x >2andx<9 
Cn D={?} 


XS OMX 2 =1/, 
EUF={7} 


XP OT OlmXe— 2 
Great {2} 


. Write the shortened version for each inequality. 
Gexe= Ileand x >.0 E 
D x>aandx<b F 


xX — SION xX = 9 
Xoo OGxX— 3S 


. Give the solution set for each inequality. 


The replacement set is {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. 


AS xXe-10 
Bea ax = 7 
CRXa a SrOlaXe ae. 


Dx=/7 Gil X = 9/7. 
Exx<4 Hy 57x47. 
FaxX=36 i svg 


. Give the solution set for each inequality. If the solution set is 


large, give only a description of it. Replacement set: All whole 


numbers. 

Abo Xeo3] 
B45 x7=19 

c 4997 <x < 5002 


De OSES xe=73 Gur Xt /2 
Ee 102<x< 103 H 242 < x < 262 


(f BK = Bie 


333 x = 3" 


Find the solution set for each inequality. 
Replacement set: All whole numbers. 


We OX on) 
BO x 4-<-12 
Cer 2X10 


2) WOh<— = Bx Ne Geosx 4 = 9 
EGE OXe— 2, H10<4—y»y = 1/ 
Fa 1099 x7?= 225 Nhe X= (Xe) p10 


UTILIZATION 

Note the structure of Exercise 1. You may find 
it helpful to discuss this problem or present 
examples similar to it before assigning the re- 
mainder of the exercises. 

In Exercises 4 and S students may indicate 
the solution sets for some parts in different 
ways. Thus, for part E of Exercise 4, the solu- 
tion set could be indicated by {101, 102, 103, 
..., 997,998, 999} or by the verbal! deserip- 
tion, ‘“The set of all whole numbers that are be- 
tween 100 and 1000.” 


EXTENSION 

Remedial: Ask students to tell whether each 
conjunction or disjunction is true or is false. 
If it is false, they should explain why it is false. 


J. 128 is an even number and 259 is an odd 
number. (True) 

2. 37 is an even number or 39 is an even num- 
ber. (False) 

3. 37 is an even number and 38 is an even 
number. (False; both statements must be 
true.) 

4. There are 10 cm in every metre or there are 
10 dm in every metre. (True) 

5. 28 is a multiple of 7 or 20 is a multiple of 6. 
(True) 

6. 28 is a multiple of 7 and 20 is a multiple of 6. 
(False; both statements must be true.) 


Enrichment: Each exercise shows a con- 
junction or disjunction. Find the solution set. 
Replacement set: All whole numbers. 


1. x < 10 andx is a multiple of 3. (0; 3563,9) 
2. r+2<8andris an odd number. (Cles35 5) 
So Mae 2 = 7 OL G2) = 3 (eno) 

4 Osx <0 on 20 —< 10 (O07 12 2S ec 
See Oran an (O, 1, 2) 

6. x= 23 or x= 16 (23256) 


Assignments 
Minimum 1|-3. Average 1-3, 4A-C. 
Maximum 1|-S. 


E-49 


Objective 

Given a function rule and input numbers, n, 
the student can find the corresponding output 
numbers, f(n). 


PREPARATION 

Finding the output number for a function, given 
the input number and rule, is much like evalua- 
ting an algebraic expression, which was studied 
earlier in this module on pages E-34 and 35. 
A short review of evaluation of algebraic ex- 
pressions will help prepare the student for the 
Investigation. 


INVESTIGATION 

Discuss the meaning of the symbol associated 
with functions. Although any letter can denote 
a function, we use f. If n denotes the input 
number, the corresponding output number is 
denoted by f(n). When students have com- 
pleted the Investigation, you might have some 
of them show or explain how they computed 
particular output numbers. 


DISCUSSION 

When discussing Exercise 2, students will 
probably point out that each output number is 
a square. This is true because n?+ 2n+ 1= 
(n+ 1)? is an identity for every number n. 
Thus the output numbers are squares of one 
more than the input number. 

The function rule for Exercise 3 is interest- 
ing because if nm is an odd number, n? — 2 is 
divisible by 8. This statement is easily proved 
algebraically, but the proof probably should be 
omitted except for more able students (see Ex- 
tension). The differences of successive pairs of 
output numbers for this function increase by |. 
The set of output numbers {1,3,6, 10, 15,...} 
is the set of triangular numbers. 

Have some students write their function rule 
for Exercise 4 on the chalkboard and have their 
classmates give the output numbers for selected 
input numbers. 


Investigating the Ideas 


For each input number n from a set of 
numbers, the function machine applied 

a function rule to produce an output 
number. The output number is denoted 
by f(n). This symbol is read: ‘‘f of n.”’ 
The function machine shows that when 
the input number is 3, the output number 
is f(3) = 324+2-34+1=9+6+1=16. 


FUNCTION RULE ~ 





Can you use this function rule to find the 
output numbers below? 





(21) 


A f(1) ce f(10) E 
Bf. F f(42) 


f 
(2) pb f(15) A 
Discussing the Ideas 


1. You can show the input-output pairs 
for a function by a function table. 


How would you complete this function 
table for the other input numbers in 
the Investigation? 


2. What pattern can you see concerning 
the output numbers? 


3. The function rule has odd numbers 
as inputs. Find the missing numbers 
in the table. What do you notice 
about the output numbers? 


4. Invent a function rule of your own. 
Make a function table for your 
function. 


G f(96) 
H (100) 


Function Rule 

















nn? 2n= 1 
n | f(n) 
1 4 
2 9 
3 16 
4 | sill 












0 | ii 


Function Rule 





il 
hi 
I 





* 7. 


Using the Ideas 


In Exercises 1 through 6, copy and complete the function tables. 


1. Function Rule 


(ieee) = 





> 


c i 














4. Function Rule 

f(n) 

4 

A Il 

B Hl 

c il 

D ll 
What is the function rule 


for this table? 


Function Rule 





IAA 





Function Rule 














7n—n 
n | f(n) 
1 6 
inv ay 
aA 7 | li 
B 12] ill 
36 | Ill 


ay) 


Function Rule 





nzn 
n 


















I 
hi 
hi 
hi 







50 oOo BB Pb 








with five 
oranges 
on each 
side. 


How many oranges were in the pile? 





3. 


* 6. 


Dan piled some oranges 
in the shape of a 
triangular pyramid. 
The bottom layer 
was a triangle 


Function Rule 




















3 (5n — 2) 
n | f(n) 
1 9 
2 24 

» 3] il 

» 4/ ili 





c 5 | i 


Function Rule 


a7 +1 











2 

3 | iil 
4 |_sll 
5 

6 








hi 
I 


oo BD Pb 








UTILIZATION 

If students can complete these exercises 
quickly, you might consider moving on to the 
next lesson on graphing functions, which is 
closely related to this lesson. Thorough under- 
standing of this ‘lesson is essential for under- 
standing the succeeding lesson. 


EXTENSION 
Remedial: Provide extra practice with simple 
function rules such as the following: 
A. f(n) =n+7 
B. f(n) =2n— | 
C. f(n) =n? 


D. f(n) = 100—1n 
E. f(nm) =n+2n 
Fs fi) = es ee 


Enrichment: Some good students will be able 
to follow a proof that n? — | is divisible by 8 
for every odd whole number n. If 1 is odd, then 
n=2w-+t 1, where w is any whole number. Thus 
n= — | = (2w- 1)? = 1 = (4n? + 40+ DS 
4w? + 4w. 4w? + 4w = 4u(w + 1), so 4 is a 
factor of n? — |. But either w or w+ I will be 
an even whole number and will have 2 as a 
factor, hence n? — | must have 8 as a factor 
for every odd whole number vn. 


Think Solution 
The lowest layer of oranges contains 5° oranges 
the next layer 4°, the next 37, then 2° then 1. 
Hence there are 5? + 42 — 32-27 Or 
anges in the pile. If 1 represents the number of 
oranges on one side the bottom layer, then the 
number of oranges in the pyramidal pile is given 
by the function rule 
cok VAG OOF0 ae 1h) 

6 

Some students will be interested in checking 
this function rule with their solution. 





Assignments 
Minimum 1-3. Average I-5. Maximum I-7. 


Objective 

Given input numbers and a function rule, 
the student can compute the corresponding 
output numbers and then graph the input-out- 
put pairs of the functions. 


PREPARATION 
Materials: Graph paper or co-ordinate grid 
paper (Duplicator Masters, pages 83, 86). 
Locating the point in the first quadrant for an 
ordered pair of whole numbers should not be 
a new experience for very many students at 
this level. However, a brief review of this skill 
may be in order. Provide graph paper for stu- 
dents for the Investigation if they do not have 
their own. 


INVESTIGATION 

The Investigation may help you determine the 
amount of review of graphing your students 
may need before continuing with the lesson. 


DISCUSSION 

Notice that the graphs of the functions consist 
of distinct points rather than all the points in a 
line or curve, because the input numbers are 
restricted to whole numbers. 


Solution, Discussion Exercise 2B 


f(n) 


mt 1 Da oY OC, NOL OTD 





Graphs of Functions 

Investigating the Ideas 
The input-output numbers for a function can be used as the 
co-ordinates of points in the plane. When you graph the 


points for the co-ordinates, you have graphed the function. 


Function Rule 


12 — (2n) 






























6) 

f(M) Co-ordinates 4 

1 10 = 9(1910) : 
2 BS hee ma lerc) 6 
3 | ii — 3. Ih ; 
4 | i — (4, Mh 5 
5 | iil — (6. lll : 
6 | ii — (6. Ill 





OP te 22) 4 Bae Omer 





Can you complete the function 


table and then graph the points 
for the function rule above? 





Discussing the Ideas 


1. Do the points for the input-output pairs of the function 
fall in a pattern on the graph? Describe the pattern. 


2. A Find the missing numbers in the function table. 


Function rul 





ay ma 











B Draw the graph for the pairs of this function. 
c Do the points in the graph for the function fal! on a line? 


3. Invent a function rule of your own. Find some 
input-output pairs and then draw a graph of the function. 


Using the Ideas UTILIZATION 
Graph paper should be available for students 


In Exercises 1, 2, and 3, complete the function tables and to use for the exercises on this page. 


then draw the graph of each function. 
Solutions, Exercises 1-6. 
















































































1. Function Rule 2. Function Rule Sh Function Rule 
ne— n= (n= 17)—8n 6n — n? 
f(n) no (p) n| f(n) 
1 1 10 aA 0 | ll 
1 2 | sili ey il 
A il 3 | iil 2 |i 
B il ec 4/ ill Do 3a ail 
c i dp 65 | sill e 4/1] ill 





























Exercise | graph: x 
Exercise 2 graph: o 


4. The function given by the rule f(x) = x is called eeccnmce phen 


an identity function. Draw a graph of this function 
using the whole numbers O through 10 as input numbers. 





5. A constant function is a function whose output is just 
one number. Draw a graph of the constant function given 
by the rule f(n) = 7 using the whole numbers 1 through 8 
as input numbers. 


Temperature 











* 6. Air temperature can be thought 
of as a function of the time of 
day. Make a graph of the 
temperature function given 
in the table below. 


EXTENSION 


Exercises appropriate for extending practice 
with the ideas presented in this lesson are pro- 
vided on Workbook page 15 and Duplicator 


Function Rule Masters page 14. 
































Temperature 
Think Solution 
a f(n) P If 4 policemen can write 4 tickets in 4 min- 
(time) (temperature “C) utes, it must take 4 minutes for 1 policeman to 
11:00 A.M. 20 write | ticket. In | hour 20 minutes, or 80 
minutes, | policeman can write 20 tickets. 
12:00 Noon 22 Since 80 tickets were written, there must be 
1:00 PM. 25 a total of 4 policemen. 
2:00 P.M. 28 Assignments 
Soon 29 Minimum 1-3. Average 1-5. Maximum 1-6. 
4:00 P.M. al 





E-53 





Objective 

Given a linear equation such as x ~y=S5 
the student can find ordered pairs of whole 
numbers (x,y) satisfying the equation and 
can graph the points for the pairs. 


PREPARATION 
Materials: Graph paper or first quadrant grids 
(Duplicator Masters, pages 83, 86). 

To introduce the lesson you might ask the 
students a question such as this: “I am think- 
ing of two whole numbers. Their difference is 
2. What are some of the pairs of numbers | 
might be thinking of ?”” Have the students list 
several such pairs. 


INVESTIGATION 

Encourage students to use their own methods 
to decide which statement describes the set of 
points shown on the graph. Only statement C 
is true for every number pair shown on the 
graph. 


DISCUSSION 

For most students, graphs of equations are 
somewhat more difficult than graphs of func- 
tions, because of the problem posed by two 
variables and the uncertainty of knowing what 
numbers to substitute for the variables. There- 
fore it may be necessary for you to move slowly 
and provide extra examples before assigning 
the exercises on page E-SS. 

In the table for Discussion Exercise 2, the 
row labeled 2x is given to aid students in finding 
the corresponding value for y. This extra step 
could be done mentally when students are more 
familiar with the process. 


Solution, Discussion Exercise 2C 























Investigating the Ideas 





Graphs of Equations 





second 
The co-ordinates for the points a al 
shown graphed at the right are es am oF 
related in a special way. 9 
Which one of the statements 8 
below best describes the 74 
relation between the numbers 
for the points? oi 
5} e 
A The first co-ordinate is greater , 4 
than the second. 
B The difference of the two co-or- 3 sf 
dinates in each pair is 1. 5 é 
c The sum of the two co-ordinates | 


in each pair is 7. 
D The product of the two co-ordi- 
nates in each pair is 7. 








Ot? 2 30. 4585 Ome EO ROMEO US 


Discussing the Ideas 


1. Suppose x designates the first co-ordinate and y designates 
the second co-ordinate, then the points graphed in the 
Investigation consist of those ordered pairs of whole 
numbers (x,y) such that x +y=/7. 

For (7,0), we have 7+0=7. 

For (6,1), we have6+1=7. 

For (5,2), we have 5+ 2=7. 
What are some other replacements for x and y in the 
equation x +y=7? 


2. To draw the graph of the equation 2x — y = 10, you can 
make a table of the pairs for x and y and then graph the 
points for the pairs. 
a Find the missing 

numbers in the 
























il 








table. 10 | 12 | il | ill i 
B List the pairs (x,y) o-| 2 | ti | wh | aM 
in the table. 
c Graph the pairs (x, y) 
in part B. 


co-ordinate 


1. Complete the table of numbers 


for the equation x — y= 2. 


. Make a graph of the equation 
x — y= 2 using the pairs (x, y) 
in the table for Exercise 1. 


. Complete the table for the 
equation x + 2y = 15. 


. Graph the equation x + 2y= 15 
using the pairs (x, y) 
for Exercise 3. 


. Complete the table for the 
equation 2x —3=y. 


. Graph the equation 2x —3=y 
using the pairs (x, y) 
for Exercise 5. 


. Make a table of pairs (x, y) 
for each equation. Then 
graph the equation. 


A x—y=4 
Bx+y=9 
Cc x=y 
Dx+2=y 
E x—y=0 
F 2x—y=0 


More practice, page S-8, Set 13 


Using the Ideas 














UTILIZATION 
Solutions, Exercises 6 and 7 





Bike 
09 254) 66/8 10 


7. Pairs (x,y) may be chosen arbitrarily. 
Alx=y=4 Box y=0"@ xy 








i 
| 
2 
3 








- 









































EXTENSION 

The game of “Battleship” is a good game to 
practice naming co-ordinates of points. Two or 
more players, can play the game. Each player 
uses a 10 by 10 co-ordinate grid and secretly 
“hides” a “battleship” by designating 3 con- 
secutive points on the grid, horizontally, ver- 
tically, or diagonally. Each player in turn calls 
out the co-ordinate of some point in the plane. 
Thus this point has been “bombed” and each 
player should place a small x on that point. If 
the point was one of the points on a player’s 
ship, he or she must announce a “hit.” When 
all three points have been hit, that player is 
eliminated from the game. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 5-7. 


E-55 


Objective 
The student can draw graphs of inequalities 
which involve ordered pairs of whole numbers. 


PREPARATION 
Materials: Graph paper or first quadrant grids 
(Duplicator Masters, pages 83, 86). 

To introduce the lesson, display the graph of 
x = y on the overhead projector or chalkboard. 









































Use A and B to denote the half-planes on 
either side of the set of points x = y. Any point 
in either half-plane can be described by writing 
x #y. Ask the students to choose several 
points in half-plane A. Then ask: “What is the 
relation between x and y?” (x > y) “‘What is 
the relation between x and y in half-plane B?” 
ey) 


INVESTIGATION 

Students may use trial-and-error techniques in 
the Investigation. The pairs with 5 as their sum 
are easily found. A few pairs whose sums are 
less than 5 will enable students to discover the 
portion of the plane in which the points for all 
such pairs lie. 


DISCUSSION 
Graphs of inequalities in the co-ordinate plane 
will be a topic that is new to nearly all of 
your students. Therefore you will need to 
proceed slowly and supply additional exam- 
ples if needed. 

In discussing Exercise 2, point out that the 
graph of x < 4 and y < 4 is the intersection of 
the solution set for x < 4 and the solution set 
for y < 4. Intersections of solution sets were 
studied earlier in this module but were related 
to the number line—a one-dimensional space. 
This lesson extends the idea of inequalities to 
the plane —a two-dimensional space. 


E-56 


Graphing Inequalities 
Investigating the Ideas 


How many ordered pairs of whole 
numbers can you find which have 
a sum that is less than or equal 
to 5? Two such pairs are (1, 3) 
and (4, 1). 





Can you mark the points 


for the ordered pairs 
on a co-ordinate grid? 





Discussing the Ideas 


1. The set of all ordered pairs of whole numbers whose sum is less 
than or equal to 5 is the solution set for the inequality x+y=5 
The pair (2,1) is a solution because 2 + { = Sis true. 
The pair (5,1) is not a solution because 5 + 1 = 5 is false. 
How many ordered pairs are in the solution set 


for the inequality x + y = 5? 


2. The graph at the right shows 
the set of all ordered pairs 
of whole numbers (x, y) such 
that y < 4. Any ordered pair 
in which the second number is 
less than 4 is a solution for 
this inequality. 
A What does the graph of x < 4 

look like? 

B What pairs (x, y) are in the 


solution set for x < 4 and 
y <4? 


y 





Using the Ideas UTILIZATION 
Solutions, Exercises 1, 3, and 4 


1. Draw graphs of these y 
inequalities. The 
replacement set for 
x and y is the set 
of whole numbers. 


Xoey = 7 
Xenacy 6 

X20 

y<s 
X==9/and yy =65 
X=y <2 
x<4andx+y</7 
x+y <4andx+y<8 CMe ona 4s 6286 Uhr G8 Eo 40 


= 


a pee (eo), ES (Sn) Kept SP (ee) iWley fea) 





Graph for C:o 
Graph for D:x 
Graph for E:& 


zronrmoeosa PY 











2. Write an inequality for the set of points 
shown on each graph. 


A 








Assignments 
Minimum |A-F. Average |, 2. Maximum 1-4. 


%* 3. Draw a graph of all ordered pairs of whole numbers 
x and y such that 2 <x <6and3<y <7. 


* 4. Draw a graph of all ordered pairs of whole numbers 
x and y such thatx=5and4=y<=9. 


Objective 
The student can demonstrate the ability to 
work with concepts developed in this module. 


UTILIZATION 
The review exercises should be utilized in 
whatever way is best suited to your teaching 
methods and classroom structure. Students 
will benefit by a discussion of the exercises 
and checking of their answers. 

Additional review exercises are provided on 
page 16 of the Workbook. 


Solutions, Exercises 16B, 17, and 18 


























16B. ee 

12 

10}-4 10 

8 8 

6 6 

4 4 

2 2 

OT am Vue aN 76 

















REVIEWING THE IDEAS 


1x — 40525456) and 
17 == 40h 1, 2 sk GS, Sh 
A |Is2 € X? co lssSmenx 
B Is6 € Y? DelSrXeG@a yer 


2. Study the Venn diagram, then 
decide whether each statement 
is true or false. 





A TCR 
Beers 
Cees her 
DESe Gia) 
EAOT=R 


3. A234) Bi 204 Grol 
and C = {1,3}. Find the elements 
in each of the following sets. 
AAUB c AUC eEBUC 
BAB pDANC FE Bale 


4. Draw a Venn diagram which shows 
the relationships between the 
three sets in Exercise 3. 


5. Evaluate (n+ 7) > 4 when n= 17. 
6. Evaluate 5(x?+ 1) when x= 3. 


7. Find the solution set for each 
open sentence. Use {0, 1, 2, 3, 
4,5,6,7, 8,9, 10} as the 
replacement set. 
A x+17=26 
B 6n= 48 


CuxX a4: 
DEYico 29 


8. Is x- 1 =x a generalization for 
the set of whole numbers? 


9. Solve the equations. 
A 10+ (n—7)=10 
B 5(4—x)=5 


10. 


11. 


12. 


13. 


14. 


16. 


ize 


18. 


Give the correct number for each |llll . 
A 3r+8r=|lllr 8 17m—8m=\|ll|m 


Give the correct number for each ||lll 
in the equations. 


A 5x + 6x = 44 
Illlx = 44 
x= Ill 


B 6x — 2x = 20 
Ill x = 20 
x = lll 


Write an equation for this flow chart. 






Solve the equation for Exercise 12. 


Write and solve an equation for this 
problem: 
A certain number is added to 5 and 
the sum Is multiplied by 4. The 
product is 48. What is the number? 


. Using {0,15.2, 3,4) 5, Gnv5 8;-oe10), 


as the replacement set, find the 
solution set for each part. 

A X =8 and x= oO" cy xX) Oxo 
BX<20rx>9 Dp 3=x=8 


A Complete the 
function table. 

B Draw a graph 
of the function. 


Function Rule 


ie a 8} 














il 
i 


I 
I 


Draw a graph of the equation 
2x —y=1. 


Graph the ordered pairs of whole 
number (x, y) such that x = 4 and 
y=3. 


36.7). . ce 
t the elements in C U D. 
B List the elements inC 9 D. 


: . Give the number for the lh. 
thenx+7=lll. 
: a If y= 7, then 2y—5= i, 


at is the solution set for 
the open sentence x < 5? 


7 he replacement set is 


{0, 1, 2,3, 4, 5,6, 7, 8, 9, 10}. 


4 “bole the equations using the | 
set of whole numbers as the 
replacement set. 


DA 4 5) 4 
B 9+ (x— 3) =9 


. Solve the equations. The replace- _ 


ment set is the set of whole 


numbers. 


ef e ox— x= 56 


7 : Write an equation - this flow. . 


= chart: 


RESEARCH PROJECTS. 


A 


The Fibonacci sequence 1, 1, 2, 3, 5, 8, 
13, 21,..., has many interesting 
properties. Find some of them and 
make a report to the class. (See 
MATHEMATICS, A Human Endeavor by 
Harold R. Jacobs; San Francisco: 

W. H. Freeman and Company, 1970.) 


7. Write and solve an equation for 
this problem: 
lf 3 is subtracted from a 


certain number and the differ- 


ence is multiplied by 8, 
_____ the product is 16. What is. 
the number? 


. Suppose the replacement set is. 
{0, 1, 2,3, 4, 5, 6, 7, 8, 9, 10}, 

_ what is the solution set each 
part? : os 
Ax<30rx>8 €xX=6 

—BX>4andx<9 =px>10 


: Complete the Function Rule 
function rule : 
: table. 


40. Give the missing numbers in the 


_table for the equation 3x + y = 12. 





B One application of set theory and 
logic involves switching networks. 
Read about these, and make and 
interpret some of your own. (See 
Mathematics and the Modern World 
by Mario F. Triola; Menlo Park, 
California: Cummings Publishing 
Company, 1973; Addison-Wesley.) 


TEST YOURSELF 
The self-evaluation test covers the main topics 
of the module. If some portions of the module 
were omitted, students should not be asked to 
answer the questions dealing with those topics. 
Note that the correspondence between the 
test items and the module objectives is denoted 
by annotations on the student book page. 


RESEARCH PROJECTS 

Although sequences are not introduced until 
the next module, Project A, which concerns 
the Fibonacci sequence, could be an interesting 
research topic any time during the year. Each 
number of the sequence, after che first two 
numbers, is the sum of the two numbers im- 
mediately preceding that number. Applications 
to botany, Pascal’s triangle, music, and many 
other topics can be found. 

The topic of Project B is presented briefly in 
Learning Unit H, Module 4. However, some 
students may be interested in studying it at 
this time. 


MATHEMATICAL RECREATION 
This topological puzzle can be solved by turn- 
ing the rectangular hole in the strip “inside 


out.” Bend the sides of the rectangular hole © 


downward and bring them up through the hole, 
turning the sides completely over. When the 
twists are straightened out, the end will be 
looped through the hole. 

Students who enjoy this topological puzzle 


itt 
may want to pursue topology in more detail. © 
The references listed below are highly recom- © 


mended. 


Johnson, Donovan A., and William H. Glenn, © 
Topology (Manchester, Mo.: Webster Pub- — 
lishing Co., 1960; available from McGraw- — 


Hill Ryerson). 
Newman, James R., ed., The World of Mathe- 
matics, 4 vols. (New York: Simon and 


Schuster, 1956; paper, 1962), Vol 1, part 4. — 


(available from Musson Book Co.) 

Steinhaus, H., Mathematical Snapshots, 3rd 
American ed., rev. and enl. (New York: 
Oxford University Press, 1969). 
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A TOPOLOGICAL PUZZLE 


Topology is a kind of geometry which concerns those 
properties of figures which are not changed when the 
figures are twisted, stretched, or deformed in any 

way except by cutting or tearing. The figure below can 
be used for an interesting topological puzzle. 





10 cm 15 cm 











Cut out a shape like this from a strip of paper. 
(The dimensions do not have to be exactly the same 
as shown.) 


It is easy to put the END through the hole in the 
strip to form the shape below. 


Here is the puzzle: 
Try to make the strip look like this when the END 
is first taped to the edge of a table. 





UNIT E: INTEGERS 


Module 3: Number Theory 


General Objectives 

To review and extend work with factors and with prime and composite 
numbers. 

To review the greatest common factor of two numbers. 


To review the least common multiple of two numbers. 
To stimulate interest in mathematics through the study of divisibility 
rules and sequences. 


Performance Objectives Pupil Text Reteach-Reinforce Related Activities 
19 RED Given a whole number, the student can list all the factors E-62, 63 WB 17 SP g-l 
of the number. 
20 RED Given a whole number less than or equal to 100, the student E-64, 65 (WB 18) SP g-] SWM 1 152 
can state whether it is a prime or a composite number. DM 15 SWM 2 315 
SWM 3 20, 21, 
310 
21 RED Given a whole number, the student can give the prime E-68, 69 WB 19 SP g-1, 4 
factorization of the number. DM 16 
22 RED Given two whole numbers, the student can find their greatest E-70, 71 WB 20 ASC W-11 
common factor. DM 17 SP g-2 
23 RED Given two whole numbers, the student can find their least E-74, 75 WB 22 ASC W-12 
common multiple. DM 18 SP g-3 
24 YELLOW Givena whole number, the student can determine some E-76, 77 WB 23 
factors of the number by applying various divisibility rules. E-78, 79 
25. GREEN Given two large whole numbers, the student can use the E-/2, 73 WB 2! SP g-2 
Euclidean Algorithm to find the greatest common factor of the 
two numbers. 
26 GREEN Given the n“ term of a sequence, the student can find E-80, 81 SWM 3 22-27 
particular terms of the sequence. 
27 GREEN Given appropriate examples, the student can identify E-82, 83 SWM 3 18, 19 
square and triangular numbers. 
Reviewing the Ideas E-86 WB 24 





MATHEMATICS obvious applications of these topics, this relationships, the module should be treated 


This module develops a number of important 
concepts basic to topics encountered later in 
the text. Certainly, the concepts of GCF and 
LCM are very useful in working with rational 
numbers. Aside from developing the more 


E-61TA 


module gives students a chance to work with 
patterns and relationships between numbers 
and sets of numbers that are not often found 
in work with algorithms. In keeping with this 
emphasis on the discovery of patterns and 


as a mathematical adventure. 

A sequence is a function whose domain is 
the set of natural numbers, {1,2,3,4,5,...}. 
All of the sequences presented in the module 
have simple rules of formation. 


TEACHING THE MODULE 

Vocabulary 

complete factorization perfect number 
composite number prime factorization 


divisible prime number 
Euclidean Algorithm relatively prime 
factor number 


Fibonacci sequence sequence 
Fundamental Theorem Sieve of Eratosthenes 

of Arithmetic square number 
greatest common term 

factor (GCF) triangular number 
least common multiple twin primes 

(LCM) Unique Factorization 
multiple Theorem 


Much of the material in this module will be 
review material for most students. Therefore 
you may find the Extension sections of the 
lessons particularly helpful in maintaining 
student interest. In addition, several lessons 
are suggested as optional lessons. For those 
students who need the motivation provided 
by a special challenge or a change of pace, 
these optional lessons may be _ especially 
useful. 

The topic of divisibility included in two 
lessons is optional. Also, the three lessons 
on sequences should be regarded as optional. 

In teaching the module, keep in mind that 


discovery of patterns and insight into the nature 
of numbers and number relationships are the 
main goals of this module. 


Lesson Schedule 

Your lesson schedule will depend largely on 
the amount of material you choose to cover. 
A few of the lessons can be covered in less 
than a full class period with able students, 
but many of the other lessons merit at least 
one period for full utilization. In general, how- 
ever, you should plan to allow about 10 days 
to cover the module. 


Evaluation 

The two most important objectives for student 
mastery are those related to finding the GCF 
and the LCM of two numbers. The work with 
factors and prime numbers is of secondary 
importance. The other material should be re- 
garded as optional and should be given less 
emphasis in your evaluations of students’ 
work. 

One of the more general objectives of this 
module is to increase student interest in 
mathematics. Your daily observations and dis- 
cussions with students will help you evaluate 
how well this objective is being met. 


RESOURCES FOR ACTIVE LEARNING 

Activities 

Aftermath 3, pp. 55, 66, 81; Aftermath 4, pp. 
49, 91, 94, Creative Publications 

Cloudburst, Vol. 5 (divisibility, figurate and 
perfect numbers, patterns), Nos. 2438, 2448, 
2818-68, 2918-98, 3438, 3448, 8338-78, 
Midwest Publications 

Math Experiments with Pentominoes, HR8- 
11, Midwest Publications 

Mathematics: Man’s Key to Progress, Book 
A (number patterns), pp. 41-43, 58; Book B, 
pp. 14-16, 20-21, Rand McNally 

Nuffield Project: Computation and Structure 4 
(triangular and square numbers), pp. 62-63; 
Number Patterns 2; Problems—Red Set, 
Nos. 4A, 9, 9A, Wiley 

Powers, Roots and Logarithms, Set 5E, Cards 
31-41, Herder and Herder 

Sourcebook for Substitutes, pp. 73-75, Addi- 
son-Wesley 


For some other activities with geometric 
progressions, refer to Resources for Active 
Learning, Unit H, Module 1. 


Games and Puzzles 

Multifacto Producto (Scott, Foresman) 
Numo (Gamco; Midwest Publications) 
Prime Drag (Creative Publications) 
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UNIT E: /ntegers 
Number Theory 


MODULE 3: 


OBJECTIVES: 
After completing this module, you should be able to: 
. List the factors of a number. 

. Identify prime and composite numbers. 

. Find the prime factorization of a composite 








number. 


. Determine the greatest common factor of two 


numbers 
Give the least common multiple of two numbers. 


. Use the divisibility rules for 2, 3, 4, 5, and 9. 
. Find several terms of a sequence, given the 


pattern or rule for a sequence. 
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Objective 

The student can list all the factors of certain 
numbers and can use division to decide if one 
number is a factor of another number. 


PREPARATION 
Review the definitions of factor and product 
before beginning the Investigation. 


INVESTIGATION 

The Investigation should not require much 
time to complete. Have a student place the 
factors for each number on the chalkboard 
and use the results as an aid during the 
Discussion. 


1: {1} rieits 

De Nal? 2e sil, Ba BoA Gy WAH 
Ba, 3} ‘ke eee 
Lemley Wl $f 1h, Bo Thay 
Seas SSA Sigs TSH: 
Bet o3 6} [620122425 16) 
W2 Mile we ae ie ba 

8: {1,2,4, 8} 18: {1,2,3, 6,9, 18} 
92 3,9} 19: {1,19} 

Os 4 ih, Be Se TO} AVE Hilg a2 Sis OS 20} 
DISCUSSION 


Exercises 1, 2, and 3 may suggest additional 

discussion questions such as these: 

A. Which numbers have an odd number of fac- 
tors? (The square numbers: 1, 4,9, 16...) 

B. What number has only | factor? (1) 

C. What is the smallest number with at least 
4 factors? (6) 

D. What is the smallest number with 6 factors? 
(12) 

Exercise 4 illustrates that every whole num- 
ber is a factor of zero because 0: n=O for 
every whole number n. However, zero is a 
factor only of itself because if zero is chosen 
as one factor the product will always be zero. 

Exercises 5 and 6 illustrate how division may 
be used to decide whether a given number is a 
factor of another. In Exercise 6, the students 
should be able to see that if the dividend were 
841 the remainder would be zero, hence 29 is a 
factor of 841. 
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Factors 
Investigating the Ideas 


If a, b, and c are whole numbers and a- b=c, 
then a and b are factors of c. 

2 and/7 are factors of 14 because2:7= 14 

1 andi14 are factors of 14 because1-14= 14 


No other whole numbers are factors of 14. 
The set of all factors of 14 is {1, 2,7, 14} 


Can you find the set of all factors 
of each whole number from 1 through 20? 


Discussing the Ideas 











1. What number is a factor of every number? 
2. Which numbers from 1 through 20 had six factors? 


3. Which numbers from 1 through 20 had only two factors? 


4. a Is every whole number 
a factor of zero? 


B ls zero a factor of 
any whole number? 





Which one? 
5. a Is 43 a factor of 731? Why? 43 
s Is 17 a factor of 918? Be ae 
Explain. 6 8 
Sal 
5e1 
c Is 17 a factor of 497? Th) 
Explain. 
29 
6. The division shows that 29)8 43 
29 is not a factor of 843. 58 
Can you decide if 29 is a 263 
factor of 841 without 2nGal 
dividing? Explain. ; 2 


*7. 


* 8. 


* 9. 


Using the Ideas 


. Solve each equation. 


A 1-x= 84 Cc 
D 


-z= 84 E 6:s= 84 
B 2-y= 84 r 


= 84 F 7-t= 84 


. Use the results of Exercise 1 to list all the factors of 84. 


. The whole number 9 has exactly three factors: 1, 3, and 9. Find 


a number smaller than 9 that also has exactly three factors. 


. Find the smallest number with exactly four factors. 


. Give the set of all factors of each number. 


A 70 B 66 c 48 p 150 E 420 


. Use division, if necessary, to answer each question 


yes or no. 

A |s 7 a factor of 91? “p Is 89 a factor of 3115? 
B Is 12 a factor of 148? E Is 123 a factor of 1371? 
GuiS a feasacionr Of 111.7 F Is 143 a factor of 1001? 


The number 6 is called a perfect 
number because the sum of its 
factors other than itself is 6: 
1+2+3=6. 

A Another perfect number is found 
between 20 and 30. What is this 
number? 

B Another perfect number is found 
between 495 and 500. What is 
this number? 


A number is known to have 2, 3, and 5 
among its factors. Give five more 
factors of this number. 


A The number 1365=3:-5-7-13 
has 16 factors. What are these 
factors? 

B The number 2310 has 32 factors. 
What are these factors? 





UTILIZATION 

In discussing Exercise 8, point out that 2, 3, 
and 5 have no common factors, so any product 
of 2 or more of these factors will give another 
factor of the number. Of course, | is a factor 
of any number and should be included. Note 
that if 2 and 4 are factors of some number, one 
cannot be sure that 8 is a factor of the number 
because 2 and 4 are not relatively prime to 
each other. 


Answers, Exercises 5 and 9 
SVAN, qh 5 Ss SOR Skin KOR! 
2) 


Bu at, 2; 3562 115,22433,.66) 
O41 50:23:44 68 1264s) 
D. 11,2; 355, 6, 10, 15, 2523050, 5edoo! 
B. {1,2;3,4).5;6,7,10; 12, 14,0520h2 Ieee 
30, 35, 42, 60, 70, 84, 105, 140, 210, 420} 
9A: 41, 3,597, 13, 15, 21935539,6559 aloes 
195, 273, 455, 1365} 
B. {1,2, 3, 5; 6; 7,10, 11,14 1s, 2ueeamee 


33,35, 42; 55,,66,,70,77, 103, 410 Mises 
165,.2.10, 23.15 3305385,).4627077/0 iibae 
2310} 


EXTENSION 
Exercises for additional related practice are 
provided on Workbook page 17. 

Enrichment: Some students may be inter- 
ested in a formula for perfect numbers. A num- 


ber IN is perfect il N= (2 lie 2 eo 
vided 2” — | is a prime number. When n= 2, 
32155 OL J. 2 las equal toms saollerandmneae 


respectively, all of which are prime numbers. 
These values for n give the first four perfect 
numbers: 6, 28, 496, and 8128. 


Think Solution 

If John put | penny in the first pocket, 2 in the 
second, 3 in the third, and so on, this would 
give the series 1 +2+3+4+5+6+7/+8=36, 
with 8 pennies left for the other two pockets. 
If he puts no pennies in the first pocket, he can 
WwsenOspockets (Ola late ae Sit ai Olean ate 
8 = 36), with 8 pennies left for the last pocket. 


Assignments 
Minimum 1-4, 5A-C, 6. Average 1!-6. 
Maximum 1-9. 
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Objective 
The student can identify the prime numbers 
that are less than 100. 


PREPARATION 
Since the Investigation involves listing the set 
of factors of a number, you may wish to review 
this idea briefly. 


INVESTIGATION 
When listing the numbers less than 80 which 
have exactly 2 factors, the students are finding 
the prime numbers that are less than 80. Most 
students will realize this although they may 
not remember the precise definition of a prime 
number. 

The numbers students should list for the 
Investigation are {2, 3, 5, 7, 11, 13, 17, 19, 23, 
POMS nln4 Soe 554 Olle Os 7 le om dole 


DISCUSSION 

It is interesting to note that the definitions of 
prime and composite numbers do not divide the 
set of whole numbers into two subsets, but 
rather into three. The numbers zero and | are 
neither prime nor composite (Exercise 4). The 
main objection to including | in the set of 
primes is that if we do so, we must give up the 
so-called Fundamental Theorem of Arithmetic, 
which asserts that if a whole number is not 
prime, then it is a product of a unique set 
of prime numbers. That is, if we allow | to 
be a prime number, we could have many dif- 
ferent prime factorizations of 12, such as 
ee leee 2 [ND 2-3) 1D | 
aes) and: sO forth: 
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Prime and Composite Numbers 


Investigating the Ideas 





The set of whole numbers can be 

separated into different subsets according 
to the number of factors each number has. 
The table at the right shows that 0 has 
every whole number as a factor. The 
number 1 has only one factor. Numbers 
such as 2, 3, and 5 have exactly two factors. 
Other numbers have more than two factors. 





How many numbers less than 80 








can you find that have exactly 
two factors? 





Discussing the Ideas 
1. The whole numbers which have exactly two factors 
are prime numbers. How many prime numbers are 


there that are less than 80? 


2. Is 57 a prime number? Why or why not? 





3. A whole number, other than 0, 
is composite if it has more 
than two factors. 

A Which numbers in the table 
are composite? 


B Which are prime? 








eleteltele] 


4. a Is O either a prime or a composite number? 
B Is 1 either a prime or a composite number? 


5. Are there any even prime numbers? 


6. Which numbers in the set below are not prime numbers? 
iis Lise GO. 5.4 1p aa oll tani anO ia 


Eratosthenes, a Greek mathematician 
who lived over 2000 years ago, invented 
a ‘sieve’ for finding prime numbers. 
The exercises below illustrate the 
Sieve of Eratosthenes. 


1. Make a table of whole numbers 
1 through 100 in six columns. 


2. The first number, 1, is not prime. 
Mark it out. The number 2 is the 
smallest prime. Circle it. Then 
strike out all other numbers that 
have 2 as a factor. What is the 
first number greater than 2 to 
eliminate from the table? 


3. a Circle the first number after 2 
that has not been eliminated 
before. What prime number is it? 


B Now strike out all the numbers 
that have 3 as a factor. Some 
of these numbers will have been 
eliminated before. What is the 
first number to be eliminated 
from the table twice? What are 
the prime factors of this number? 





Using the Ideas 














AOQOAZA 5 
Teg 22-4014 
13 94 96 17 DE 





c What is the first ‘‘new’’ number to be eliminated 


from the table? 


pb What is the next number larger than 3 that has not 


been eliminated from the table? 


4. a Circle the number 5 in the table, for it is prime, 
and then strike out each of the numbers that has 5 


as a factor. 


B What is the first new number eliminated from the 


table this time? 


5. Continue the process above until you reach a point 
where no new number is eliminated from the table. 
The numbers remaining are the primes less than 100. 


. Extend the sieve to find all primes less than 500. 


UTILIZATION 

You may want to check with your class to see 
if they are familiar with the Sieve of Eratos- 
thenes. If your students have used the Sieve 
previously, the experiences provided by these 
exercises may not be particularly rewarding. 
Hence, you might omit this page altogether 
and move to the next lesson. However, the 
method illustrated by the Sieve is well worth 
the time it may take if it is anew experience for 
students. 

If possible, supply a duplicated set of num- 
bers arranged in columns for students to use 
in their work. For Exercise 3C, note that, when 
we strike out the multiples of any number, the 
first ‘new’ number we strike out is the square 
of that number. 


EXTENSION 

The exercises on page 15 of the Duplicator 
Masters can be assigned to provide appropriate 
further practice. 

Enrichment: Some students might be inter- 
ested in exploring a different set of “prime” 
numbers. 

Let E'={1} U {even whole numbers}, that 
isha (1254. 6:8. 102125 seat @onsidenmne 
following definition: 

A number in E’ is “prime” if it has exactly 

two different factors in E’. 

Questions 
1. What are the “‘primes” in E’? 

2. What are the ‘“‘composite” numbers in E’? 
3. Construct a sieve for E’ similar to the Sieve 
of Eratosthenes for the natural numbers. 

Answers 

e256 MOA Shee at 
(Note that the only factors of 6 in E’ are 
1 and 6.) 


DE NARS we OR2O are 

3. By striking out every other number starting 
with 1, the “primes” in E’ will remain. 

Assignments 


Minimum 1-5. Average 1-5. Maximum 1-6. 


Objective 
The student can use a table of primes to 
solve problems. 


PREPARATION 

The preparation period could well be spent 
examining and discussing the tables of primes 
given in the Investigation section. 

This lesson is optional. If you choose to 
cover the material, then it should be in the 
spirit of an informal investigation into interest- 
ing ideas concerning prime numbers. 


INVESTIGATION 

Some students may observe that there appears 
to be a gradual decrease in the number of 
primes between successive multiples of 100. 
This may lead them to the erroneous conclusion 
that eventually there may be no more primes. 
It can be proved that there are infinitely many 
primes, that is, that there is no largest prime 
number. (See Research Project D on page 
E-87.) That proof, purported to be given by 
Euclid (c300 B.C.), is a model of elegance in 
mathematical proof but is probably beyond the 
ability of most students at this level. 


DISCUSSION 

The Discussion should be directed toward de- 
veloping student understanding of the use of the 
table displayed in the Investigation. You may 
want to include questions such as this: ‘‘Why 
are 2 and 13 the only two primes in the table 
with a difference of 11?” (2 is the only even 
prime and the difference between an odd and 
even number is an odd number; the difference 
of any other two primes will always be an even 
number.) 
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The table below gives the first 199 prime numbers. 
Using this table, you can find that the 43rd prime 
is 191, for it is found in the row headed ‘'4”' and 
the column headed ‘‘3.”’ 














A Short Table of Primes 


Investigating the Ideas 


Can you use the 
table of prime 


numbers to help 
you complete the 
chart below? 











0 and 100 




























































7c a OLR ln] en ee 
97 | 101 | 103 | 107 | 109 
113 | 127 | 13T 149 | 151 | 157 | 163 | 167 | 100 and 200 
173 | 179 | 181 197 | 199 | 211 | 223 | 227 200 and 300 
229 | 233 | 239 257 | 263 | 269 | 271 | 277 
281 | 283 | 293 313 | 317 | 331 | 337 | 347 300 and 400 
349 | 353 | 359 379 | 383 | 389 | 397 | 401 400 and 500 
419 | 421 439 | 443 | 449 | 457 | 461 
467 | 479 499 | 503 | 509 | 521 500 and 600 
547 | 557 E71 | S77 | 587 | 593 
607 | 613 631 | 641 | 643 | 647 600 and 700 
661 | 673 691 | 701 | 709 | 719 700 and 800 
733 | 739 | 743 761 | 769 | 773 | 787 
809 | 811 | 821 829 | 839 | 853 | 857 800 and 900 
863 | 877 | 881 907 | 911 | 919 | 929 
| 941 | 947 | 953 977 | 983 | 991 | 997 900 and 1000 
1013 11019 |1021 |1031 [1033 |1039 |1049 [1051 |1061 1000 and 1100 


9 Walken falntexey fabaliskes | fall \ alates | alike | AUS | eon Wess alZzae 




















1069 |1087 |1091 {1093 |1097 |1103 1109 |1117 }1123 











1100 and 1200 














Discussing the Ideas 


1. Between which pair of numbers in the chart did the 


greatest number of primes occur? How many? 


. What was the least number of primes occurring 


between any pair of the numbers in the chart? 


. Using the table of primes, find the following: 


A 125th prime c 147th prime 
B 11th prime D 53rd prime 


E 80th prime 
F 182nd prime 


G 127th prime 
H 155th prime 


. Using the table, determine the relative position of each of the 


following primes. EXAMPLE: 89is the 24th prime. 
A 431 B 719 cii0 D 607 E 1181 F 523 G157 


= C 


tf. 


* 9. 


* 10. 


. Pairs of primes, such as 11 and 13 or 29 and 


Using the Ideas 


. Use the table of primes to find the following: 


A 22nd prime B 4ist prime c 75th prime D 92nd prime 


Is 279 a prime? If not, list all of its factors. 


Using the table, give the relative position of each prime. 


A 311 B 461 ce 11 D 659 Es 219 


F 991 


. Which numbers in the set {1, 13, 113, 1113} are prime? 


. Which numbers in this set are prime? 


{101, 201, 301, 401, 501, 601, 701, 801, 901, 1001, 1101, 1201} 


31, are called twin primes because they have 

a difference of 2. 

A List all the pairs of twin primes that are 
less than 100. 

B How many pairs of twin primes are there 

between 1000 and 1100? 

Show that the prime 1217 does not have 

a twin. 





There are three consecutive odd numbers which are prime. 
What are these numbers? 


. The three primes 11, 13, and 17 are three consecutive primes. 


They have the form p, p+ 2, and p+ 6 where p stands fora 
prime. Find another set of primes with this form. 


For each input number n, the function machine 
multiplies the input number by 1 less than the 
input number and then adds 11 to the product. 
A Copy and complete the function table. 
B Are all of the output numbers f(n) 

prime numbers? 


Function Rule 
DN soa) teal 








li | 9 


2 
Using the function rule n (n—1) + 17 3 
and the input numbers 1 through 20, 4 lil 10 
5 
6 














find the numbers for f(n). In each lil 14 
case, do you get a prime number for m 


f(n)? 


























UTILIZATION 
You will find that some of these exercises will 
generate interesting class discussions. Note 
that much of the material involves a minimum 
of computation. 

Certain formulas, such as that given in Exer- 
cise 10, generate many primes, but eventually 
they yield numbers that are not primes. No sim- 
ple polynomial formula can be found which will 
produce only primes. The formula given in 
Exercise 10 is called a “‘prime-rich” formula 
because of the yield of primes. 


Answers, Exercise 10 








Function Rule: n(m— 1) + 17 
| af Ga) n | f(n) 
(elirt7 a aan 
2 19 12 149 
3 23 13 173 
4 29 14 199 
5 37 15 227 
6 47 16 2G 
7 S9 17 289 
8 73 18 323 
9 89 19 359 
10 107 20 397 











289 and 323 are not prime numbers. 


EXTENSION 
For additional practice exercises, refer to page 
18 of the Workbook. 

Enrichment: Students might enjoy exploring 
the famous unsolved problem in mathematics 
called Goldbach’s Conjecture. (See Research 
Projects A and C on page E-87.) This conjec- 
ture concerns whether or not every even num- 
ber greater than 2 can be expressed as the sum 
of two primes. For example, 24 = 11 + 13, and 
44 = 31+ 13 = 27+ 7. Ask students to write 
each number below as the sum of two primes. 
A. 20 B. 40 €.. We D. 80 
E. 66 leu GH3Z Hi S4: 


Think Solution 
{1, 4,9, 16, 25, 36, 49} all are square numbers. 


Assignments 
Minimum 1-5. Average 1-7. Maximum |-10. 


E-67 


Objective 
Given a composite number, the student can 
give the prime factorization of the number. 


PREPARATION 

Most students will have constructed factor 
trees before. However, it would be well to re- 
view the construction of factor trees before 
starting the Investigation. 


INVESTIGATION 

The purpose of the Investigation is to help stu- 
dents discover that the “top row” of a factor 
tree for a composite number such as 48 will 
contain the same prime factors regardless of 
which nonprime factors were used in the lower 
rows. This illustrates the Fundamental Theo- 
rem of Arithmetic, which will be presented in 
Discussion Exercise 2. 


DISCUSSION 
This lesson has several useful applications. It 
will be related to finding the greatest common 
factor of two composite numbers and to deter- 
mining the lowest-terms fraction for a given 
fraction. 

Note that the expressions prime factorization 
and factor completely are used interchangeably. 


Prime Factorization 


Investigating the Ideas ia ik ae j 
The factor tree at the right shows that 48 Citeeep APD. 7 
can be expressed as the product 2:3-2:-2-2. \ / S kA 


a oe 





ove" 


a a ee 
Ih | - JA a 


24, Il 
ne 


Can you complete these other factor trees for 48? 
he 
ae Be 
aS : ya 
48 


Biers 
1 
7 Dy 


ees 


Discussing the Ideas 


1. 


A Are all of the factors in the top row of each 
factor tree for 48 prime numbers? 

Except for the order in which the factors occur, 
are the same prime factors found in the top row 
of each tree? 


. The factor trees illustrate an important theorem in 


mathematics called the Fundamental Theorem of Arithmetic. 
It is also known as the Unique Factorization Theorem. 


Make a factor tree for 36. What are the prime factors of 36? 


. When a number is written as a product of prime numbers, we say 


that we have given a prime factorization of the number, or that we 
have factored the number completely. Give the missing number 
for each ||| so that a prime factorization of each number is found. 


A 14=2 lll Dp 8 =2-2- lil G@ 42=2:3 ‘lll 
B 20=5-2-|ll —E 18=3-2 lll H 27=3-3 - lll 
c 26 = 2. | F 30=2-3 - lll 1 44=2-2 ll 


Factor each number completely. Use a factor tree if necessary. 
A 60 B 42 c 140 Dp 300 E 625 


* 5. 


* 6. 


Using the ideas 


. Complete each factor tree. 


A iM noe B x veo c ht I 
ay SOB 1 mee: a 
power xe pe 
15 40 wes 
. Factor each composite number completely. 
Aislo c 22 E 50 G 45 1 81 K 66 
B 12 Dp 39 F 70 H 16 J 60 t 100 


Each composite number is written as the product of two factors. 
Use these factors to help you give prime factorizations of the 
numbers. EXAMPLE: ie = j\ ; At 


140 =2-2°-5:7 


A 98= 2-49 E 196= 14-14 § 240=15-16 
B 63=9:-7 F 150=10-15 J 189=9-21 
c 60=6-10 G 132=11-12 K 144=16-9 
D 156= 12-13 H 72=9:-8 t 490= 10-49 


. Use exponents to give the prime factorizations of the numbers. 


For example, 36 = 2-2-3-3= 2?. 3? 


A 24 D 81 G 120 J 484 mM 441 
B 72 E 216 H 48 K 288 N 612 
c 250 F 1000 0 As} bee25 o 1089 
The flow chart below can help you find the number 


of factors of any composite number. 





18:6 factors 
(lee 3 ¢000 516) 


oes 


18 a he Geena) 


Give the number of factors of each number. 





A 24= 23-3! Dw /2i= 2°32 me oC] 
BESO = 2243155) “E1000 = 225" Bi 
ec 100 = 22-52 F100 te ei 13) 1. Divide the figure into three 
pieces that are exactly alike. 
List the set of all factors of the eee ue four 
_ pieces that are exactly alike. 





numbers given in Exercise 5. 





More practice, page S-8, Set 14 


UTILIZATION 

Exercises 5S and 6 are optional. The flow chart 
gives the steps used to determine the number of 
prime factors of a number. For example, the 
prime factorization of 120 is 2* - 3! - 5'. Adding 
1 to each exponent we get the numbers 4, 2, 2 
The product 4 - 2 - 2 = 161s the number of fac- 
tors of the number. As a check, the students can 
list the ee 
Mpiraind 4516-8 210: 
120} 


12, 15, 20, 24, 30, 40, 60, 


Answers, Exercise 6 


Ama? 2462512524) 

Beelae<3.45.61 0155308 

Cea 2945 52,10,.20425.,502 100) 

Daj 1,25324..6, 8.9.12; 18; 24536 10s 

En 41,24, 54.810, 20,.25240850 s100mtees 
200, 250, 500, 1000} 

ylodul als, 7 s0lN 43nd 00kF 

EXTENSION 


To provide students with extra practice make 
assignments from Supplementary Exercise Set 
14 on page S-8, Workbook page 19, and Dupli- 
cator Masters page 16. 


Think Solution 

Part 2 of the problem may cause difficulty. If 
each square in part | relinquishes its inside one 
quarter, those three quarters combined form a 
figure of the same size and shape as the remain- 
ing portions of the three squares. (By .“‘inside 
one quarter,” we mean the quarter of the square 
opposite the outside corners.) 


Ik. or 
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Objective Greatest Common Factor 


Given two whole numbers, the student can 
find their greatest common factor. Investigating the Ideas 
PREPARATION 
If possible, have available fine-ruled graph 
paper on which students can draw a rectangle 


Jody's desk top is a rectangle 84 centimetres 
long by 56 centimetres wide. She wants to 


84 units long and 56 units wide for use in the cover the desk top exactly with squares. 
Investigation. Of course, 1 by 1-centimetre squares could 

be used or 2 by 2-centimetre squares would 
INVESTIGATION work also. 


Make certain that students clearly understand 
the problem posed by the Investigation ques- 
tion. The squares that are chosen must fit ex- 
actly with no overlapping. If fine-ruled graph 
paper is available, let students use this to draw 
a rectangle 84 by 56 units to represent a desk 
top. Then they can use whatever method they 
choose to find the largest possible squares into Discussing the Ideas 
which the rectangular region can be evenly 
partitioned. 








eR 


What is the largest size square that could 


be used to completely cover the desk top? 





1. Peggy said, ‘‘The squares that fit must have sides 
PISRUSSION UNS lengths are factors of both 56 and 84. 

Have a student use the chalkboard or overhead A List the factors of 56. 

to demonstrate the solution to the Investigation. B List the factors of 84. 

c What are the common factors of 56 and 84? 

db What is the largest factor common to 56 and 84? 





+4+44+44+ 
als 


+444444 





2. The greatest common factor (GCF) of two numbers is the 


BRIO Le ORGS Ls BIBI COM SIRS Ia largest number that is a common factor of both numbers. 


that the solution to the Investigation is the 


Square with sides whose measure is the largest F i 
eroriot both 84 and 56. Study the information The ‘set of factors of 18: AS 


a 
The set of factors of 24: B = at 











Exercise 2 illustrates how intersection of the at the right. The cet of common. 
sets of factors of two numbers can help a stu- What is the GCF ae 
: factors of 18 and 24. oe O ae 
dent determine the greatest common factor of of 18 and 24? 
: The GCF of 18 and 24 is. 
the pair. uh 
Fraction notation is introduced in Discussion 
Exercise 3 to show the usefulness of the GCF 3. To find the lowest-terms fraction for a given fraction, 
concept, but actual development of fraction divide the numerator and the denominator by their GCF. 
notation and any reference to rational numbers 
should be deferred until Unit F, Module 1. The as The GCF of 1855 6 553 Lowest-terms 
two important ideas to be emphasized here are, EXAMPLE: 24 18 and 24 is 6. DAC G a4 — fraction 


first, what the GCF of two numbers is, and 
second, what it means to say that two numbers 
are relatively prime to each other. The latter 
term is introduced in Exercise 5 on page E-71, 
but might be discussed at this time. A 3 B 3 c 25 D 


What is the GCF of the numerator and denominator of 
each fraction? 


is 
On 
m 

— iE + 
als 
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Using the Ideas 


List the set of factors of 12. 

List the set of factors of 18. 

Find the intersection of the sets in Parts a and B. 
What is the GCF of 12 and 18? 


oo B > 


List the set of factors of 36. 

List the set of factors of 54. 

Find the intersection of the sets in Parts a and B. 
What is the GCF of 36 and 54? 


00 BB Pb 


. Find the GCF of each pair. 
A 12, 20 Ca2ieo0 
B 8,18 pd 30, 45 


E 12,16 
F 20, 30 


G 14, 63 1 34, 51 
H 24, 72 J 180, 250 


. What is the GCF of the numerator and the denominator 
of each fraction? 


10 16 48 
A 25 B 54 Cc 


F 720 


ais 
OIN 
SUN 
h|+ 
ee 
fo}fop) 


. If the GCF of two whole numbers is 1, we say that the numbers are 
relatively prime. Using this definition, decide which pairs of numbers are 
relatively prime. Jf the numbers are not relatively prime, give the GCF. 

A 4,15 CHO nc! E 20, 33 G 26, 51 1 249, 303 
Buono pb 14,15 F 33, 144 H 87, 74 J 221, 247 


. The examples show how prime factorizations can be used 
to find the GCF of a pair of numbers. 


EXAMPLES: 
[a] 20225 60 = 2ane 35 AUU AU 
Pies lo AIST 126 sae 3 7. 
J ip 
CCR — GCF 22 5— 56 


Give the GCF of each pair. 
A 30=2:3:5 p 2310=2:3:-5:-7-11 





105=3-5:-7 858 = 2-3-11-13 

B 44=2-2-11 E 540 = 2?-3°-5 
42=2:3-7 902 3h 

c 14=2:7 Fe Som 25a aon (2 
84=2-2:3-7 514 080 = 2°-3°-5-7-17 


More practice, page S-9, Set 15 


UTILIZATION 
Exercises | and 2 might be treated orally if you 
prefer. 

The term relatively prime, defined in Exer- 
cise 5, may need some elaboration. This term 
describes a relation between certain pairs of 
numbers. The statement that “‘8 is relatively 
prime to 9” means that the greatest common 
factor of 8 and 9 is 1. Another way of thinking 
about this is to look at the prime factorization 
of 8 and 9: 

8 = 2%, 9 = 3°. None of the prime factors of 8 
are factors of 9 or vice versa. Hence, the two 
numbers are “relatively prime” with respect to 
each other. 


EXTENSION 

Extra practice assignments may be made from 
Supplementary Exercise Set 15 on page S-9, 
Workbook page 20, Duplicator Masters page 
17, and Arithmetic Skill Card W-11. 


Think Solution 

The three-digit numbers that can be formed are 
237, 273,321, 372, 723,and 732, lfswerunder 
stand the divisibility property of 3 (the sum of 
the digits of a number, if divisible by 3, will be 
divisible by 3 no matter what the order of the 
digits), we know that 3 will be a factor in finding 
the GCF of these numbers. 

Now consider one of the numbers, for exam- 
ple, 237. It can be completely factored into 
237 = 3-79. Checking one other number, for 
example, 273 =3-7- 13, we immediately see 
that the only common factor of 237 and 273 is 
3. Thus, the GCF for all the numbers must be 3. 


Assignments 

Minimum | and 2, oral; 3. 
Average | and 2, oral; 3; 4. 
Maximum | and 2, oral; 3-6. 


E-71 


Objective 

Given two numbers of two or more digits, the 
student can find the GCF of the numbers by 
using the Euclidean Algorithm. 


PREPARATION 
This section on the Euclidean Algorithm is 
optional enrichment material. 

Flow charts have been used earlier in this 
learning unit. The flow chart for the Euclidean 
Algorithm contains a question box. Since this 
is a feature that some of your students may not 
have seen before, explain that all questions 
asked in a question box are answerable by 
either “yes” or “‘no.” If a question is answered 
“ves” the arrow labelled “yes” is followed to 
the next step; otherwise, the “no” arrow is 
followed. 


INVESTIGATION 

To introduce the Investigation, you might ask 
your students this question: “‘Can you find the 
GCF of 1 483 417 and 397 801?” (Answer: 
2153.) Most students will agree that this seems 
to be a difficult problem. Point out that the flow 
chart in the Investigation will enable them to 
solve this “hard” problem by a method used by 
Greek mathematicians more than 2000 years 
ago. 

Have the students try the flow chart for 1104 
and 2507. A volunteer might show or describe 
his method for finding the GCF before you 
move on to the Discussion Exercises. 


DISCUSSION 

Relate the division arrangement shown in Dis- 
cussion Exercise 3 to the flow chart in the In- 
vestigation. After discussing Exercise 4, supply 
additional practice problems as needed. For 
example: 


A. 247 and 513 (GCF: 19) B. 594 and 1430 
(GCF. 22) C. 6077 and 10 403 (GCF; 103) 


E-72 


The Euclidean Algorithm 


Investigating the Ideas 


If you wish to find the GCF of two rather large numbers, 

you may find the problem difficult. The flow chart below 
shows the steps of the Euclidean Algorithm, a method which 
simplifies the problem of finding the GCF of two numbers. 


EUCLIDEAN ALGORITHM FLOW CHART 































Positive Divide the _ isthe > Last divisor 
numbers larger number remainder _is the GCF 
aandb by the smaller pret Oo) and be 


Divide last 
divisor by 
remainder 


Can you use the Euclidean Algorithm Flow Chart 


to find the GCF of 1104 and 2507? 





Discussing the Ideas 


1. Explain how to use the flow chart when a= 12 and b=8. 


2. What is the GCF of 12 and 8? Did you get this number 
as the output number for the flow chart? 


3. The repeated division at the right 3 
shows a shortcut way of arranging [a] 84)308 
the division problems in order to 202 
find the GCF of 84 and 308. 56 )84 
: F 56 22. 
A Explain what was done in each [e] 28 )56 
step. 56 
B What is the GCF of 84 and 308? 7g 


4. Find the GCF of 141 and 376 


using the Euclidean Algorithm. 


. There are 256 seventh grade students 


Using the Ideas 


. Find the GCF of each pair by using the Euclidean Algorithm. 


A 14, 210 D 135, 351 G 368, 80 J 475, 1501 
B 184, 69 E0525 H 259, 888 K 7560, 1232 
C7115,.391 F 64, 128 Iiee009, 2620 L 38 127; 31 737 


. Prove that 340 and 819 are relatively prime; that is, 


show that their GCF is 1 using the Euclidean Algorithm. 


. Any two consecutive whole numbers such as 8 and 9 


or 342 and 343 are relatively prime. 
A What is the first remainder using the Euclidean Algorithm? 
B What is the second remainder? 


. Are 1001 and 100 001 relatively prime? What is their GCF? 


at Edishtron Junior High School. There 
are 224 eighth grade students in the 
school also. The principal of the 

school arranged the homerooms so that 
both grades have the same number of 
students in each homeroom. Furthermore, 
the number of students in each homeroom 
is as large as possible. 


A How many students are in each homeroom? 
B How many homerooms are needed? 








UTILIZATION 
Note that exercise | consists of 12 parts. You 
may not find it necessary to assign all parts. 

In Exercise 3, the first remainder will be 1, 
and using | as the next divisor will always re- 
sult in a zero remainder. Hence | is the GCF of 
any two consecutive whole numbers. 


EXTENSION 
Workbook page 21 is recommended for stu- 
dents who would benefit from additional prac- 
tice exercises. 


Think Solution 

1. Suppose the number selected is 745. The 
questions must be asked so as to succes- 
sively halve the sets of numbers containing 
the chosen number. The following sequence 
of questions could be used. 


Question: Is Number 

the number lies 

larger than Answer between 
(1) 500 Nes (SO0-1000) 
(2) 750 No (500-750) 
(3) 625 Yes (625-750) 
(4) 687 Yes (687-750) 
(5) 718 Mics (718-750) 
(6) 734 ics (734-750) 
(7) 742 Yes (742-750) 
(8) 746 No (742-746) 
(9) 744 Bics (744-746) 

(10) 745 No The number is 745. 


2. As observed in part 1, we can halve the size 
of the set of numbers containing the chosen 
number with each question asked: therefore 
we need to know what power of 2 will give a 
number at least as large as a million. 

21° = 1024 > 1000, 
therefore 27° > 10007 > 1 000 000. 


Thus, we can locate any number less than 
1 000 000 in as few as 20 questions. 


Assignments 
Minimum 1A-H. Average 1A-J, 2, 3. 
Maximum |IG-L, 2-S. 


Objective 
Given two whole numbers, the student can 
find the least common multiple of the numbers. 


PREPARATION 

The material presented in this lesson may be 
largely review for the students. Therefore you 
should determine the time to be spent on it 
accordingly. 


INVESTIGATION 

The Investigation presents a problem which 
will lead students to use intuitive reasoning that 
involves the basic idea of the least common 
multiples of two numbers. Some students may 
reason that while Alpha makes | revolution, 
Beta makes only # of a revolution. Alpha will 
make 4 revolutions while Beta is making 3. 
Since 4 - 90 =3 - 120, it will take 360 minutes 
for the satellites to arrive back in their original 
positions. 


DISCUSSION 

Discussion Exercise 3 presents a basic ap- 
proach to finding the least common multiple. 
Exercise 4 illustrates a shortcut for finding the 
LCM that can be used with suitable pairs of 
numbers. 

Observe that zero is a multiple of every non- 
zero number. Thus, in defining the LCM, we 
must specify that we are speaking of the small- 
est nonzero multiple common to both given 
numbers. 


Least Common Multiple 
Investigating the ideas 


Suppose two satellites, Alpha (A) 
and Beta (B), are orbiting the 
earth. Satellite Alpha makes 

one complete orbit in 90 minutes 
and Beta makes one complete orbit 
in 120 minutes. The illustration 
shows the present position of 
Alpha and Beta. 








Can you find how many minutes it 
will take for Alpha and Beta to get 
back together in the same position? 





Discussing the Ideas 
1. Explain how you found your answer to the Investigation question. 


2. Marty said, ‘| counted 
multiples of 90 until 
| reached a multiple of 
120.”’ What number did 
Marty find? 





3. Marty found the least common multiple (LCM) of 90 and 120. 
It is the smallest nonzero common multiple of two numbers. 
Su the exemple below. Give the number for the i 









A= (8 16, 24, 32, 40, 48, 56, 64, 
C nze = {12, 24, 36, 48, 60, 
n nonzero apuniples of 8 and 12: a B= = {24 48,...} 
sm lest nonzero common Ronee of 8 and 12 is is fil 















4. Study the example and then find the LCM for the pairs 
of numbers below. 


EXAMPLE: Find the LCM of 8 and 10. 
Nonzero multiples of 8 — {8, 16, 24, 32, 40, 48,.. .} 
i} 


40 is the first nonzero 
A 6and15 6 12 and!20) Gc 9andi2 Sete es 
also a multiple of 10. 
The LCM of 8 and 10 is 40. 


Using the Ideas 


List the nonzero multiples of 6 that are less than 72. 
List the nonzero multiples of 20 that are less than 80. 


List the set of nonzero common multiples of 6 and 20 
that are less than 72. 


bp What is the LCM of 6 and 20? 


Oo B > 


. Find the LCM of each pair of numbers by thinking about 
multiples of the larger number until you reach a nonzero 
multiple of the smaller number. 
EXAMPLE: Find the LCM of 6 and 8. 
Nonzero multiples of 8 {8,16,24,...} 
The LCM of 6 and 8 is 24 
Crow 2 E 8,7 
Dp 610,15 F 8, 20 


A 4,6 
BEeo wD 


G 8,10 We as eA 
H 10, 16 J 15, 24 


. To find the LCM of 2, 3, and 5, first find the LCM of 3 and 5 
(which is 15). Now find the LCM of 2 and 15 (which is 30). 
The LCM of 2, 3, and 5 is 30 Find the LCM of each group. 


A467 10 DEG wOm2 Gua Onn e De NO), TS Ae 
rh 2. Se 3 4 (3. 6) fr) Sh ee SNS K 6, 12, 18 
c 4,6,9 Emon4 6 ) 2a @ Ees0s4 0560 


. If the prime factors of two numbers are known, It is 
easy to choose the LCM. Study the example. 
EXAMPLE: Find the LCM of 18 and 15. 


18=2°3°3 The LCM of 18 and 15 must contain all the 
15= 355 factors of 18 as well as those factors of 
15 which are not factors of 18. 


The LCM of 18 and 15 is2:3-3-5 =90 


Find the LCM of each pair. RITE 


A 4=2:2 E 33=3:-11 
{4=9°7 15085 Two cars, A and B, travel in 
the same direction. Car A 
travels toward B at a rate of 
60 kilometres per hour. Car B 








B» 20272. 5 F 18=2-3? 





ne oes Bh c 
25=5°5 C0 a travels at a rate of 50 km/h 
PC eye G 27 =3° and is now 200 km ahead of A. 
70=2-5-7 36 = 22-32 1. How many hours will it take 


A to catch B? 


ee ole = By. 2. How many km must A travel 
Eee Ee in order to catch B? 


91313 54= 2-33 £4 





More practice, page S-9, Set 16 


UTILIZATION 

Do not require that students use any one 
method for finding the LCM in these exercises. 
If the numbers are small, the students will prob- 
ably find it easiest to think about multiples of 
each number. However, if the numbers are 
large, they may find that thinking about prime 
factorizations of the numbers is a more practi- 
cal way of finding the LCM. For example, the 
LCM of 63 and 35 may be found as follows: 

63 = 37-7 35=5:7 

From these two equations, the students can 
reason that the smallest nonzero number that 
is a multiple of both 63 and 35 must contain all 
the factors of the larger number, plus any fac- 
tors of the smaller number which are not factors 
of the larger. Hence, the LCM of 63 and 35 is 
Sj 2 iio Sy, le Sh lsye 


EXTENSION 

Further practice may be assigned from Supple- 

mentary Exercise Set 16 on page S-9, Work- 

book page 22, Duplicator Masters page 18, and 

Arithmetic Skill Card W-12. 

Enrichment: Challenge your better students 
with these problems. 

1. What is the smallest-size square that can be 
covered both by 9-cm and by 12-cm squares 
if we are not permitted to cut any of the 
squares? (36-cm square) 

. Repeat the first exercise for a 12-cm square 
and 15-cm square. (60-cm square) 


im) 


Think Solution 

1. With car A travelling at 60 km/h and car B 
travelling at 50 km/h, car A will gain 10 km 
for each hour of travel (60 km/h— 50 km/h= 
10 km/h). Since car B has a 200 km lead, car 
A will require 200 + 10 = 20 hto catch car B. 

2. If car A must travel for 20 h at 60 km/h to 
catch car B, then car A will travel 20 - 60 = 
1200 km. 


Assignments 

Minimum 1, oral; 2, 3A—-C. 
Average |, oral; 2; 3; 4A-D. 
Maximum |, oral; 2-4. 


Objective Some Divisibility Rules 
The student can use divisibility rules for 2, 

rca 10, Investigating the Ideas 

PREPARATION 

Although this and the following lesson can be 

regarded as supplementary or enrichment ma- 


It is useful to know when one number is divisible 
by another number. 


terial, they contain enough useful mathematical 36 is divisible by 4 because 4-9 = 36. 
ideas to make them worthwhile for most stu- 42 is divisible by 3 because 3: 14 = 42. 
gee oe ss nor Intended that students However, 15 is not divisible by 4 Also, 27 is not divisible by 6 
memorize or become proficient at working with 
Mean ibility rules because 3 because 4 

; 4)15 6)27 
INVESTIGATION u % 


Have the students read the expository material 
in the Investigation and then try the Investiga- 
tion question. Some of them may already be ; ecg 
familiar with the divisibility rule for 9. The Can you decide which of these numbers are divisible by 9? 
rule itself will be discussed in the next lesson, A 126 B 2483 c 7696 Db 828 135 

but if the point comes up it could be discussed 
here as well. 








Discussing the Ideas 


DISCUSSION 
A formal definition of divistbility can be stated F ; 
ACN ee 1. Using the equation 7 - 23 = 161, you can say that 
If a and b are nonzero whole numbers, and “161 is divisible by 7,” or ‘7 is a divisor of 161,” 
a-b=c, then c is divisible by a, and c is or ‘7 is a factor of 161.” 
divisible by b. What similar statements can you make regarding the 
Most students will already know divisibility numbers 23 and 161? 
rules for 2, 5, and 10, and some may know the 
divisibility rule for 3 as well. 2. There are some simple divisibility rules that you 
A proof that, if the sum of the digits of a may already know. 


number is divisible by 3, then the number is 
divisible by 3 is given for the case of a three- 
digit number abc: 
We have abc = 100a+ 10b+c¢ 
=99a+a+9b+b+c 
— 99a -— 9b + (a+ b +c) 
Clearly, 3 is a factor of the first two terms. 
Therefore the number will be divisible by 3 


A How can you tell whether or not a number is divisible by 2? 
How can you tell whether or not a number is divisible by 5? 
How can you tell whether or not a number is divisible by 10? 
How can you tell whether or not a number is divisible by 25? 
How can you tell whether or not a number is divisible by 100? 


moo 8 





if 3 is a factor of (a + b +c), that is, if 3 isa 3. Study the table at the right. 

factor of the sum of the digits a, b, and c. Then complete this statement: 

The same reasoning also shows that a num- If a number is divisible by 3, 
ber is divisible by 9 if the sum of the digits is then the sum of the digits of 
divisible by 9. The proof can be extended to the number is ? . 





any number of digits. 
4. Which of these numbers are divisible by 3? 
A 421 B 7114 c 705 pb 121 212 


Using the ideas 


mineimne seta leno. 17, 20.24.27430130, 40,51, 70, 87}, 
which numbers are 


A divisible by 2? B divisible by 5? c divisible by 10? 


. Tell whether each statement is true or false. 

A Every number which divisible by 10 is also divisible by 2. 

B Every number which is divisible by 2 is also divisible by 10. 
c Every number which is divisible by 10 is also divisible by 5. 
D 


Every number which is divisible by 10 is also divisible by 
both 2 and 5. 


. Solve the equation, then answer the question. 
1+2+3=ni: is 123 divisible by 3? 
2+1+1=n: is 211 divisible by 3? 
7+0+5=n: is 705 divisible by 3? 
7+5+6=N: is 756 divisible by 3? 
2+0+0+1=n: is 2001 divisible by 3? 
5+5+4+2=ni: is 5542 divisible by 3? 
7+8+9+2+1=n: is 78 921 divisible by 3? 


on moods Pp 


. Without actually dividing, tell which numbers are divisible by 3. 
A 231 6m519 E 1968 G 20001 1 1010100 
B 426 dD 733 F 4440 H 72 641 J 23 456 


. A number is divisible by 6 if and only if it is even and also divisible 
by 3. Which of the numbers are divisible by 6? 


A 132 c 765 E 842 G 1260 1 8088 K 3234 
B 321 p 576 F 702 H 888 J 8808 L 1968 
. Divisibility rules can help you find the prime factorization 
of a number. Study the example, then give the prime factor- 
ization of each number. 
EXAMPLE: Give the prime factorization of 402. 
SOLUTION: Since 4+0+2=6, 3is a factor of 402. 
Also, 402 is an even number; therefore, 2 is a factor. 
402=2:-3-67 
A 111 B 114 c 267 p 195 Ee 11010 


UTILIZATION 

If your class is well prepared, you may elect 
to do many of the exercises orally and proceed 
to the next lesson, which extends the work on 
divisibility. 


EXTENSION 
Page 23 of the Workbook presents exercises 
that might be assigned to provide suitable 
additional practice with the ideas of this lesson. 
Enrichment: Here is a challenge problem: A 
number has | for all of its digits. The number 
is divisible by both 7 and 13. What is the small- 
est number it could be? 
Solution: Since 7 and 13 are both factors of 
the number, 7 - 13 or 91 is also a factor of the 
number. Carry out the division problem. 


OM tiie 


When the dividend is 111111, it will be found 
that the remainder is 0 and the quotient is 1221. 


Assignments 

Minimum 1-2, oral: 3, 4. 
Average 1-2, oral; 3-S. 
Maximum 1-2, oral; 3-6. 


B77 


Objective 
The student can use divisibility rules for 4, 
9, and 1/1. 


PREPARATION 

This lesson, like the previous one, 1s optional 
and can be considered as enrichment. Since 
many students may find the rules for divisibility 
interesting and motivational, the time spent 
in covering this material may be time well spent. 


INVESTIGATION 
The examples in the Investigation should en- 
able students to observe that a number is 
divisible by 11 if and only if (units’ digit + 
hundreds’ digit + ten thousands’ digit +...) — 
(tens’ digit + thousands’ digit + hundred thou- 
sands’ digit + . . .) 1s divisible by 11. Although 
the proof that follows is quite straightforward, 
it is unlikely that its presentation would be 
worthwhile for any but the very able students. 
If abcd represents a four-digit number, then 
abcd = 1000a + 100b + 10c + d 
OMG ata Sn ae le ae IE = Ce a! 
= (100la+ 995 + Ile) + (b+ d) = 
(Gein) 
Since I|1 is a factor of 100la + 99h + Ilc, the 
number abcd will be divisible by 11 if and only 
uw |! is a factor of (b+ d)—(a+c). 
The proof can be extended to numbers repre- 
sented by any number of digits. 


DISCUSSION 

In testing for divisibility by 11, the difference 
may turn out to be a negative number. To avoid 
having students work with negative integers, 
suggest that they simply subtract the smaller 
sum from the larger. 

Discussion Exercise 2 provides beste 
that suggest a divisibility rule for 4: A number 
is divisible by 4 if the number formed by the 
tens’ and units’ digits is divisible by 4. 

The proof for the divisibility rule for 9 (Exer- 
cise 3) was given in the Discussion section on 
page E-76. 


Other Divisibility Rules 
Investigating the Ideas 


Study the examples below to discover a rule for divisibility by 11. 


254 5s =0 — 253 is divisible bat 25958 94 S20 

924 > 13-211 = 924 is'divisible by 112-024" 1184 

942 > 11—-4=7 — 942 is not divisible by 11. 

4928 > 17-6=11 — 4928 is divisible by 11. — 4928 =11- 448 
28674 > 12—12=0 — 25674 is divisible by 11. ~ 25674= 11 - 2334 
342715 — 16-6=10 — 342715 is not divisible by 11. 




















Can you decide which of these numbers are divisible by 11? 
A 748 B 407 c 4721 Dp 98 626 E 804 716 





Discussing the Ideas 


1. What is the divisibility rule for 11 illustrated by 
the examples in the Investigation? 


2. If a number is less than 100, you can quickly decide by using 
direct division whether or not this number is divisible by 4. 
100 is divisible by 4 because 4 - 25 = 100. 
Every multiple of 100 is also divisible by 4. 
Study these examples: 104= 100+ 4 — 104 is divisible by 4. 
114= 100 + 14 — 114 is not divisible by 4. 
224 = 200 + 24 — 224 is divisible by 4. 
3936 = 3900 + 36 — 3936 is divisible by 4. 
A What divisibility rule for 4 do the examples suggest? 
B Is 728 divisible by 4? Is 2650 divisible by 4? 


3. The rule for divisibility by 9 is much the same as the rule for 
eel by 3. ao) the table of information. 


9=999--94+94+9=27 : 
ss 1 FS HS 8 1B Be 


2-9=18>1+8=9 
«6: 9=45 =44+5=9 
“4 11,0209 > 949 = 18 








A State a rule for divisibility by 9. 
B Is 279 divisible by 9? Is 1663 divisible by 9? 


Using the Ideas 


1. Which of the following numbers are divisible by 11? 
Verify by actual division. 


A 9394 c¢ 78251 E 8250 G 715/77 1 437 404 

B 8371 pb 8252 F 3465 H 395 824 J 437 415 
2. Which of the numbers are divisible by 4? 

A 204 c 626 E 996 G 332 1 344 K 7112 

B 740 Dp 1148 F 116 H 443 J 3008 t 6152 


3. A If a number is divisible by 12, is it also divisible by 4? 
B If a number is divisible by 12, is it also divisible by 3? 
c If anumber is divisible by 3 and also divisible by 4, is it 
necessarily divisible by 12? 


4. Which numbers are divisible by 12? 


A 324 B 216 c 448 dp 720 E 468 F 678 
5. Which numbers are divisible by 9? 

A 414 ce 700) E 16164 G 441 ' 3244 617 

B 3153 pb 8001 F 809 H 123 456 J 38 496 


* 6. Most divisibility rules for 7 are complicated. The flow 
chart shows the steps for one such rule for 3-digit numbers 
only. Study the flow chart and the example. 


















Add 3 times 
the tens’ 
digit 






Add the 
units’ 






Is the sum 
divisible 


Multiply the 
hundreds’ 
digit by 30 






The input is 
divisible by 7 





Use the sum as 
the input number 
30-1 = 30 
3°:2= 6 
Since 42 is divisible by 7, 
EXAMPLE: 1 2 mimes the number 126 is divisible by 7. 
Which of these numbers are 
divisible by 7? 
A 246 D 647 G 973 
B 222 E 595 H 861 
Ce375 F 196 1 241 





UTILIZATION 

Since this lesson is primarily enrichment, you 
should not expect students to attain great pro- 
ficiency in the use of the divisibility rules or to 
memorize them. 

In Exercise 6, students will probably find it 
easier to use direct division to test for divisi- 
bility by 7. However, the relative complexity 
of rules for divisibility by 7 holds a certain 
amount of exotic appeal for many students. The 
rule presented in the text can be extended to 
four-digit numbers by multiplying the thou- 
sands’ digit by 300. Thus, to test 2933, we 
compute 


300 - 2 = 600 
30 - 9 = 270 
PS 

3= +43 

882 


Now, using the rule for 3-digit numbers, we get 
30-8 +3-8+2= 266. Repeating for 266, we 
get 30-2+6:3+6= 84. Since 84 is divisi- 
ble by 7, the original number, 2933, is divisi- 
ble by 7. 


EXTENSION 


Think Solution 

The smallest number must have factors of 9, 
8, 7, and S. All other smaller factors than these 
are contained in the product of this factor. 
9-8-7-5= 2520 is the smallest number with 
the required property. 


Assignments 
Minimum 1A-F, 2A-F, 3, SA-F. 
Average 1-5. Maximum 1-6. 


Objective 

Given several terms of a sequence and the 
general rule for the sequence, the student can 
find other terms in the sequence. 


PREPARATION 

Students have had at least some experience 
with number patterns in previous mathematics 
classes. This lesson presents such patterns 
somewhat: more formally. However, no formal 
definition of a sequence need be given; it is 
sufficient for present purposes that the student 
think of a sequence simply as a number pattern. 
This lesson is intended as optional enrichment 
material. 


INVESTIGATION 

Allow time for students to try to find the pat- 
terns for the sequences given in parts A to E. 
The pattern for A, in which each succeeding 
term is 3 larger than the previous term, should 
be obvious to most students. When the dif- 
ference of successive terms is fairly large, as 
in sequence E, the pattern is not so evident. 


DISCUSSION 

For Discussion Exercises | and 2, intuitive 
descriptions of the sequences should be ac- 
cepted. Answers might be somewhat as follows: 
A. Numbers increase by 3 (nth termis 31 — 2). 
Ba SUCECeSSIVeRGiichences:alen 5,04 .555 50 smanme 
n(n + 3) ) 

2a | 


(wth term Is 


C. Terms increase by the odd numbers start- 
ing with 3 (mth term is n?+ 1). 

D. Each term is 3 times the one preceding it 
(nth term is 3”"!), or Terms are powers of 
3 (ad 1D 1S 3) 

Eawlermsmincrease by 138) (nth) term is 23) -- 
(ig = 1) © TBR). 

The idea of a general term of a sequence is 
important to the extent that if we want to know 
Lem cimrehimMOtthersequencen lens. sohn/ inns 
we do not have to find each previous number of 
the sequence in order to find it. This should be 
discussed carefully. Additional examples such 
as those presented in Exercises 3 and 4 should 
be given as needed. 


eo 


-80 


Sequences 


Investigating the ideas 





Study the sequences at the right. 
Try to discover a pattern for 
each of them. 


147 10 13. 
2.5.9 14 20, 


220, 10, 47, 26, = 





Can you find the next 


13, 0, 2 Ble = 
three numbers for any of 


these sequences? 





mo) & El 





23, 161, 299, 437, 5/5, 








Discussing the Ideas 
1. What pattern did you find for sequence A? 


2. Explain the patterns for sequences B through E. 


3. The terms of the sequence are the numbers of the sequence. 
We speak of the first term, the second term, the third term, 
and, in general, the n** term of the sequence. 


Term: 1 st and 3°9 4th 5th : P : nth 
{ | { ) { { 
Sequences Jiipeaeacs) 955.0 Tee 7: oe Oe ee ee | 


In the sequence above, the rule for the n* term is 2n — 1. 
Thus, ifn =4, then2-4—1= 7. (The ao term is 7.) 
ifn =6, then2-6 —1=11. (The6 term is 11.) 


A What is 7" term of the sequence? 
B What is the 10” term of the sequence? 
c What is the 11" term of the sequence? 


4. The rule for the n* term of a sequence is 5n — 4. 
Use the rule to give three more terms of the sequence. 


{st Ond 3 Ath 5th 6th 

l | l l | l 
= 624, a ’ / Me IIL 

ee RM |. S| Perimee |||" 









Using the Ideas 


. Give the next three numbers for each sequence. 


Ami POG: O85 
Balin! O 10081 00002 = 


Carimecrd 816 ye. 
Dew gl te lo. 19 fk: 


. Give the 4'r, 5, and 6" terms of each sequence. 


Use the rule for the n* term. 











Fc et ln alta ie ull” an +1 
O n(n+1 
2 B eo ee Ogee eer i | eee arate ee ceca 
go c¢ Dee re Ore Me ce WW oo ee 
rz 
D 2.3.6. i. Mm. MW (Qed)? eo] 





* 5. 


* 6. 








. Write the first five terms of the sequence whose n* term 


iSvonione 


. Write the first five terms of the sequence whose n" term 


is 0 if nis even and 1 if nis odd. 


What is the rule for the n™ term of each sequence? 


ABOfOnO ol 2emee, CR 2340 7454-5)... 
Beno. 4h 5s Deed 9916.25, - «. 
The Fibonacci Sequence, 1, 1, 2, 3, 5, 8, 13, 21,..., is 


a famous sequence that has many interesting properties. 
A Give the next four numbers of the sequence. 
B Can you explain the rule for the n" term of the sequence? 





UTILIZATION 

In Exercise 6B, more able students should ob- 
serve that each term of the sequence after the 
first two terms is the sum of the two previous 
terms. The rule for the formation of the Fibo- 
nacci sequence is best stated recursively as 
follows: Let a, denote the nth term of the 
Fibonacci sequence. Then 

Gye, Gs =, anda, = Gye ee 


EXTENSION 

Enrichment: Ask students to solve these prob- 

lems concerning the Fibonacci sequence. 

1. Find the sum of the first 4 terms of the 
Fibonacci sequence. Find the sum of the 
first 5 terms, the first 6 terms, etc. What do 
you notice? (Answer: The sum of the first 
n terms is one less than the (m+ 2) term.) 

. Divide the terms of the sequence by 4. Form 
a new sequence of the remainders. Is there 
a pattern to the remainder? (Answer: 1, 1, 
243, NO, led Segl.cy Overeoe) 

3. Continue the pattern below. What do you 

notice? 
ale = 27 3415 
ea = 37+ 5? = 34 
4. Here is another pattern. Can you continue it? 
234 13 — r=s 


i) 


33+4+2%— 13 = 34 
594372" = jl 
8"+5*— 3" = Ill 
13° + 8° —5"= fl 


Think Solution 
Simply substitute 1 through 6 for v to find 2, 
ALS Ilots, 25), auaval 4 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1I-6. 


E-81 





Objective 
The student can solve problems relating to 
the sequence of the square or the triangular 1. The sequence 1, 4,9,...,n%,..., is a sequence 
numbers. of square numbers. The first three square numbers 
are represented by the arrays of dots. Give the next 


BEE ORATION four square numbers and draw arrays of dots for them. 


The two lessons on this page represent optional 
material on square and triangular numbers. 


You might have the students work through 3 oS 
these two pages either individually or in small 
groups, according to your students’ ability. el 2 3729 


UTILIZATION 2. Study Figures a through c. 


Since students’ previous work in number theory [a] [¢] 
should have provided sound preparation for 





this lesson, have them begin the exercise set 3] | 
immediately and work through as much of it os 
as they can independently. Of course, your less 442 14+3=22 13-3 +5 —3- 


able students may need some help with the 


more complicated exercises. When the students Draw square arrays of dots for the next three square numbers 


have finished the assignment, some interesting and write addition statements for each square. 

discussion may be induced by having several 

students present their solutions to the class. Be 3. Solve the equations. Try to avoid computation by 

particularly ready to commend any original using the pattern established in Exercise 2. 

ideas your students might contribute concern- ai+3+5=n Dal +354 74 9-11=—n 

ing the patterns displayed in the exercises. Biit3+o7/=n El+o+o+/-+9O7 114 13415417 +19 7 


Some generalizations that might be formu- 


lated from the exercises are listed below. a oe ee Nt 
A. Each square number is the sum of consecu- ‘ : 
tive odd whole numbers. (Exercises 1-3, 4. Figures a through E show that we may think of the square 
page E-82) numbers as the following sums: 
Baleei Saige. + (2— 1) Ent (n— 1) + [a] [c] [p] st v7 {el VEE ie 
ae 3 + 2 + | = wn? (Exercises 4 and 5, Se ee AA As y pi ra EE oe? 
page E-82) : oe Be sue bee Ai ers A 
C. Every triangular number is a sum of con- a Pee, yoo / Wie << Bgl eG SS 
secutive whole numbers beginning with 1. 7 1 ya a yaar eg ee Peer ee 
ises |— 1 oie Y Hey ay he SESE VS Fue MPN ot he A 
(Exercises 1-3, page E-83) We ae ng 
© ‘ € « i 1 de 2 - 1 4 Be x 74 74 wx 4 é é é A 
D. Each square number greater than | is the Pee ee 
sum of two consecutive triangular numbers. 1424+34+24+1=83? 


(Exercise 4, page E-83) : : 4 
A Write similar addition statements for the numbers pictures in Figures DandeE. 


B Write 64 as a sum. c Write 100 as a sum. 


Assignments : 
Minimum 1, 2. Average 1-4. Maximum 1-5. 5. Find the square number for each sum. 


a1+2+34+44+5+6+5+4+4+34+24+1='lil. 
Bi+2+3+4+5464+7+6751+4+3+2+7— 9 
Ci+243+4+54+647+8497847+61574 3 2 


Triangular Numbers 


a 


The sequence of triangular numbers is the sequence 
whose n" term is mo The first three triangular 
numbers are represented by these arrays of dots. 


1 3 6 


Give the next four triangular numbers and draw arrays 
of dots for these numbers. 


. Give the next ten triangular numbers for the set {1,3,6,10,.. .}. 


. Each triangular number greater than 1 is the sum of 


consecutive whole numbers beginning with 1. 
hee iS Semper 10 


eer ee eoao—_o 
(1 + 2) (i423) (14+2+3-+ 4) 


Represent the next four larger triangular numbers as the sum 
of consecutive whole numbers. 


. Every square number greater than 1 is the sum of two consecutive 


triangular numbers. The examples below illustrate this. 


a ae 


1+3=4=2? 3+6=9=3? 
a Express each number 25, 36, and 49 as the sum of two 
triangular numbers. 
B Express 100 as the sum of two triangular numbers. 


6+10=16=4? 





. This function machine produces — 
triangular numbers. Find f(n) 7) ae 
ae | 





for each number in the table. 


n 10 | 20 | 100 | 1000. 
| F(n) IN jh TM) 


Na 




















— 








Answers, Exercises | and 2, Page E-82 


1. ecece 5 
eeee 5 
eoco5e OS 36 
eeee 72 = 49 
Abe == WN(9) : 


1+34+54+7=4 
1+34+5+7+9=S 
1+34+54+74+9411=6? 








Answers, Exercise 1, Page E-83 


10 1S 21 28 
EXTENSION 


Enrichment: Present the following problems 
for your more able students. 
1. Give the next three numbers in this se- 
quence of cubes. 
lies PDE Bee Ae. 53. 6. cde Ae. 


Vee ae ad 
1, 8, 27, lili), MM. lll, .. . (64, 125, 216) 

. Study the following examples and try to de- 
scribe a pattern: 
1=1°;34+5=8= 29:7 +94 1l=27—3? 
Express the next three cubes as sums of con- 
secutive odd numbers. 

(13-=6 15 + 17-6 19 = 64 =4? = 21 4523 4222 
27+ 29125 = S* 3433 Soto eS ate 
41 =216= 6°) 
3. Study examples (a), (b), and (c) and then 
complete the equations. 
(a) 1? = 1? (b) 12+ 2% =9= 3? 
(GC) 1? => 2? 43 = 360) —162 
A. 1) + 28 + 38 + 43 = ffl] =[llll? (100, 10) 
Baa oe See Se 2"(22:S=l\s)) 
Coie at att s+ 6" = Ell = Te 
(441, 21) 

This would also be an appropriate time to sug- 

gest that some students undertake Research 

Project E on page E-87. 


to 








Assignments 
Minimum 1, 2. Average 1-4. Maximum |-S. 


E-83 


Objective 
The student can solve problems about the 
sequence whose general term is 3n— 2. 


PREPARATION 

This optional lesson relates some ideas of 
number theory in the set of whole numbers to 
similar ideas using a proper subset of the whole 
numbers. If the lesson on sequences on pages 
E-80 and E-81 was covered, students should 
be adequately prepared for this lesson. 


INVESTIGATION 
The Investigation should not be particularly 
difficult for the students to complete. Students 
will find that the list of numbers they obtain 
in the Investigation will be referred to during 
the Discussion and Utilization stages. 

The numbers in the sequence are: 
ha Abs We ANGs Wi, NG, TIDE PMs, PASE Bi Silk era 
AQ), Als). AG GIS Sipe, Byoiq alsin Olly O45 Oia TO Bs, TOs 
POM oP ESO ero ose ol 94 4 97) LOO OSs 106. 109% 
ier lealilSael 21s W24s 127 BON 133.5136. 
[BoM A2 TAS 4 8: 


DISCUSSION 

Discussion Exercise | gives the student a 
method of finding any term in the sequence, 
while Exercise 2 presents a method of deter- 
mining whether a given number belongs in the 
sequence. 

Exercise 3 brings out the fact that the prod- 
uct of any two numbers in the sequence is al- 
ways another number in the sequence. If n, 
and n, are any two whole numbers, then 
(3n,—2) and (3n,—2) are two numbers in 
the sequence. Then: 

Gnp— 2)\(3n3— 2) = 3: 3niny— 6n, — 6n, + 4 

= (Oi Ils — "Oa —= (lib 4- ©) 

=? 

== (Bi > = 2h = lyae 8) 

=?) 

Since the expression in the parentheses is al- 

ways a whole number, the product has the form 

3n— 2; hence the product of two numbers in 
S is always another number in S. 


E-84 


A Particular Sequence 


Investigating the Ideas 


The sequence S given below has some interesting properties 
that you will study in this lesson. 


Ot 4, 4,7, 10,935 16, 19). 22 225) 263 1G yan a 





Can you list all the numbers in this 


sequence that are less than 150? 





Discussing the Ideas 


1. The flow chart below can help you find any term in sequence S. 





A What is the 16" term in S? 
B What is the 20" term in S? 
c What is the 100" term in S? 


2. This flow chart can help you decide whether a given whole 
number is found in sequence S. 


Use the flow chart to decide which 
of these numbers are terms in S. 


A 70 B 116 c 213 D 997 E 4132 


3. If you choose any two numbers in S, do you think their 
product is also a number in S? 


The 10‘ term 
in sequence S 





«4. 


* 5. 


* 6. 


«7. 


Using the Ideas 


. Find the designated term in sequence S. 


E 105" term 
F 1000" term 


c 50" term 
Dp 82™ term 


A 8" term 
B 26" term 


. Is the given number a term of sequence S? Use the 


flow chart in Discussion Exercise 2 to help you decide. 


A 127 c 250 E 306 G 888 1 1002 
B 168 dp 481 F 762 H 1001 J 1003 
. Each number below is a number from sequence S. List 
all the factors of the number which are also numbers in S. 
EXAMPLE: 40 Factors in S: {1,4, 10, 40} 

A 28 ce 10 E 70 G 25 ise52 

B 16 dD 34 “F 76 H 100 J 91 
Suppose we call a number from S which is greater than 1 


and which has exactly two factors in S an S-prime. Then 
4 is an S-prime because 1 and 4 are the only numbers in 
S that are factors of 4. 


A ls 10 an S-prime? 
B Is 13 an S-prime? 
c Is 25 an S-prime? 


p Is 16 an S-prime? 
E Is 88 an S-prime? 
F Is 46 an S-prime? 


What is the smallest number in S, greater than 1, that 
is an S-prime? 


If a number greater than 1 in S is not an S-prime, then 
it can be expressed as a product of S-primes. 


40= 4-10 
208 =4-4-13 


EXAMPLE: (4 and 10 are S-primes.) 


(4 and 13 are S-primes.) 


Express each number from S as a product of primes. 
A 15 B 88 c 70 D 52 


Show that 100 can be expressed as a product of two 
different sets of S-primes. 


UTILIZATION 

Note in the example given in Exercise 3 that 
numbers such as 2, 5, and 8 are not listed be- 
cause they are not numbers in S. 

Exercise 7 illustrates that in the sequence S, 
there is not a unique factorization of a number 
into S-primes. 

100 = 10 - 10, and 10 is an S-prime. 

100 = 4 - 25, and both 4 and 25 are S-primes. 


EXTENSION 

Enrichment: Challenge some of your students 

with the problems below. 

A. Use the set of numbers in the sequence S. 
Make and use a sieve similar to the Sieve 
of Eratosthenes to find the S-primes in this 
sequence. 

B. How many square numbers are in the se- 
quence S$? (Answer: All squares which do 
not have 3 as a factor, {1, 4, 16, 25, 49, 64, 
NO Ose sEIGS eee) 


Assignments 


Minimum 1-2. Average 1-3. Maximum 1-7. 


Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 
Since the latter part of this module consisted of 
optional material, you may want to restrict the 
review to those exercises that are related to 
the essential material. If so, assign only Exer- 
cises | through 11. 

Additional review exercises are provided on 
page 24 of the Workbook. 


Answers, Exercises 1 and 12 
WAC ul22 35 6.9) 11 8t 


Bertie? 3.5.6, 10, 15,30} 

Gene 1122 

Deis 25510525250} 

E. {1,2,4,8, 16} 

Beet 224-7, 14,28) 

35.15.25, 753 

H. {1,2,4,8, 16, 32, 64, 128} 
12A. 54, 66, 70, 222 

Bese. 66, 111, 222 

C. 54, 66, 222 

D. 65, 70 
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REVIEWING THE IDEAS 


1. Give the set of all factors of the 
following numbers: 


EXAMPLE: 24 
ANSWER: {1, 2,3, 4,6, 8, 12, 24} 


A 18 cH22 E 16 G 75 
B 30 p 50 F 28 H 128 


2. What is the smallest number that 
has exactly three factors? 


3. Only one of the numbers in the set 
is prime. Which is it? 


133;27, 49, Oie0l, 91k O01. Oe aoy 


4. One of the numbers in the set is 
a composite number. Which is it? 


(ie OTs ie. Ole 4509) 23, .oaaadiy 


5. Give the prime factorization of 
each number. 


A 54 D 81 G 284 
B 40 E 210 H 500 
c 20 F 220 1 900 


6. Which of the following prime 
numbers have twin primes? If 
the number has a twin, give 
both numbers. 
ry i c 43 e 31 cg 97 
B 23 bp 89 F 59 H 71 


7. What is the GCF of each pair? 
A 16, 24 Db 14, 35 Guoweo 
B 20, 25 E 66, 88 H 13, 52 
c 9, 21 Fe 60, 75 1 48, 120 


8. Find the GCF of each pair using 
the Euclidean Algorithm. 


A 168, 315 c 1763, 2021 
B 629, 851 D 2397, 3337 


10. 


11. 


172. 


14. 


15. 


16. 


Whe 


18. 


A List the first 10 nonzero multiples 
of 6. 

s List the first 10 nonzero multiples 
of 10. 


c List the first four common multiples 
of 6 and 10. 


p What is the LCM of 6 and 10? 


What is the LCM of each pair? 

A 6,8 fe Ailey TM Bes, SS? 

B 5,8 F 4, 20 Sel Nhs, oe) 
Ce Ormli2 G 7, 11 Ge Bosh oy 22s) 
Cea ee ss Te eee alle. Yes alr 


What is the LCM in each group? 

a 3,4,6 py Sh Dy I Gq 10; 20530 
B 3,6, 8 E 4°69 H 6, 9, 27 
c 6, 8, 10 F 3,4,5 2 ale}, Ze 


Which numbers in the set 
{54, 65, 66, 111, 70, 222} 
are divisible by 


A 2? B 3? c 6? Dp 5? 


. For each number, tell if it is 


divisible by 4. 
A 316 B 702 ce 328 dp 114 


What is a divisibility rule for 9? 


Which numbers are divisible by 9? 
Ae/2 (eee Beno Zoe CROSOl mE DIEZ S WOO 


Give the next four numbers in each 
sequence. 


IW Aneesh so old Thy Sh Oh PVs se « 


Write the first four numbers of a 
sequence whose n" term is 3n + 2. 


For each number 6, 7, 8, 9, and 10, 
tell whether it is square, triangular, 
Or prime. 


TEST YOURSELF | 


1. a Is 8 a factor of 144? 
B Is 6 a factor of 266? 


. List all the factors of 20. 


. Is 87 a prime number or a 
composite number? 


. Give the prime factorization 
of 140. 


: Complete the prime factorization 
of this number. 


483 = 23 - |llll- lil 


RESEARCH PROJECTS 


A _ A famous unsolved problem in 
mathematics, called Goldbach’s 
Conjecture, is concerned with 
whether or not every even number 
greater than 2 can be expressed as 
the sum of two primes. For example, 
24=11+ 13 and 44=314+13= 
37 + 7. Can you show that each even 
number less than 100 can be 
expressed as the sum of two 
prime numbers? 

B_ In reply to a question about the 
definition of a ‘friend,’ Pythagoras 
said: A friend is ‘‘one who Is the 
other |, such are 220 and 284." 
Mathematically 220 and 284 are 
examples of amicable numbers. 
The sum of the proper divisors of 
each number equals the other 
number. Read about the history of 
amicable numbers and see how 
many you can find. (See Number— 
The Language of Science by Tobias 
Dantzig; New York: Doubleday and 
Company, 1956.) 


10. 


. What is the greatest common factor 


of 42 and 77? 


. What is the GCF of two numbers 


that are relatively prime? 


. What is the LCM of 12 and 15? 


. Is 324 divisible by 


aA 4? B 3? c 9? Do 112 
Give the next three terms for each 
sequence. 

WER Mey Tot Gea er CY Peer fn 


Bie, STO nth, ne ads 





Another famous conjecture about 
primes is attributed to Edward Waring 
(1734-1793). He asserted that every 
odd number greater than 1 which is not 
a prime can be expressed as the sum 
of three primes. For example, 9 = 2 + 
2+5 and 2/7 =3+/7 + 17. Show that 
Waring’s conjecture is true for all the 
odd non-prime numbers less than 

100 but greater than 1. 


Many formulas have been developed 
that give a finite number of primes. 
Read about some of these formulas 
and report on them to your class. (See 
One, Two, Three,... Infinity, by George 
Gamow; New York: The Viking Press, 
1961; Macmillan.) 


Make a chart of the whole numbers 
from zero to 100, showing how each 
number can be classified as odd, even, 
prime, composite, triangular, square, 
perfect, cubic, and so forth. Make your 
chart suitable for bulletin board display. 


TEST YOURSELF 
Students who covered only the non-optional 
material should be expected to complete only 
Exercises | through 8&. 

Note that the correlations between the test 
items and the module objectives are indicated 
by annotations on the student book page. 


RESEARCH PROJECTS 

Students who undertake Project A should ob- 
serve that there is not a unique set of prime 
numbers for each sum. Some students may be 
interested in trying to show all the possible 
ways an even number can be expressed as the 
sum of 2 primes. 

For students who are interested in Research 
Project B, you may need to define the term 
proper divisors as the exact divisors of the 
number excluding the number itself. In the 
Journal of Recreational Mathematics (Vol. 5, 
Nos. 2, 3, 4, 1972), Elvin T. Lee and Joseph 
S. Madachy list 1095 known pairs of amicable 
numbers. 

Students who try Project C will discover 
that there is more than one way to express some 
odd nonprime numbers as the sum of three prime 
numbers. For example, 21 = 3 +5+ 13=3+ 
PE WM SH ae Te 7. 

In reference to Project E, you might want 
to recommend Philip J. Davis’ The Lore of 
Large Numbers (New Haven: Yale University 
Press, 1961), which contains an interesting 
classification of the first 100 whole numbers 
(pages 92 and 93.) 
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MATHEMATICAL RECREATION 
Some students might be permitted to use time 
in an industrial arts class to make a wooden 
model of the puzzle. If so, they too should 
first make a pattern from centimetre graph pa- 
per (Duplicator Masters, page 83). 

This puzzle requires many steps in order to 
move the large square from corner A to corner 
B, and will be solved only after considerable 
trial and error. The key to the solution lies in 
moving the two small squares around the right 
side of the large square two times, which will 
ultimately allow the large square to move to 
corner B. The diagram below shows the pieces 
in a position wherefrom a few more moves will 
place the large square in corner B. 


= 


A 
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Cut out the nine pieces from centimetre graph paper 
and arrange them inside a cardboard frame as shown. 
Now try to move the large square from corner A to 
corner B by sliding the pieces. You cannot jump over 
a piece, turn a piece, or cover a piece. 


UNIT E: INTEGERS 


Module 4: Integers 


General Objectives 
To develop skills in computation using integers. 
To solve equations and inequalities using integer replacement sets. 


To extend students’ experiences with graphing of functions and equa- 


tions to the set of integers. 


28 RED Given an integer, the student can give the opposite of the 
integer. 

29 RED Given two integers, the student can find the sum. 

30 RED Given two integers, the student can find the difference. 

31 RED Given two integers, the student can find the product. 

32 RED Given two integers, the student can find the quotient. 

33 RED Given two integers a and b, the student can state whether 
<< IONE Co) = Top: 

34 YELLOW Given an inequality involving integers, the student 
can find its solution set. 

35 YELLOW Given any integer or an equation involving integers, 
the student can find the absolute value of it. 

36 YELLOW Given a simple equation such as 2x+5= 9, the 
student can find its solution. 

37. YELLOW Given a set of coordinate pairs or a rule for finding 
them, the student can graph them in the co-ordinate plane. 

38 GREEN Given a function rule and a set of input numbers, the 
student can find corresponding output numbers and graph the 
function. 

39 GREEN Given a linear equation such as x + y=3 and a set of 


Performance Objectives 


values for x, the student can find corresponding values for y and 
graph the equation. 


Reviewing the Ideas 


Pupil Text 
E-90, 91 


E-92, 93 

E-94, 95 

IBeX6),, Si) 
E-100, 101 
E-102, 103 
E-104, 105 
E-108, 109 
E-110, 111 
lI 2, ITS) 
Ba Gye lili 


E-118, 119 


E-120, 121 


E-124 


Reteach-Reinforce 


WB 25 
DM 19 


WB 26, 27 
DM 20 


WB 28 
DM 2! 


WB 29 
DM 22 


WB 30 


WB 31 
DM 24 


WB 32 


WB 33 
DM 25 


WB 34 





Related Activities 


PD d-! 


3 SWM 3 70-79 
DS c-1l, 2 


PD d-4 
DS c-1I, 2 


PD d-2, - 

ike 
SWM 3 80, 81 
DS c-3, 4 SWM 3 82, 83 
DS c-3, 4 


PD d-! 


PD d-1 


SWM 3 152, 
153 


DS d-1, 2 
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MATHEMATICS 

There are two ideas involved in the develop- 
ment of the integers as a mathematical system 
in this module: (1) the integers are necessary 
in order to describe certain situations in the 
physical world, and (2) the integers can be 
developed mathematically apart from any 
physical considerations. 

The physical approach is vital to the develop- 
ment of student understanding of applications 
of integers. Mathematically, the set of integers 
is formed by creating the opposite of each 
positive integer and adjoining the set of op- 
posites or negatives to the set of positive inte- 
gers and zero. 

The basic principles for addition and multi- 
plication are assumed: associativity, com- 
mutativity, the identity principles, and the 
distributive principle. Using these principles, 
the usual algorithms for computing with inte- 
gers are developed. Although considerable 
emphasis is placed on computation with inte- 
gers, complete mastery is not necessary but 
should be a continuing goal throughout the 
school year. 

The latter part of the module is devoted to 
work with equations, inequalities, absolute 
value, functions, and linear equations and their 
graphs. The material presented here will give 
students an excellent background for a formal 
course in algebra. You will note that the ap- 
proach to such topics as equation solving 
emphasizes understanding of the problem 
rather than manipulative skill in algebraic 
processes. Solving equations and inequalities 
with finite replacement sets gives students 
the opportunity to use intuitive methods. When 
the replacement set is the complete set of inte- 
gers, emphasis is placed on the role of the basic 
principles and inverse operations in finding 
solution sets. 


TEACHING THE MODULE 
Materials 
Graph paper, co-ordinate grid paper. 


Vocabulary 
absolute value 
associative principle 


closure 
commutative principle 


co-ordinate axes 
co-ordinates 
distributive principle 


one principle 
opposites principle 
ordered pair 


equation origin 

function positive integer 
graph quadrant 
inequality replacement set 


integer solution set 
negative integer zero principle 

For students who have studied integers 
before (Unit D, Module 1), much of the mate- 
rial on addition, subtraction, multiplication, 
and division of integers will be a review. Such 
students should be able to improve their com- 
putational skills considerably in this module 
and to cover the remaining topics in the module 
in greater depth than those students who lack 
this background. 

In teaching computation with integers, both 
physical models and the basic principles should 
be employed. Students with weak backgrounds 
will definitely need to rely heavily on physical 
models as they work with integers. More able 
students can be expected to follow the logical 
arguments involved in the use of the basic 
principles to justify steps in computation. 

The work with equations and graphing can 
be the most interesting and valuable experience 
for students. Success in the work with integers 
will increase the probability of success in the 
next learning unit, which deals with rational 
numbers. 


Lesson Schedule 

The amount of time devoted to this module 
will vary, depending on how much previous 
experience your students have had with inte- 
gers and the amount of material covered in the 
module. In general, you should plan to allow 
about 15 to 18 days for adequate coverage. 


Evaluation 

When evaluating student progress in this 
module, keep in mind that computational skills 
with integers should be a continuing objective 
throughout the year. Complete mastery by all 
students would be an unrealistic goal. Since 
the student has been exposed to a large number 
of ideas in this module, you will need to give 


careful consideration to the relative impor- 
tance of the concepts and skills that you are 
evaluating. 

The module review and the Test Yourself 
quiz should aid the student in preparing for an 
achievement test for this module. 

You should note that, since this is the last 
module in Unit E, a cumulative review of all 
modules in the unit is provided at the end of 
this module. A cumulative achievement test 
covering the learning unit is included in the 
test package that is available from the publisher. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Aftermath 4, pp. 31-35, Creative Publications 

Developmental Math Cards, L16-17, Addison- 
Wesley 

Madison Project: Discovery, Chapters 2, 4—- 
23, 25-29, 47; Explorations, “Variables, 
Graphs, and Signed Numbers,” pp. 18-115 
(TT), “Identities, Functions and Deriva- 
tions,” pp. 169-324, Addison-Wesley 

Making and Using Graphs and Nomographs, 
pp. 39-48, Rand McNally 

Mathematics: Man’s Key to Progress, Book 
B, pp. 34-40, Rand McNally 

Nuffield Project: Computation and Structure 4 
(integers), pp. 22-49; Graphs Leading to 
Algebra, ‘‘Co-ordinates” and “Open sen- 
tences and graphs,” pp. 37-53, Wiley 

Sourcebook for Substitutes, pp. 71-72, 80, 
94-96, Addison-Wesley 


Manipulative Devices 

Integers Kit (General Learning Corp.) 

Polar Co-ordinate Graph Chart (Sargent-Welch; 
Yoder Instruments) 

Rectangular Graph Chart (Sargent-Welch: 
Yoder Instruments) 


Games and Puzzles 

Battleship (retail market) 

Counter-Trek (Sigma) 

Vectors (Selective Educational Equipment; 
Sigma) 
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OBJECTIVES: 
After completing this module, you should be able to: 
ahs 


2: 





Use the basic principles for addition and 
multiplication of integers. 

Add, subtract, multiply, and divide pairs of 
integers. 


. Write and solve inequalities. 

. Give the absolute value of an integer. 

. Solve equations which have integer solutions. 

. Graph ordered pairs of integers for functions and 


equations. 


Objective The Set of Integers 


The student can state and represent the op- 
posite of any integer. investigating the Ideas 
PREPARATION 
This lesson introduces the set of integers. Since 
many students will have studied integers in 
previous mathematics classes, this lesson may 
be considered primarily a review. 


A Draw a number line on a strip of paper. 
Start with 0 in the middle of the strip. 











INVESTIGATION 
You might wish to use the Investigation as a B Fold the strip at 0. 
diagnostic tool to determine how many stu- 
dents remember negative integers and the 
symbols for them. You might prefer to have the 
students simply mark the points to the left of 
the number line rather than punch pin holes. 

You might augment the Investigation by pre- 
senting a class demonstration. On a strip of 
paper about 3 cm wide by 50 cm long, draw a 
line. Mark O in the middle of it and then mark 
points for the positive integers | through 9 
about 3 cm apart on the line. Now fold the line 
at 0 and with a hand paper punch, punch holes 
through the folded paper at each position num- 
ber. Display the unfolded strip and have the 
students name the integers for each “hole” to Discussing the ideas 
the left of zero. 








Punch pin holes through 
each point starting at 1. 








c¢ Open up your strip. 

















What numbers go with the points to the Label all the points you 
left of zero on your number line? can on the number line. 








1. The negative integers are paired with the points opposite 
each of the positive integers 1, 2,3,4,5,.... 








| 
eg oe Oe OOO 





2 3 4 The symbol ~1 (negative 1) denotes the negative integer, 
which is opposite from 1 on the number line. 
DISCUSSION What are some other negative integers that you could name 
While the main goal of the lesson is to introduce on your number line? 
the set of integers and their symbols, a second- 
ary goal is to show that integers are useful in 2. The integers 1 and “1 are called opposites. 


describing many quantitative situations in the 


real world. Exercise 3 suggests a few of these “1 is the opposite of “1” and ““1 is the opposite of 1. 


situations. The students may suggest such What are some other pairs of integers that are opposites 
others as “going set” in a game, countdowns of each other? 

for missile launchings, distances above and 

below sea level, assets and liabilities, etc. 3. Can you think of some practical uses of negative integers? 


The figures may suggest some uses. 








QO? 
mle 
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* 6. 


. The temperature at the equator of the planet 


. Death Valley, California, is the lowest point in the 


Using the ideas 


. Give the opposite of each integer. 


A 3 c 10 —eE 4 Gail ' ~89 376 k ~1 000 000 
B 7 bd 100 F 8 H 99 J 10000 t 10000 001 


Mars in the daytime may be as high as 29°C. 
At night, the temperature may be as low 

as 87°C below zero. What integer represents 
the nighttime temperature? 





Mars 


North American continent. It is 86 metres below sea 
level. What integer could be used to describe the 
altitude of Death Valley? 


. For each number given, indicate whether it is a positive 


integer, a negative integer, or zero. The number line 


may help you. The set of integers 





SOM a Ome Det Siro) ml Om metoeo) 6 7 «8 





The negative integers The positive integers 


A7 B 6 Cuan bp 99 Em2/ 

F The opposite of 4. G The opposite of 10. 

H The opposite of the opposite of 3. #8 The opposite of the opposite of 5. 
J The only integer that is the opposite of itself. 


. Complete the sentences. 


A The opposite of a positive integer is a ? integer. 

B The opposite of a negative integer is a ? integer. 

c If the opposite of a number is a positive integer, the 
number must be a ? integer. 

pb If the opposite of a number is a negative integer, the 
number must be a ? integer. 

—E ? is the only integer that is neither positive nor negative. 


The lowest land point in the world 
surrounds the Dead Sea. It is 306 
metres lower than Death Valley 
(Exercise 3). What integer gives the 
altitude of the Dead Sea? 





UTILIZATION 

The exercise set can be assigned as written 
work, but most of the exercises are also suit- 
able for oral discussion. 

When discussing Exercise 4, point out that 
the set of integers is the union of the set of 
whole numhers (non-negative integers) and the 
set of negative integers (the opposites of the 
positive integers). A Venn diagram showing 
how the sets are related may be helpful. 


All Integers 


Positive 
Integers 
and 0 


Negative 


Integers 








Assignments 
Minimum 1-S, oral. Average 1-5, oral. 
Maximum 1-6, oral. 
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Objective 

The student can find the sum of two integers 
by thinking about physical examples such as 
thermometers or the number line. 


PREPARATION 
This lesson focuses on interpreting addition 
of integers in terms of physical models. 

This concrete approach in addition of inte- 
gers is especially valuable for students who 
have had little previous experience with inte- 
gers. In the following lesson a more formal ap- 
proach to addition, based on the basic princi- 
ples, will be presented. 


INVESTIGATION 

Have the students write the sum for each of 
the equations given, then discuss each exam- 
ple. Substitute some other numbers for those 
of the given examples if time permits. 


DISCUSSION 

When integers are used to describe physical 
situations, agreements must be made on the use 
of positive and negative integers. Quite often 
in problems this agreement is not specified but 
left for the student. For example, we could 
label a horizontal number line with integers 
in either of the two ways shown below. 








A <9 -@___ _¢ —_© -©__@—__e@—__e o> 
eae 3 2 I 0 l 2 3 4 

B <+e—_e—_e—__e -©—_—_@—____@ __e _e > 
4 3 2 l 0 | o 3 4 


When discussing Exercise 4, point out the 
agreements made for the use of integers and 
direct the students in the use of the form you 
prefer in writing equations for such simple 
word problems. 
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Adding Integers 


Investigating the Ideas 


The examples below may suggest some ways for finding 
the sum of two integers. 





























! Can you find the sum for each of the equations above? 


Discussing the Ideas 


1. When using integers to represent numbers in physical 
situations, we must agree upon the interpretation of 
positive and negative integers. 

A What agreement must be made in keeping score in 
Example a? 

B What interpretation is given to positive and negative 
integers in Example 8? Example c? Example p? 


2. What addition problem ee 


. . <I ). —o— —_3_- __9_____o-_____-9-__-¢-____9______g ___g—___8 = 
does this number-line LF ean ogee eo y oa, Ae ie 
picture show? 


3. What are these sums? Use a number line to help you. 
A5+ 4 B 3446 c ~4+4 0) o275 33 


4. Write and solve an addition equation using integers for 
this problem. Then explain your solution. 
One morning the temperature was 9°C below zero. 
During the day, the temperature rose 14°C. 
What was the high temperature? 


Using the Ideas 


1. On the number line, jumps to the right show addition of positive integers. 


Jumps in the opposite direction (to the left) show addition of negative 
integers. Study the number lines and solve the equations. 











A -<-—e——e——__e—____¢____»—_____» ____@—____@ __@ —__6 4. 5 tg ete 5+4=n 
4 aos moat 0 1 Cet Ame Oe Oa, Lay, 8 ant 9 
B <+—e—eo—_e—__e—__e —___o __e _o oe eo ¢ © oo  o + 4+ 4=n 
coe eee al, (0 i CeeoneroeO ee Oe 7 eg) 
eh a GER! 0 1 2 3 & 5 6 uf 8 9 
D ee ee Ls -50 + 20=n 
“Go 4) eY) Oy) 0 10 20 30 8640 
ee ye eR 
E “15+ -10=n 
“35 “80 “25 “20 16 “10° “S © See Omen Ome O25 
. Draw number lines and label them so that you can show the jumps 
for each sum. Write an equation for each number line. 
AIG 73 B 9+7 c 30+ 40 Dee loos So E ~800 + 200 
. Find the sums. Think about number-line jumps. 
ADG4 1 Cori+ 4 Evsi2510 G 7+ 8 19 ee 7, 


B 6+5 Dee Obey, F §15+8 H 6+ 712 J 21+18 


. Find the sums. Use any method you choose. 


ROOT 9 p 24+ (37 + -24) Ge 5S) eo 25) 
B -18+11 —e (9+-14) +9 Hee 45) 7 eG) 
CreiGoe17 Fa (> Gal 1) 820 eta) (ees) 


. Write an addition equation using integers for each part. 

Then solve the equation. 

A Bill had a score of 50 points 
in Canasta. The next game he 
lost 60 points. What was his 
score then? 


c Kathy has $14. She spent $9 
for a pair of jeans. How 
much money did she have then? 


p Jan drove 40 km north. Then 
she drove back on the same 
road 62 km south. How far and 
in what direction was she from 
her starting point? 


B The temperature was 2°C below 
zero. Then the temperature 
fell 8° more. What was the 
_new temperature? 


UTILIZATION 
Since students will be relying on physical 
models for the exercises, you should not ex- 
pect them to be highly efficient in finding sums. 
At this stage interpretation and understanding 
of addition is most important. Improvement of 
computational skills with integers is a long- 
range, continuing objective. 

Plan some time to discuss the interpretation 
given to the use of integers in the short story 
problems in Exercise 5. 


Answers, Exercise 2 




















2A. <e—e 2—__* —e— o> 
| 0 | 2 3 4 5S 6 

B WS. 
=9 che 6 A 4 = ee | 0 I 

Gg A ee 
770 mele) 0 

fiierteieee— cs a 
False ell 5 0 S 10 1S 20 


re 


E. <e—e—e @—__e __«__e__o ee» 
~800 ~600 400 ~ 200 0 100 





EXTENSION 
Workbook page 25 may be assigned for stu- 
dents who would benefit from further practice. 
Enrichment: A challenging puzzle involving 
addition of integers can be made by labelling 
the sides of 6 wooden cubes with integers as 
follows: 
Awws2; 158.5 1233213 Di iol ae ene 
Bi'8, 13; 18,35 >7, 2 Eo 4s ls 14 Gee Osea 
CHA 16559 Tel lilge lie ela ONS te Omani 
Many problems can be constructed using the 
cubes. For example, a challenging problem is 
to arrange the six cubes so that the sum of the 
integers on the six faces is 1. 


Assignments 
Minimum 1, 3, 5A, B. 
Average |, 2, 4, 5. Maximum I-5. 


Objective 

The student can find the sum of two integers 
by applying the basic principles for addition 
of integers. 


PREPARATION 
Review addition of integers using the number 
line or other physical models. In this lesson 
the emphasis is on the role of the basic princi- 
ples in addition. 


DISCUSSION 

Have your students read the table of basic 
principles, noting the examples accompanying 
each principle. Then work through the Dis- 
cussion Exercises as a Class activity. You need 
not place much emphasis on the use of the 
associative and commutative principles as long 
as your students understand that these princi- 
ples, working together, make it possible to re- 
arrange addends in any way that is convenient. 

Students should realize that the basic princi- 
ples for addition of integers are the same as 
those for addition of whole numbers, with the 
single exception that there is now a new princi- 
ple, called the “opposites principle.” Once stu- 
dents accept this set of basic principles, they 
can derive methods for finding the sum of any 
two integers. 

Exercises 2, 3, and 4 illustrate the basic 
cases of addition of integers except for two 
positive integers. 

Keep in mind that students do not need to 
master the steps illustrated by these problems. 
Once they understand the role of the basic 
principles, they should be encouraged to de- 
velop their own shortcuts in finding sums of 
integers. 


Answers, Discussion Exercise 2 

A. 8+7>3=(5+3)+ 73 Addition fact 
=5+ (3+ 3) Associative principle 
=5+0 Opposites principle 
= 5 Zero principle 

B. -6+9=~6+ (6+3) Addition fact 
= (6+ 6) +3 Associative principle 
=0+3 Opposites principle 
=3 Zero principle 
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Basic Principles for Addition of Integers 


Discussing the Ideas 


Since the set of whole numbers is a subset of the integers, 
the basic principles for addition of integers are much the 
same as for whole numbers. If we accept these basic princi- 
ples, we can justify the rules used to add integers. 






























Oopociies The sum of each integer 12+ 12=0 
PP and its opposite is zero. Zilae = =!) 
For each integer a, 8+0= 8 


Zero 
Commutative 


Associative 


a+0=a 
For each pair of integers 
aandb a+b=bia 
For each three integers 


a bande, 
(a+b) +c=—a-+ (b+ C). 


9+0=9 


6+ 4= 4+ -6 
9+ -3= 3+ 9 




























(6+ 3) +3=5+ (3+ -3) 
8+ (44+ 4) = (8+-4) +4 











1. If the sum of two integers is zero, each integer is 
the additive inverse of the other. 
~7 is the additive inverse of 7 because 7+ 7=0. 
7 is also the additive inverse of ~7. 


A What is the additive inverse of 11? 
B What is the additive inverse of 0? 
c Does every integer have a unique additive inverse? 


2. The example shows how the basic 10+ 4= (6+ 4) + 4 Addition fact 
principles can be used to find the =6+ (4+ ~4) Associative (+) 
sum of 10 and ~4. How could you =6+0 Opposites 
use the principles to show that iG Zero principle 
A-8> 3=5?7 BB 64+9=3? 

3. Give the missing number in each (3 + -3) + (5+ 75) =|ll| Why? 
step of the example. Which basic (3+ 5) + (34+-5) =|] Why? 
principles are used? 8 + (~3 + 5) =|ll| Addition fact 

(“3 + ~5) = Ill Why? 

4. Give a reason for each step of Whretka ream sy srs 
the example. et asi) 

= 2+0 
= 2 


Using the Ideas 


1. Find the number for a. Then find the sum b. 


Ae OSe tO a)—-16 5-16) b 
BY+0=—-a—0+9=b5 


c 76+ 76=a —76+ 76=b 
bp 947+ 947 =a —947+ 947=b 


2. Find the number for a. Then find the sum b. 


A 4+(2+-2)=a> 6+-2=b 


B5+3+ 3=a— 8+ 3=b 
ec 4+ 2+2=a—- 6+2=b 
dp 5+ 44+4=a—> 9+4=b 


—eE 2+(3+3)=a— 54+3=5b 
FE 7+(4+4)=a—-11+4=b 


3. Find the sums. 


Ane Gabe aS 
BAe 2 H 10+ 6 
Cope aL eather te! 
p 4+1 d) Wf ae G! 
EsOn > Kee Oto 7 
Flore 4 (Ee PAH Se 


x» 089 VO 28 


6 (8+8)+7=a—> 8+15=b 
H 6+6+9=a—> 6+15=b 


64+ 4+ 10=a— 4+ °14=b 
deve fot S=a— 7+ 12—b 
K 8+ 5+5=a— 13+5=b 
te Of. 9 / =a Dee 
Asya ts) Sel eieaco 

(ho oms LP TSK) elt 
12etano u 64+ 38 

Gee als) Veo Jet O11 
20:4, 9 w 250 + 89 
Seabed xX ~138 +965 


4. Find the sums. (Use any method you choose.) 


A 24+ (37+ 24) D 
Be (Sic 314) 9 E 
Cai ees ol 1) 20 F 


5. Find the sums. 


A 6 B 8 CumlG pd 12 
—7 “s) 9 wl 

Eauro F 24 G 6 H 9 
“8 12 AS “6 
“2 si. 30 =4 
9 =) ~20 “4 


* 6. Solve the equations. 
A /7+n=0 D 
B 5+ (3+y) =0 


Cazci 4 <4 


More practice, page S-10, Set 17 


63 -(8 + f)i= "3 G 
Emcee (fat 12) — 9 
F (2+ 3)+3=s I 


(Sivteae 3) athe (Gout) 
(12042 24141) 714-4. 15120) 
(ltt eS (StS) (71. 4) 








(r+ 3) +5=0 
H 9+ (-3+w)="1 
6+ (4+ce)=~4 


UTILIZATION 

Exercises | and 2 may be discussed orally, 
if you prefer, and the remainder assigned as 
written exercises. 

Encourage students to develop shortcuts to 
increase their efficiency in finding sums. The 
role of the opposites principle should be em- 
phasized. Statements such as “~3 is the only 
integer that adds to 3 to give 0” will help under- 
score the importance of this principle. 

The equations in Exercise 6 should be solved 
intuitively by finding the missing addends. Stu- 
dents are not expected to use subtraction at 
this time. 


EXTENSION 

Extra practice assignments may be made from 
Supplementary Exercise Set 17 on page S-10 
and Duplicator Masters page 19. 


Think Solution 

If, in Figure A, we remove the matches indi- 
cated by the arrows labelled a and b, we will 
have remaining four squares the same size as 
those in Figure B. 











Faeenyes Oe 
Figure A | | | | 
= — 
b 
Figure B | | 
l 2 
eee 
Assignments 
Minimum | and 2, oral; 3. 
Average | and 2, oral; 3-5. 
Maximum | and 2, oral; 3-6. 
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Objective 
The student can find the difference of two 
integers by finding a missing addend. 


PREPARATION 

Give some oral drill in finding sums of two 

integers. Then ask a few questions like these: 
‘‘What number added to S gives a sum of 3?” 
“What number added to ~1 gives a sum 
Ole 4 
‘“What number added to 4 gives a sum of —2?” 


INVESTIGATION 

Have the students write the solution to the 5 
equations in the Investigation. Then have them 
check the answers they have found. 


DISCUSSION 
Subtraction for the set of integers is defined the 
same way as subtraction for whole numbers: 


If a, b, and c are integers and a + b=c, then 
a=C— b: 


The integer a is said to be the difference of the 
integers c and b. Subtraction will not be con- 
fusing to students if they think in terms of 
addition. Thus suggest that the student, given 
the subtraction problem 5—~2, ask himself 
the question, ““What integer will add to ~2 to 
give a sum of 5?” 

In Exercise 3 the important mathematical 
concept of “closure” is introduced. To further 
illustrate this concept, you might ask whether 
or not the set of even whole numbers is closed 
under addition (yes) and under subtraction 
(no: 4—8 does not result in an even whole 
number). You might also ask if the set of odd 
whole numbers is closed under addition (no: 
3 +5 does not result in an odd whole number) 
or under subtraction (no: 3 — 15 does not re- 
sult in an odd whole number). 
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Subtraction of Integers 





Investigating the Ideas 


In each equation, the 
variable n represents 
a missing addend. 


Can you find the 


missing addend in 
these equations? 











Discussing the Ideas 


1. When you find a missing addend 
in an addition problem, you have 
found the difference for an A A 
equivalent subtraction problem. 9—6=n 
A What subtraction equation can you write for each 

equation 2 through 5 in the Investigation? 


B What are the solutions to the subtraction equations? 


OP 
on 


A 
fa) ar 


2. Find the differences. The addition equation in the 
“think cloud” may help you. 


Se) GD CD EB 


Avs0 5 — A Bie 4 — CaO RO y Y= SS Lh 


3. The set of whole numbers is closed under addition 
because any two whole numbers can be added to give 
a whole number sum. The set of whole numbers is not 
closed under subtraction because if we select a first 
whole number and a second whole number, we cannot 
always subtract the second from the first to get a 
whole number. 


A Is the set of integers closed under addition; that is, 
is the sum of any two integers always an integer? 


B Is the set of integers closed under subtraction? 


1. Find the differences by finding the missing addends. 


2. 


3. 


4. 


* 5. 


A 
B 
c 
D 
E 


OR F 
ee G 
O— 9=A H 
O-—"“7=A 1 


= WO /\ J 


O- 
0O— 
e545 
i 
=O 


“4=A K 
6=A L 
9=A M 
“7=A N 
1=A Co) 


1= Anh 
-2- 9=A 
-2—-7=A 
-9--1=A 


Find the integer for a. Then find the integer for b. 


AD eee Oa Boel 5 — D 
EP a=) ea te 
ce 0 Bas /0 =a =-1——10—b 


F O— 


Using the Ideas 


P= 0 S12 cae 
a 2- 6=A 
R 3-— 9=A 
Sos aA 
tT 9-—9=A 


Dp 0—6=a —2-6=b 
Em OR Ol—tal S01 — 1D 
eS Q 9 8 = 8 S/o 


Think about what the missing addend would be if the sum were zero. 
Then find the correct missing addend. 


A 3—~-8=n D 
B 4—~5=n E 
c 9—--3=n F 


6— 
=e 
fies 


“4=n G 
3=n H 
6=n 1 


a 2=n 
oo 
oO 2 Nn 


Find the differences. (Use any method you choose.) 


A 18-3 D 
BeoLaic E 
CulcinS F 


Give the integer for x. 


A 


(9-4) +-3=x 


Sk 


Oe 
= 


8 G10 5 

-4 H -4—20 

10 ime2c 5 
B 9—(-4+-3) =x 


Jy 4—"3=n 
kK 9—"8=n 
tL i0—"4=n 
Jil Saas 
K 57— 120 
Le 2 fen 2 


c 9+ (4+ 3) =x 





UTILIZATION 

Exercise | and 2 might be treated orally and 
the remainder of the exercise set assigned as 
written work. 


EXTENSION 
Supplementary Exercise Set 18 on page S-10 
and Duplicator Masters page 20 are recom- 
mended for students who would benefit from 
further practice. 

Enrichment: Conduct a discussion centered 
on the following questions: 
1. Do you think the commutative principle 
holds true for subtraction of integers? If not, 
give an example to prove that you are cor- 
rect. (Nos a2 — (6 = nO a2: 4 #4) 
Do you think the associative principle holds 
true for subtraction of integers? If not, give 
an example to prove that you are correct. 
(Nos (Gi= 4) 2 4 6 (4 2) 


tr 


Think Solution 

The students will find the solving simpler if 
they make a table and, from the information 
given in the examples, form their own solution. 














ii Area and 
; : Total 
Sides Area previous 
squares 
total 
l l 1 ] 
2 4 144 5 
3 9 Sst © 14 
4 16 14-16 30 
5 D5 30 + 25 55 
6 36 Do oO 9] 
7 49 91+ 49 140 
8 64 140 + 64 204 


The total number of squares 7 in each exam- 
ple can be computed using the formula 
T= aa se WO) Qa == 1) 
6 
where 7 represents the number of smallest 
squares along each edge of the largest square. 





Assignments 

Minimum | and 2, oral; 3; 4. 
Average | and 2, oral; 3 
Maximum | and 2 oral; 3- 
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Objective 

The student can find the difference of two 
integers by adding the opposite of the integer 
subtracted. 


PREPARATION 
Conduct an oral review of both addition and 
subtraction of integers. 

This lesson introduces another method of 
finding differences. It is, of course, mathemat- 
ically equivalent to the method used in the 
previous lesson. 


INVESTIGATION 

The Investigation gives the student the oppor- 
tunity to discover that each difference can be 
written as a sum. Students should use any tech- 
nique they wish in carrying out the Investiga- 
tion. Have some student or students write two 
completed equations on the chalkboard to faci- 
litate discussion of the patterns. 


DISCUSSION 
The proof that for all integers a and b 
d=) =U 
is not presented in the text. Instead, sufficient 
examples are presented to convince students of 
its truth. The proof can be made as follows: 
(ai D) i bi 
a+ (~b+b) Associative principle 
=a+0 Opposites principle 
=a Zero principle 
Since (a+~b) +a=Db, it follows by the defi- 
nition of subtraction that a+~h=a-— b. 


E-98 


Adding and Subtracting Integers 


Investigating the Ideas 


7 Can you find the missing integer in each equation below? jaeeee ae 


[6]6--1=6+ lll 
[7]6--2=6+ lil 
(8}6--3=6+ lll 
[9]6~-4=6+ lll 











6-4=6+ lll 
6—-3=6+ lll 


6-2=6+ Ill 
6-1=6+ Ill 
6-0=6+ Il 


flol|6 --5=G+" 


Discussing the Ideas 


1. 


Did you discover a pattern in the problems above? 
What is the pattern? 


. Do you agree with the statement below? Give some 


examples to support your answer. 


“To subtract one integer from another, 
just add the opposite of the integer 
that is to be subtracted.” 


. You can write every integer subtraction problem as 


an addition problem. 
EXAMPLE: -9—-3= 9+ -3= 12 

How could you write these subtraction problems as 

addition problems? 

(oN B 8— 1 c 


Oia Dia /e 6 


. Explain or show how to solve each equation. Think about 


finding missing sums or addends. The replacement set is 
the set of integers. 


EXAMPLE: x— 2= 3 
SOLUTION? (3 + s2— x) X— 55 
Ay-3=7 B r—"2=6 c 7—k=10 


1. Solve the equations. The replacement set is 
the set of integers. 


A 4—"3=4+n E -2—7= 27n 
Be Ose =—5- Nn F -/—4=-7--n 
c 8—"5=8-+n G -1-3=n+ 3 
Deno 4 rn a4 H 4— 6=%4+n 


2. Rewrite each subtraction problem as an addition 
problem. Then find the sum. 


AC ObatS db »10—1 Geen 
B 2-8 En lias H O—5 
c 4-9 ERO Oo t @= 5 


3. Solve the equations. You may find it helpful to 
replace all subtraction operations with addition. 


A (83=7)+-1=rFr E (1~2)—3=x 
Bo (e221) + 6 t Pu(s4e. 4)e 47 
c (8+4)—-2=s G 10— (6—-4)=b 
db 3—(8+9)=p H (od =F li) ol 9g 


4. Solve the equations. The replacement set is 
the set of integers. 


AD Nie Set/, DEX Saeed 
B z—4=9 Eee — 2. 
Cake Olas Fos OaaSi= 





RUF 


In one sack, there are two apples; in another sack, there are two oranges. 
In a third sack, there are an apple and an orange. Each sack is incorrectly 
labelled AA, OO, or AO. By looking at just one piece of fruit from one of 

the sacks, you are to tell what is in each sack. How can you do this? 











Using the Ideas 


P12 AS 124 
J ~15-6=n+ 6 
K 10—"6=10+n” 
tL ~-20—"~4="20+n 


Jy ee ORO 
Kk ~100— 43 
ea Oooo WAS) 


136.4 ((3-—— 7) =.h 

JG Veo ee — | 

See 72) seal” Sige Rng 
Ly (2-63) en(-7— 4) =m 


G y—2='3 
H t—10=4 
D9 Pi exe 






UTILIZATION 

Assign the exercises according to the needs 
of your students. There are 45 responses re- 
quired for the exercises on this page. 


EXTENSION 
Additional practice exercises are provided on 
page 27 of the Workbook. 

Remedial: If some students have difficulty 
with subtraction of integers, you might suggest 
a number line interpretation of subtraction. You 
can use number line pictures such as the ones 
below: 





Adding Subtracting 
conn) 3 from S$ 
ee 
> oe = * eo —e—___@ o> 
0 | 2 3 4 5 6 if 8 


Point out that when subtracting ~3 from 5, 
we jump in the direction opposite to the direc- 
tion we jump when adding ~3 to S. 


Subtracting Adding 
S from ~2 


Sitoime 
_—--~ 


= = 
oo — 
~ 

“x ate ie 


When subtracting 5 from ~2, we jump in the 
direction opposite to the direction we jump 
when adding S to ~2. 


Think Solution 

Pick a fruit from the sack labelled AO. If the 
fruit is an orange, then the correct label for 
the sack will be OO. That is, since AO is an 
incorrect label, the correct label must be OO. 
(If an apple were picked from the sack, instead 
of an orange, then the correct label would be 
AA.) The remaining two sacks are also labelled 
incorrectly; thus the correct label for OO is 
AA, and the correct label for AA is AO. 


Assignments 

Minimum 1A-D, 2A-F, 3A-D. 
Average 1|A-H, 2A-I, 3A—-H. 
Maximum 1-4. 
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Objective 

The student can find the product of two inte- 
gers by interpreting physical models for multi- 
plication. 


PREPARATION 


Multiplication of Integers 
Investigating the Ideas 


Study the diagram below. 


Multiplication of integers is treated in a manner KE Er Positive 


Negative 


similar to that used for addition: First, multi- 
plication is developed from a few carefully 
chosen physical examples that should be fa- 
miliar to students. Then, in the following lesson, 
a more formal approach, which relies on the 
basic principles for multiplication of integers, 
is used. 


INVESTIGATION 

Students will need only a short time to com- 
plete the Investigation. It is essential, however, 
that they properly interpret the graphic pre- 
sentation before they try the exercises. 


DISCUSSION 

Display a table on the overhead projector or 
chalkboard like the one below. Fill out the table 
using examples A, B, and C from the Investiga- 
tion. Then give other examples, such as D and 
E in the chart below, for students to interpret 
and solve. 























Speed (km/h) Time (h) Distance (km) 
Hours 
Right Left from Hours Right | Left 
(+) Ce WNowsG)) | Ago) ) 3G) e) 
A 10 2 
B 10 
G =A 
D =O 5 
E = 











Some students may quickly discover that 
there are shortcuts for multiplying two integers. 
You need not discourage them from using such 
methods, but there is little need for formal pre- 
sentation of the shortcuts at this time. 
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~30 ~20 =e 0 10 20 30 40 





1. The examples above suggest a model for multiplication 


of integers. Some agreements must be made in the use 
of the diagram above. 


1. Speeds to the right are represented by positive integers. 
2. Speeds to the left are represented by negative integers. 
3. Hours from now are represented by positive integers. 

4. Hours ago are represented by negative integers. 


Example a could be illustrated by the multiplication 
equation 2-10 = 20. 

A What multiplication equation is represented by B? 

B What is the multiplication equation suggested by c? 


. Suppose the bike is now at 0 and traveling 10 km/h to the left. 


A Where will it be 2 hours from now? 
B What multiplication equation does this suggest? 


[e] 


Can you find the missing numbers for a, B, and ¢? 


Discussing the Ideas 


Using the ideas UTILIZATION 
Plan to allow time for a discussion of Exercise 























































































Negative Positive 1. Give students the opportunity to describe 
the interpretations they have given to each 
ToOme ee See Ol 156 110) =5 0 5 TO menT 20 25 ~3=—s- 30 integer used in the multiplication equation. 
Think about trips along the number line starting at zero. EXTENSION 
Complete the table below. Part a has been completed for you Remedial: “Askythe students 10 find’ the spned: 
as an example. ye . ot Tee eol tet» | 
— : B, 2°;6=P H,.-4> “6 =P. 
CU so=P In “5 56= 
Snare Di an6==P IO a6 eb 
cane Bilt? oar wl wes nore 
3 hours 
B right ann 
3 = Enrichment: Provide equations like these for 
c 5 km/h oie students to solve. 
aaa Ag®e3 =x 
p | 10 km/h pels B. (2477) -4=y 
from now ChOER3\ hen =, 
e | 10 km/h Sous DMG=s)o7=4 
eet ———+ BE QesOeer 7 =r 
F | 10 km/h Past ee Uae a 
ae eG ihe phe hee lg 
@ | 15 km/h right pet CSS ei) ame ik 
from now PO % ie? a6 23) i 
4 |45km/h| left uous Jo C5 4y 4564) 
Sie K. ("8 --8)+(¢8-7)=6b 
1 | 142 km/h right mall Ite? 22a 2 re 
ago 
; : ¥ Assignments 
. Find the products. Use the number line model if necessary. Minimum 1, 2. Average 1-3. Maximum 1-3. 
aA3:°4 Deon 2 Gal Oc 7 39.0 
B 2-8 eE 6-4 H 2:9 Kee oro 
Cea? F 8: 2 he kee a Lies i310 


. Find the products. Look for patterns. |" dnp 












A 4:-3=P H 4:3=P eisapicture — 
B 4:2=P 1 -4-2=P fninerabbits = 
as Ba as — inapen: Copy 
Cah leh ie ic ca this picture and | 
bp 4:0=P Kags 2 Oi - then draw two — | 
Ee 4--1=P ee 4 el — PB / more squares so that | 
fe4teo Lip ie 4ecoesp each rabbit will — ae 
ones P pe _ be in a separate pen. — 
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Objective Basic Principles for Multiplication of Integers 


The student can identify and use the basic 
principles for multiplication. Discussing the Ideas 


PREPARATION 

The previous lesson presented multiplication 
of integers in a fairly intuitive manner. This 
lesson uses a more formal mathematical ap- 


We accept the same principles 
for multiplication of integers 
as for multiplication of whole 


One Principle — 








proach based on acceptance of the axioms or numbers. Using the principles, For each integer a,a-1=a 
basic principles for multiplication of integers. we can justify the products 

which were found by using Commutative Principle 
DISCUSSION physical models in the For each pair of integers a and b, 
Have the students read through the statements previous lesson. a-b=b-a 
of the basic principles for multiplication. Em- 
phasize that the only way these principles differ 1. A Which principle can be Associative Principle 
from those accepted for whole numbers is that used to help you solve For each three integers a, b, and c, 
we agree that they hold for negative integers these equations? (a:b) -c=a: (b-c) 


as well. Once we accept these principles, the 
basic rules for multiplying integers are fixed. 


alfa) TAN ieee TKS) Distributive Principle 








As with the work on addition of integers, you Bp What are the solutions? For each three integers a, b, and c, 
need not stress the various steps for rearrang- a: (b+c) = (a:b) + (a-c) 
ing factors once you are sure that students 2. If -2:8 =~ 16, what is 8: 2? (b+ c)-a=(b-a) + (c: a) 
understand that the commutative and associa- What principle is involved? 
tive principles, working together, allow them 
to rearrange factors in any way that is con- 3. a What is the integer for m? 
venient. 

Exercise 4 illustrates how the product of a B What is the integer for n? (1254) 33 = a1244-7m) 
negative integer and a positive integer can be c What principle do these (-6 : n) 57 = Ge (ora) 
found using the basic principles to justify each two equations suggest? 
step. Exercise 5 illustrates the case of multi- 
plication of two negative integers. 4. The example at the right 

Students are not expected to show every step illustrates how the 
in finding products, as in Exercises 4 and S. distributive principle 2+ °-2= Il 
Rather, the examples should help students can be used to find the 6: (24 -2)= Il 
understand that their Shortcut methods for product -2-6. (6-2) + (6--2) =Ill 
multiplying two integers are justified. ae 

Give the missing number | This 'sihe 12 +|6@E2 = Ill 
for each step. _ adds to 12 (6m = lll 
and gives zero. -9-§= Il 





5. Give the missing number 6 + -6=llll 
for each step in finding ZA eee 
the product ~6- ~2. z iS - 5) =I 

(-2-6) +(52 -=6) = lil 


~12 + ae = ill 


2m = Ill 
“6-2 = ill 






Using the Ideas 


. Use the one principle and find the integer for a. Use the commutative 
principle and find the integer for b. 


A19-1=a-—-1:19=b 
Beccei—a 1° o=b 


Clee 4a — ae le 4 — 
p 86:1=a—~1-:86=b 


. Give the integer for a. Then give the integer for b. 

A 6+ 6=a~2:-6=b bp 17+ -1=a—?2°1=b 

B 9+ 9=a-2:9=b E 63+ 63=a ~2:- 63=b 

ec 18+ °18=a—2- 18=b Fow3+ 3+ 3+ 3=a~—~4-3=b 





. Give the integer for a. Use the commutative principle and give the 
integer for b. 


Awe 8 — a 8° 2—b 
3-1=a—>-1-3=b 
B42 a = 42° 2=5 
Seagal -9°3—b 


4--96=a—>-96-4=b 
Po NS abet 
6--8=a—>-8-6=b 
So (Sep > eat 


oo B 
zo in m 


. Copy the equations, giving the correct number for each ||ll|. 
Each equation can be completed by thinking about the 
equation above it and a basic principle or multiplication fact. 





A 3+3=|l| 8 5+-5=|l| c 4+-4 = lll 
4- (3 + ~3) = Ill 2(5 + ~5) =llll 0: (4+ ~4) =Illl 
(4-3) + (4-~3) =Ill (2-5) + (2:-5) =I (0-4) + (0-4) =Illl 
12 + 43) = Ill 10+ 2--5='lil 0+0-~4=Ill 
4253 = lil 2:5 = Ill 0-~4= Illi 
. Find the products. 
AEG? 9 F 8-56 K 20 97) Pp ~100-~100 
B 7:6 G 7:98 L 0- 864 Oe (1rd 3 jes eOc0) 
Caso H ~30-~40 m 92-10 Reo Oreo 
Dp 917-0 1 27-36 N 100-48 $s 4--4-4--4 
Eme2ors Jed 25S o 62-1000 Te 0 4-10) 


. A The product of a positive integer and a negative integer is a ? integer. 
B The product of a negative integer and a negative integer is a ? integer. 
c The product of any integer and zero is ?. 


More practice, page S-11, Set 19 


UTILIZATION 

Exercises | through 4 illustrate the role of the 
basic principles in multiplication of integers. 
The emphasis placed on these exercises should 
depend on the ability of your students. You 
may prefer to treat some of them as oral dis- 
cussion exercises. For very able students, you 
might want to show the role of the distributive 
principle in Exercise 2A: 


iO Ol — tae | Addition of 
integers 
Also: 
SO sO = 61 leo) One principle 
= (1+ 1) - ~6 Distributive principle 
=2- 6 Addition fact 


iiheretorewe6)-\2m0 — sl — eos 
Exercise 6 summarizes the usual rules for 
multiplication of integers. 


EXTENSION 

Selective assignments from Supplementary 
Exercise Set 19 on page S-11, Workbook page 
28, and Duplicator Masters page 21 would be 
beneficial for students needing further prac- 
tice with the ideas presented in this lesson. 


Assignments 

Minimum 1-3, oral; SA-J; 6. 
Average 1-4, oral; SA-O; 6. 
Maximum 1-4, oral; 5, 6. 
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Objective 

The student can find the quotient of two 
integers by finding a missing factor in the re- 
lated multiplication problem. 


PREPARATION 
A brief oral review of multiplication of integers 
should prepare the student for the Investigation. 


INVESTIGATION 

The Investigation will take only a few minutes. 
If you wish, direct students to write a multipli- 
cation equation for each flow chart. Then use 
these equations in the Discussion phase of the 
lesson. 


DISCUSSION 

Division of integers causes little difficulty for 
students who understand multiplication of 
integers and relate division to multiplication 
in the manner suggested in Discussion Exer- 
cise 2. 

Discussion Exercise 5B raises the question 
of dividing an integer by 0. As was the case 
with the whole numbers, division by 0 is not 
defined because either the quotient does not 
exist in cases such as 5, where n # 0, or it is 
not unique for the case of ?. 
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Division of Integers 


investigating the Ideas 


Study the flow charts below. 


Multiply OUTPUT 
: by. =o. 248: 








Can you find the number for n in each flow chart? 


Discussing the Ideas 


1. Each flow chart above suggests an equation. 
F F 


For flow chart A, you can write n- ~6 = ~18. 
What are the equations for flow charts B, c, andD ? 


2. When you find the missing factor F F P 
in a multiplication equation, you n--6=— 18 
have found the quotient in an 
equivalent division equation. 





What is the quotient in the 
example at the right? 





| This quotient is 
| the same as the 
_ Missing factor. © 





3. Write equivalent division equations 
for flow chartsB,c, and D in the 
Investigation. Refer to the equations 
you found in Exercise 1. 


4. What is 18 + ~3? Use the diagram 
to help you. 


lish se 


I 
a) 


5. a What is0O+ 6? 


B Can any integer be divided by zero? 
Explain your answer. 


Using the Ideas 


1. Find the missing factor, F, in each equation. 


Ao oe F 
B §15+ 5=F 
Ceelone 15 — 
Onl. - 1 F 
EE. 0=2515=F 


F 
G 
H 
J 


“20+4=F K 
“39 + 3=F L 
64+ -8=F RS 
0+ 54=F N 
“86+ -1=F oO 


42- 6=F 
B24 —F, 
p24 5-66 =e2)iSiF 
leeds. 0) 2 — F 
(e242) 6 — F 


2. Write and solve an equivalent division equation which 
has n as the quotient. Use part a as an example. 


A 8:-n=32 
32+ 8=n 
n= 4 
B 5:-n=-"20 
c 9-n= 54 


n--6=6 1 
7:-n=21 J 
“12-n=60 K 
3:-n="27 L 
n--17=17 M 


On 0 
Nig Oa. 2 
at eae 
“15 >n= 90 
6:-n= 144 


3. Instead of writing ~12 + 3, we can write 2. 
Find the quotients for the following: 


=6 “4 
A > c = 

18 ~28 
B =3 D ee 


63 (15 + -7) 
=9 o ee 5 
TES gaa 
“25 (-2 +71) 


4. Complete each statement. 
A The quotient of two positive integers is a ? integer. 
B The quotient of a positive integer and a negative integer is a ? integer. 
c The quotient of two negative integers is a ? integer. 


More practice, page S-11, Set 20 


pee 





UTILIZATION 
Exercise 3 introduces another way of writing 
quotients. Since these quotients are all integers, 
there is littke need to emphasize the fact that 
we are using fractional notation for quotients. 
Upon completion of Exercise 4, it might 
prove desirable to have some students state 
in their own words rules for finding the quotient 
of two integers. 


EXTENSION 

Additional practice assignments may be se- 
lected from Supplementary Exercise Set 20 
on page S-11, Workbook page 29, and Dupli- 
cator Masters page 22. 


Think Solution 

Both a and b must be between | and 12. Now, 
consider the following trial-and-error method. 
If a is cubed, then the difference, 1729 — a®, 
must be a cube also. 





Is remainder a 
a 





129 ar perfect cube? 
6 i516 No 
8 (eA No 
10 729 Yes 











Thus, 10° is 1000, and the remainder, 729, is 
9° The solution is 1729 = 10? + 9°. 


Assignments 
Minimum 1A-J, 2, 4. 
Average 1, 2, 4. 
Maximum 1-4. 


Objective 

The student can perform several operations 
using integers by means of function machine 
rules and equations. 


PREPARATION 
Review the use of the function machine by 
means of simple rules such as 3 - n,n + 4, and 


iil 2 


INVESTIGATION 

The function machine was used for similar 
purposes with whole numbers in Module 2 of 
this learning unit. Thus, the only new idea 
here is the use of integers with the function 
machine. You may need to remind some stu- 
dents that the expression 3n + —~4 means “‘multi- 
ply n by 3, then add ~4.” You can use paren- 
theses to emphasize this: (37) + ~4, as in the 
function rule shown on the function machine. 


DISCUSSION 

Although one of the prime objectives of this 
section is to provide practice in operations with 
integers, there are many other benefits to be 
derived. Note that the student is given a num- 
ber of interesting function concepts to work 
with, and at the same time, he is required to 
compute with the set of integers. Also included 
are a number of equations which require inte- 
ger computation while providing valuable ex- 
perience in equation solving. Since work with 
both function concepts and equation solving 
is an extremely important part of mathematical 
training, a section of this type is doubly valuable. 
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Combining Integer Operations 


Investigating the ideas 


FUNCTION RULE 


The function machine, with the rule shown, 
combines the multiplication and addition 
operations. The function rule can be written 
as f(n) = 3n + —4. When we use ~2 for n, 
the output number is (3- ~2) + ~4 or ~10. 
We could write, ‘“‘f(~2) = ~10.” 








Can you find the output numbers for Make a table to show your 
each of the input numbers in the answers. 
set.{-5, 453) 2, 1,0.) 2; oeaenole 








Discussing the ideas 


1. a What did you find for f(~5)? 
B What is f(3) ? FUNCTION RULE 
Ans 


fin) 
2. Suppose a function rule is ~2n— ~3. 2 
A What would you do to find f(2)? ’ : 
B What is f(~3)? 


© What is f(0)? 





Function Rule 


3. What is f(n) for each part sn +t 6 








of the function table? n f(n) 

aA 4 | sill 

B 6 | iil 

4. How would you find the number n . a hh 
in these equations? D 2 Il 
Site Smal ace e o| iil 

ey nah - 30 | if 


c (-4:--4)—-—6=n 





Using the Ideas 


Complete the function tables for Exercises 1 through 6. 


1. 


mo 0O BB P 


OF O78 «<> 


A 
B 
c 


Function Rule 



























Beanie 3 
f(n) 
! il 
6 il 
0 i 
ll 








hi 


Function Rule 





need 











f(n) 





ll 
hi 
i 
hi 
i 


















(-5+8)—-2=n 
(9--6) +-6=n 
(72 + -8)--8=n 


. Solve the equations. 


The replacement set 
is the set of integers. 


A 


on moo ws 


(fF 8) e107 
(n + 84) — 85= 93 
(1b) —4=~10 
4x+ -“17="1 
(fees 1) te fe — 0 
(oe) it dV 
2a+3= 5 




































































2: Function Rule 3. Function Rule 
(n= -4)°= 3 ene 5 
n f(n) 
A A 6 {i 
B Bid il 
c Com 4 il 
D pd 10 | Ill 
E il —e 50 | Ill 
5 Function Rule 6. Function Rule 
n° (~2)" 
on [Fi n 4 f (n) 
Ae Il Ae il 
Biss! il Be a2 i 
chm il Cummeo i 
Dees HI D I “8 
e iil “8 cil ~32 





. Solve the equations. The replacement set is the set of integers. 


p)(616 258) — -8=—n G (25—~4)+ 4=n 
ES (Gi a4)ne ON H (4:9) —10=n 
F (-9--6)'=]"6=n (2945-8) —=7.—n 


aural 


Copy the diagram and 

arrange the numbers 

1 through 8 in the 
circles so that no 


two consecutive 
integers are in 
circles that are 
directly connected 
he by lines: 





UTILIZATION 

In Exercises 7 and 8, no formal rules for solving 
the equations need be given. Students are ex- 
pected to use intuitive methods for finding the 
solutions. 


EXTENSION 
Additional practice exercises are provided on 
page 23 of the Duplicator Masters. 
Enrichment: Explain to the students that each 
function rule in the function tables below has 
the form f(n) = (a: n) + b; that is, each func- 
tion multiplies the input numbers by some inte- 
ger a and then adds b. Ask students to find a 
and b for the function rule and then give the 
missing numbers in the table. (For your con- 
venience, answers are shown in parentheses.) 


4 


Il function rule ves function rule 


(a-:n)+b 








(36) 
Gals) 
31 function rule 4. function rule 
(a:n)+b (a:n)+b 
(26) 
(23) (1) 
(Hib) (4) 
(a=6, b=1) (a= 3, b=4) 
Assignments 


Minimum 1-3, 7A-E. 
Average 1-4, 7. Maximum 1-8. 
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Objective 

Given two different integers, the student can 
decide which integer is the larger and write an 
inequality for the two integers. 


PREPARATION 
Comparison of integers is developed in this 
lesson in two ways: 

(1) Through implicit use of the formal defi- 
nition of “less than” or “‘greater than,” which 
is as follows: 


If a and b are integers, a < b if and only if 
a+ p= bh, where p is a positive integer. 


(2) Through an intuitive comparison based 
upon representation of the integers as points 
on the integer number line. 


INVESTIGATION 

In the equations in the Investigation, the stu- 
dent must determine the missing addend x and 
determine in which cases this addend is a posi- 
tive integer. If it is positive, the other addend 
is less than the sum; if not, the other addend is 
greater than the sum. 


DISCUSSION 

Discussion Exercises | and 2 focus on the ideas 
of the Investigation. You may want to present 
the formal definition of “‘less than” given in the 
Preparation section to some classes. 

Exercise 3 employs the more intuitive de- 
vice of relative positions on the number line 
for comparing two integers. However, it should 
be noted that, mathematically, the number line 
comparison has some shortcomings. First, we 
must know the order of the integers before we 
can represent the integers as points on a line. 
Second, the number line must be depicted as a 
horizontal line with its right half reserved for 
the positive integers before we can say that 
the larger of two integers lies to the right of 
the smaller integer on the number line. Such 
prerequisites do not apply to the formal defi- 
nition of the relation “less than”’ for the integers. 
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Inequalities 
Investigating the ideas 


Study the equations below. Can you solve them ? 


[a] -4+x=3 
-2+x=-5 
[c] 6+x=~2 


[p] -7+x=~7 
[e] 4+x=10 


[fF] 8+x=1 


In which equations does x represent a positive integer? 


[a] 1+x=1 
[nH] -9+x= 12 
[Wi] pe LO Xa 








Discussing the Ideas 


1. In equation A, you probably found [a] “4+x=3 


that x was the positive integer 7. 
Because x is positive, we say that 
~4 is less than 3 and write this 
as 4<3. 

Since ~4 < 3, we also say that 3 is greater than 4 
and write this as 3 > “4. 


“44+7=3 


A positive integer 


Compare the numbers in the other equations above in 
this manner. 


. The number line can help you decide which of two integers 


is the greater. Study the examples. 





What integer must be added to 2 to give 5? 
Is/2 =19 OF 1S10, <2 7, 

What integer must be added to ~5 to give 2? 
15657) Of Sines er or 


56 0 8B p> 


. Complete the statements. 


A lf a and b are any integers and a < b, then ais 
to the ? (left, right) of b on the number line. 
B’ If b >a, then bis to the ? (left, right) of a 
on the number line. — 


Using the Ideas 


1. Give the integer for each |||. 


A 4 > 2 because the positive integer ||| must be added to 2 to give 4. 

B ~5 < +1 because the positive integer ||| must be added to ~5 to give ~1. 

c ~7 <0 because the positive integer ||| must be added to ~7 to give 0. 

pb ~1 > ~99 because the positive integer ||| must be added to ~99 to give ~1. 


. Write the correct symbol (< or >) for each Al. 


a Qilito =» -sil)-1 ~~ @ -8ii-10 =u -100 fl) 100 
Bp 1(({lho e 4 lll) -4 Hw ~15\li-20 «x -2 Ih -98 
e Oli)-1 & -2ilh-1 — -75 lfi-72 kil) -8 


. Answer the questions about the set S of integers shown on the 
number line: 
Ss OF alot etn Oo  97-103- 10} 


a Oe ee 


elem Ome e007") 645-3 a came SO) 4 2.3! 4 US \ 68576 9 PHO 


What is the smallest integer in S? 

What is the largest integer in S? 

List all integers in S that are less than 0. 

List all integers between 3 and ~3. 

List all integers less than ~8. 

List the integers that are both greater than “4 and less than 0. 
What is the greatest integer that is less than ~2? 


List the integers that belong to one or the other or both of these 
sets: the integers less than ~7 or the integers greater than 7. 


zronmnrnmooiows Pp 


. A Any negative integer is ? than any 
positive integer. 

B Zero is ? than any negative integer. 

c One integer is either greater than, 
equal to, or ? than another integer. 

p If a first integer is greater than a second, 
and the second integer is greater than a 
third,then the first integer is ? than the third. 

E If a first integer is less than a second, 
and the second integer is less than a third, 
then the first integer is ? than the third. 





UTILIZATION 

If the ideas of inequalities are readily grasped 
by your students, you may find that an oral dis- 
cussion of the exercises on this page suffices 
and you can proceed to the next lesson, which 
concerns solution sets for inequalities. For 
slower students, the lesson needs careful treat- 
ment at a more deliberate pace. 


EXTENSION 

Workbook page 30 provides additional practice 
exercises that would be appropriate for use 
with this lesson. 

Enrichment: Challenge your students with 
the problems below. (Answers are given in 
parentheses.) 

If x and y are integers, which integer is larger 
if you know that: 


l.x—y=4 (x) 4.x=—y= 6 (y) 
he Fea Sy (y) 3) yas = (y) 
Sh ee 5) (x) 6. x -—4=y (x) 


Think Solution 

The sum of the numbers in the completed diag- 
onal is ~6. When this sum has been found, the 
number in the lower left corner can be found to 
be —6. Using addition and subtraction, the num- 
bers for the remaining squares can readily be 
determined. 


Assignments 

Minimum 1, 4, oral; 2. 
Average 1, 3, 4, oral; 2. 
Maximum 1-4, oral. 
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Objective 
Given inequalities and a specific replacement 
set, the student can find the solution set. 


PREPARATION 

Review the concepts of “less than”’ and “‘greater 
than.” Provide some oral practice by asking 
questions such as: ‘““Which is greater, ~7 or 
~2?” “Which ts larger, 5 or ~5?” ““What is the 
smallest integer greater than ~99?” 


INVESTIGATION 

Students have worked with inequalities and 
solution sets using positive integers in Module 
2 of this learning unit. Thus, they should have 
little difficulty extending these ideas to solution 
sets involving negative integers. 

In the Investigation, the student is to select 
the proper subset of S that is described by each 
of the given statements. The algebraic descrip- 
tion of these sets is introduced in the Discus- 
sion phase of the lesson. 


DISCUSSION 

When discussing Exercises 2 and 3, you may 
want to use other examples to illustrate how 
union or intersection of sets can be used to 
determine solution sets of inequalities such as 
nae en (mete, aNd << 5) ie ander © 
or x > 3.” However, you should expect stu- 
dents to be able to use the correct mathematical 
interpretation of ‘‘and”’ and “‘or” in the open 
sentences to find the solution sets for the exer- 
cises. 
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Solution Sets for Inequalities 


Investigating the Ideas 


Each statement below refers to a subset of the set of integers S 
shown on the number line below. 
Sc fel One9, 8S Sept) Saree 9 a0} 





“10 “9°°8 7 6 BA Se TPO 2 a ee ee 













How many of the subsets of S Record the elements in each set. 


described below can you find? 





[a] The integers that are less than ~5. [e] The integers that when multiplied by 
The integers that are greater than 4. ~2 give a product greater than 10. 
[¢] The integers between ~4 and 3. [F] The integers that add to 3 to give 


[pD] The integers that are either less a sum that is less than “5. 
than ~7 or greater than 6. 


Discussing the Ideas 


1. Sentence A can be shown by the inequality x < 5 
Using S as the replacement set, the solution set 
for the inequality is {~10, ~9, 8, ~7, ~6} 

A What inequality could be written for B? 
B What is the solution set? 


2. For C, we can write xX > ~4 andx<S3or 4<x<3 
A What is the solution set for x > ~4? 
B What is the solution set for x < 3? 


ce What is the intersection of the sets found in 
parts A and B? 


3. For D, we can write x < “7 orx > 6 
A What is the solution set for x < ~7? 
B What is the solution set for x > 6? 


c Is the solution set for D the union or the 
intersection of these two sets? 


4. a Describe how you found the solution set for E. 
B Describe how you found the solution set for F. 


Using the Ideas 


1. Find the solution,set for each part in the table. 
The replacement set is {~4, ~3, ~2, 1,0, 1, 2, 3, 4}. 
Parts ¢ and D are partially completed. 














A 

B Xe2 

c| x>-gandx<2 | {-2,-1,0,1,2,3,.4)9 (-4,-3,-2,-1.0,1}=1ll 
D x < -20rx>3 {-3, -4} U {4} =Illl 

E Xo 0 

F er <0 ee 














2. Find the solution set for the following sentences. 
The replacement set is T = {~3; ~2, -1, 0, 1, 2,3, 4, 5}. 


AXxXx<2 GEXee Cee M X= 2 orx> 2 
Be Xion | H 2:°x>0 NX'< sllOtmx 1 
CGiexXe- 43 (Xi eee orx 20 or x= 0 
DEX) i) oe “| Almelo > PleXe al OleXg= mae 
Exe I= 0 KX) pandixi-<< 3 Qa (2-x)+3<0 
Fox oO <3 L) xX >> tiheandixi= 2 RAKES Tl 





3. Find the solution set for each part. 






















Tee Ren a eee] 
The replacement set is dui ee 
S= {0,1, 71,2, ~2,3, ~3,..., 10, ~10}. Three men stopped at a hotel and 
exe, rented a suite of rooms for $60. 
By 7 Each man paid $20. On the way to 
e the rooms, the clerk discovered he 
Cc a+2< m 
2 f had erred and that the suite of rooms — 
pDx+5>0 was only $55. He found the menin 
ER Mia) _ their rooms and returned the $5.00. : 
F2-t<-4 Not knowing how to split the $5.00, _ 
= they gave the clerk $2.00 and kept 
Gr 32 ne 0 
f $1.00 apiece. Thus, each man paid 
Hye $19 for his room or $57 for all 
eS three rooms. The clerk got $2. 00, 
vy y2<5 making a total of $59. What 
K £f<-7 happened to the ane dollar? 
L s*—s>6 ; 





UTILIZATION 
When assigning the exercises on this page, ask 
students to note that a different replacement set 
is given for each exercise. 

Presenting selected exercises on the chalk- 
board for student explanation should prove 
quite useful to your less able students. 


EXTENSION 

Enrichment: Ask students to find the solution 

set for each exercise, given the replacement set 
SAO A1 SU 22723 Je pee eae 

{2 = 543,-3,4,-4 5. 9) oy On 

2x 43x = 5x {0, 1,1, 9s eee 

Mircette fap a Van Vek Ie 

s?—7s+ 12=0 {3,4} 

(n—4) -(n+5)=0{-5, a 

PS Or le <a> Os D2), IO} 

ae andvcr— Oe ale Omile 

b- (b—4) =0 {0, 4} 

Wa (d+ 5) —d2—— 5d 4.02) wits eames 
10, ~10} 

10. p?—p—6=0 {-2, 3} 

he oS Way 3h 

12a =< hand acai O} 


No 


Cay px” (GS 


owen D 


Think Solution 
Nothing actually happened to the extra dollar. 
This can be explained in the following ways. 

(1) Consider the total amount for the three 
men. The three men paid $55 for the room, 
plus a $2 tip for the clerk. This $57 added to 
the $3 refund gives the original sum, $60. 

(2) It is incorrect to assume that each man 
paid $19 for his room. The men actually paid 
= or $18.333, apiece for their rooms. Each 
man contributed 673¢, tip to the clerk. Each 
man received $1 in refund. The sum, $18.335 + 
$.673 + 1 = $20, the amount each man paid 
originally. 


Assignments 


Minimum Alternate parts of 1-3. 
Average 1, 2A—L, 3A-—G. Maximum I-3. 
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Objective 


The student can give the absolute value of 


any integer and can solve simple equations in- 
volving absolute value. 


PREPARATION 

Play a “Guess the Function Rule” game for a 
few minutes. One student selects a rule. When 
other students give an input number, the stu- 
dent applies his function rule and tells them 
the output number. The students attempt to 
suess the function rule. 


INVESTIGATION 

Students should have little difficulty in com- 
pleting the function table. However, it is quite 
likely that they will not be able to give a simple 
rule describing the function. Some of your most 
able students might invent a rule such as “‘n, if 
n= 0; ~n, ifn < 0.” The goal of the Investiga- 
tion is for students to discover that the output 
number is related to the input number and is 
nonnegative. 


DISCUSSION 
The concept of absolute value is used exten- 
sively throughout mathematics, and thus this 
section is of great importance for the students. 
The basic idea is quite simple and difficulties 
with absolute value generally arise only when 
complicated expressions are involved. 
Emphasize that the absolute value of any 
integer x is either x or the opposite of x, which- 
ever is nonnegative. Note that by this definition 
the absolute value of zero is zero. 
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Absolute Value 
Investigating the Ideas 


Function table A shows the input-output pairs for an 
interesting function rule. 





Function Rule 
II 


n | f(n) 


Can you discover the function 
rule and complete function [A] 
table B? 





FUNCTION RULE 


led “see 


Discussing the Ideas 











1. a If the input number n is a positive integer, what is f(n) ? 
B If the input number n is a negative integer, what is f(n) ? 
c If the input number is 0, what is f(n) ? 


2. The function rule illustrates the absolute value function. 
In this function, the output number is either the input 
number or its opposite, whichever is nonnegative. Instead 
of using f(n) to denote the output number, it is standard 
practice to use the symbol |n|. Thus, |~7|= 7. 

We say, ‘The absolute value of ~7 is 7.”’ 
What is the absolute value of each of these numbers? 


A 4 B 10 cH (ey 4) E. tai fF 15 


3. What number is represented by each of the following: 
A |-2| B |8| © Jis2o) pb |-14| €& |100| 


4. Explain how to find the integer for n in each part. 
A |4+2|=n B |2:-3|=n c |-4:--2|\=n 


Function Rule 


I 












ih 
i 
hi 
UU 
i 
i 





Dp |6—8|=n 


Using the Ideas 


1. Copy and complete the function tables. 
Function Rule 


A In| B 
n f(n) 


Function Rule Function Rule 
Cc |n| 

f(n) n f(n) 
i 2+-3| il 
il -2+3 1 ill 
lh 2-3 | ill 


il “221! Til 
il “224 i il 
T -2--3| iii 


2. What integer is represented by each of the following? 


























8 Ih 
il 



























































Ay) 5 Cais1Si Ee |~47| G |3—7| tel e4 sone) 
B (|5| pd |2| Fa fees H |9+6| uJ |-5-4| 
3. Solve the equations. 
aA x=|-5| Capes) — 2 E422) =v Gut 15.30] 
B |6|=a Den = |0—5) F s=| 24+ 5| H |8= -2|=y 


4. Give all solutions for each equation. 
EXAMPLE: |x| = 6 
SOLUTION: Since |6| = 6 and |-6| =6, then x =6 or x= 6. 


E x2 29 Gix—1,=3 
F |x+1|/=4 H |-3-x|=9 


c |x| =4 
pb |x|=10 


A |x|=3 
B |x|=8 


%* 5. Give the integer for each |||. 
A |x| =7 andx<0- x= 
B |x) =5 andx > 0> x=\lll 
c |2x|=6 and x <0—> x='|llll 


D |x|=2andx>0-— x='ll 
— |x| =2 andx < 0 x=llll 
|x] =13 and x <0—> x='lll 


7" 





UTILIZATION 

Exercise 4 presents equations involving abso- 
lute value which have two solutions. You may 
want to discuss this type of problem before 
making an assignment. Questions such as this 
may be helpful: “I am thinking of a number 
whose absolute value is 4. What is the number?” 
(Answer: 4 or 4.) 


Solution, Exercise 4H 
If. |73x|=.9, then 93x=9 or “3x7 sa lias 
Ve a SOlex =e 


EXTENSION 

Appropriate additional practice exercises are 
provided on Workbook page 31 and Duplicator 
Masters page 24. 


Think Solution 

A. Group the nine coins into sets of three and 
call these A, B, and C. Begin by weighing 
set A against set B. If they balance, choose 2 
coins from set C. Weigh one coin against an- 
other. If they balance, the third coin 1s counter- 
feit. If they do not balance, weigh one of the 
two coins against the third coin. You know that 
the third is a good coin. You can tell whether 
the counterfeit coin is heavier or lighter by 
observation when it is on the scale with a good 
coin. (This may occur in either the first or sec- 
ond weighing, depending on the choice of coin 
for the second weighing.) 

B. If the first two sets, A and B, do not 
balance, you know that the remaining three 
coins (set C) are good. Now weigh one of the 
questionable sets, say A, against the three good 
coins (set C). If they balance, set B contains 
the counterfeit coin, which can be distinguished 
as discussed above in one more weighing. (Y ou 
have already determined that set B is either 
lighter or heavier.) If this second weighing does 
not result in balancing, then you should have 
observed whether the set containing the bad 
coin was either lighter or heavier. Then as, 
discussed before, the lighter or heavier coin 
can be detected in one more weighing. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-5. 
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Objective 
The student can solve problems involving 
absolute value by using the number line. 


PREPARATION 

Use examples from the previous lesson to re- 
view the concept of absolute value of an integer. 
In this lesson, absolute value is interpreted in 
terms of the positive distance of a point from 
the origin on the number line. This definition 
is also applicable to rational numbers and real 
numbers. 

The same idea is used in defining absolute 
value of a complex number (a+ bi). Thus, 
|a + bi| can be interpreted as the positive dis- 
tance of the point for a + bi from zero. 


la + bi| = Va? + b? 





DISCUSSION 

Using the number-line interpretation for abso- 
lute value, students can solve some problems 
which otherwise would require rather sophisti- 
cated algebraic techniques. Discuss each of 
the exercises carefully, supplying other exam- 
ples as needed by your students. 
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Absolute Value and the Number Line 


Discussing the Ideas 


1. Using the number line, you can think of |n| as asking the 


question, ‘‘How far is n from zero on the number line?”’ 





<4—e__0_—_ © 0__© e e e e o—__ 0 _@ 


6 
For | 6|, we think ~6 is 6 units from zero 


A Using the number line, how far is 7 from zero 
B What is the absolute value of 7? 

c How far is 20 from zero? 

D What is | 20]? 


2 


2. The statement |n| = 9 means that a certain number n is 9 units 
from zero on the number line. Give two possible values for n. 


3. You can think of |a— b| as asking 


ae) 
© * e 


=? 





the question, “How far is a from b ag 
on the number line?”’ 


We think: ~5 is 7 units from 2. 

We write: |-5 — 2| = 7. 

We say: ‘The absolute value of 5 — 2 is 7.” 
A How far is 8 from ~3 on the number line? 
B What is |-8— ~3|? 
c How far is 6 from 13 on the number line? 
p What is |6 — 13]? 


oe 


4. The equation | 2 — x| = 4 can be solved by thinking, 
“What numbers are 4 units from 2 on the number line?” 


4 units 4 units 
o—Q - G—_@ -_@-- - 6 __9-- _@—_ --@__@-—_@ —@—-@ 9 4 





2 


A How many solutions does the equation have? 
B What are the solutions? 


sal 


Using the Ideas 


1. Copy the equations, giving the correct integer for each |||. 
(It may help you to use the number line.) 





A} How far is B} How far is C! How far is How far is 
it from it from it between it between 
~8 to 0? 12 to 0? ~3 and 5? 5 and 7? 
y 
|-8| = lll [12] = lil |-3 — 5] = Ill [5 — -7| = lll 
— |~15| = lll F |2| = lll G |49| = lll H |~100| = Il 
© |-2—12|=|I} vy \12--2\=IN « |-15-o0}=KI| © |9—20)='Illl 


2. Think about the number line and give all the possible numbers 
for b in each equation. 





“a Gl ip pw, 2 ine a ae ee er ee eS 
a |6—b|=6 e |-2—b|=2 e |6—b|/=5 @ |-2—b|/=1 
|4—b| =4 p |-9—b|/=9 F |4—b|/=3 H |-9—b|=10 
3. Give the correct symbol (<, >, or=) for each AL 
a {6 il 6) e |6—olilii-6) == je — 1) ih je) — 14 
s—(-5)| hs > |-7 ill-7 F (6 —~1/ ill ie — (11 
4. Solve each inequality. The replacement set 
1S.) =a Oe ne Oe Oru. B49 10}: 
|x| > 3. Solution set: B |x| <4 ColxXi ec l—.3 DAX =t0lG=35 


Oe Se Ot 








IpuUpU 


. If you were offered a job and could choose between 
Salary Plans A and B, which would you choose? 


. What would your third-year salary be under 
Plan A? Under Plan B? 





. What would your total earnings for two years be 
under Plan A? Under Plan B? 








More practice, page S-12, Set 21 


UTILIZATION 

Adjust the assignment to the needs and capa- 
bilities of your students. Slower students may 
need additional help on the more difficult parts 
of the exercises. 


EXTENSION 

To provide further practice refer students to 

Supplementary Exercise Set 21 on page S-12. 
Remedial: Students should think about the 

number line and give all the possible numbers 

for a in each equation below. 





=8) 7.-@ ~S°"4 53 —2. 7 10). I rae ee ees 
1. |a| = 2 (Answer: a = 2 or a= 2) 

De a — GT) 9. a0 a4) 
3. jal =0 (0) 10. ja—0|=8 (8, 8) 
4. |a|=3 (3,73) 11. ja I= 2G reel) 
5. ja| =4 (4, 74) 12. a1) = 7a(Siheo)) 
6. |a= 0| = 2.(2,-2) 13. \a— f= Ora 

1... |a = 0| =7 (7;-7) 142) >1) On ees 
8. |a — 0| = 0 (0) 15. |a— Tl =4 See 











Enrichment: Ask students to find the solu- 
tion set for each inequality if the replacement 
Sem gh lO, OO, og Fh 5 5 5 By SL, OH. 

L.. |x| 4. of 51039, 857; 76; SSa aoe 
9, 10} 


2 alhes,3, Si) Scone) 

ijn — Led 17, 8,9; 10 0-5, cs 
-10} 

Asslilia- <3) 0 40a! eae 

5 silt She SSW RO a eee “One 


Think Solution 

4. The man who chose Plan B would be the 
better choice because of his reasoning power 
and common sense. He would be worth the 
higher wage. 





Y ear Plan A~ | Plan B 

Ist $8000 $8100 ($4000 + $4100) 
2nd $8400 $8500 ($4200 + $4300) 
3rd $8800 $8900 ($4400 + $4500) 
Assignments 


Minimum |, 2A-D. Average 1-3. 
Maximum 1-4. 
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Objective Integers in Equations 


The student can solve linear equations by 
using logical reasoning and inverse operations. 


Investigating the Ideas 


PREPARATION ‘ , 
Students have solved equations similar to the The flow chart below suggests an equation with the set 
ones in this lesson in Module 2 of this learning of all integers for the replacement set. 


unit. However, there the replacement set was 
restricted to whole numbers, while in this 
lesson the replacement set is the set of all 
integers. Plan to review solutions of equations 
with whole number solutions before starting x 2x x+9 2x+9=5 
the Investigation. Use examples similar to 
those on pages E-46 and 47. 








INVESTIGATION Can you solve the equation by finding the input 


number for the flow chart? 


Students are expected to use trial-and-error 
methods in the Investigation. 

If you wish to extend the Investigation, pre- 
sent other flow charts for equations. Then have 
students try to write equations for the flow 


charts and solve the equations. Here are two . 
examples. 1. Tony said he thought about an inverse flow chart 


for the one in the Investigation. 
What would the rest of the 
flow chart be like? (si -e + ? 


(i) 3 — oO. Solutions 16 





Discussing the Ideas 


2. Kitty said she thought 


about inverse operations 
ei to solve the equation. 
What are the missing 





ie Wier In Solution 23 numbers in her solution? 
_ DISCUSSION 3. Instead of writing — If 3x + 2=17, 
Exercise 3 introduces the use of implication then 3x= 15, 


arrows to indicate “‘if-then” reasoning. It is 


j andthen x=5, 
important for students to be able to use logical 


if-then reasoning as it applies to simple alge- you Can indicate the same reasoning by using arrows: 
braic situations, but there is no need for them By 0 = 47 =31ox= 4158 xs 

to become concerned with the more formal as- 

pects of logic. The arrow => can be read as ‘‘implies.”’ 


What are the missing numbers in each step below? 
4x—-3=-15 = 4x=|ll] > x= 


4. How can you check the number you found for x in 
Exercise 3 to see if it is a solution for the equation? 


Using the Ideas 


The replacement set for all equations on this page is 
the set of integers. 


1. Give the correct number for each |||. 


AX+4=1 => x=iil p x+-4=2 = x=llll 
Bex 6 = 25 x —ilil| Ex--7="3 = x=llll 
c 3x=-15 = x='ill F -7x=~28 = x='ll 


2. Give the missing number in each step. 


a lf 3x+2= 7; B If 2x—4=~10, c If4x+5=1, 
then 3x=llll, then 2x = lll, then 4x = lll, 
and x='ll. and x='ll. and x=". 


3. Give the missing integers in each equation. 
A 2x+3=13 = 2x=|ll| = x=Illl 
3x+7=1 => 3x=[l| > x='llll 
"2x+1=9 = ~2x=(l| > x='lll 
2(x+3)= "6 = x+3=(l] > x=lll 
“3(x+4)="9 = x+4=([] > x='lll 


moo B 


4. Solve the equations. 


ROX 5 = 7. Db (x55) +2=0 G 4(x+ 5)= "12 
Bp  4x+1=17 E 2x+ 9= "3 H ~5(x+~7) =10 
CAM 3) 2 — 3 F (x+ 7) -2=~4 tee (Xe 6) 2 


* 5. Copy the equations, replacing each 
by the correct numbers. Part a is 
completed for you. 

a lf |2x|/=6, 
then 2x =6, or 2x= 6, 
and x=) or x==nd: 


B If |3x|= 12, 
then 3x = ||, or 3x = lll, 
and x=, or x = lll. 


Cali aix-23]/=5, 
then x +3 = ll, or x + 3 = [lll], 
and x= |[ll], or x = lll. 





_ More practice, page S-12, Set 22 
ae 
ee ea 


UTILIZATION 

The exercise set contains a large number of 
equations involving integer operations and 
absolute value of integers. The exercises are 
designed to give students careful guidance in 
arriving at logical solutions so that they will 
develop the ability to think about problems cor- 
rectly when the work ts less explicitly directed. 
A desirable outcome for the lesson, of course, Is 
for students to gain confidence in this logical 
approach to equation solving. 


EXTENSION . 
Additional practice assignments may be pro- 
vided from Supplementary Exercise Set 22 on 
page S-12 and Workbook page 32. 

Remedial: Give additional examples involv- 
ing if-then reasoning in algebra like those in 
Exercises 1, 2, and 3. Both one-step and two- 
step examples should be exhibited: for instance: 
lxt+9=5SS]x=4 2. -2x=6>x= "3 
3. 2n+77=73>2x=40rx=2 

Enrichment: Ask students to give the number 





for each |||] . 

1. |x| = 5 => |x + 3] =8, or |x + 3| =I] (2) 
2. |x| = 4 => [2x| = (8) 

3. |x t 1] =3 = |x +3]=5, or |x+3]/=I] (D 
4, |x| =5=> |x| =I () 

So M82 A [aS lie Ga) 


Think Solution 
The code is a simple translation which can be 
discovered by using the code letters for the 
word MATHEMATICS. 

AB. GsD_-E ReGeiiil skeen 


bo 4 4d | | 
L-M.N-Q P.O.R Sl Oey es 


NFOTR ORS Te URy aWaXaayaea 
V4 
Ne PEt IE NDMNE SE TG dal clk Af As 
Thus, P is coded as A, Q as B, R as C, and so 
on. Using the completed code above, we find 
that TYEPRPCD represents INTEGERS and 
LOOTETZY represents ADDITION. 


Assignments 
Minimum 1-3. Average 1-4. Maximum |-S. 
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Objective Integers and the Co-ordinate Plane 


The student can graph points for ordered 


pairs of integers. Investigating the Ideas Second 
axis 


PREPARATION 

Materials: Graph paper or co-ordinate grid pa- 

per (Duplicator Masters, page 83 or 87). 
Your best preparation for this lesson is to 


Point A can be associated 
with the ordered pair of 


review the graphing of whole numbers with integers (4, 2). 

your students. You might display on the chalk- The co-ordinates of point A 
board a pair of number rays drawn at right are (~4, 2) 

angles to each other, each labelled 0 through 10, ea 

and have the students graph several number The co-ordinates of point B 
pairs, such as (5, 4), (7, 2), (0, 3), (6, 0), and are (1,4). 


so forth. Most of the students should be quite 





familiar with the process. z, 
Can you give the 


eye UGATION ; | - coordinates of the 
The responses of the students to the Investiga- other lettered points? 


tion may help guide you in the amount of in- 
struction needed graphing points for ordered 
pairs of integers. Many students will have 
studied this topic in Learning Unit D, pages 
D-22 through D-25. 





Discussing the Ideas 


1. The two crossed number lines are called the co-ordinate axes. 


DISCUSSION What are the co-ordinates of the point of intersection of the axes? 
Regardless of your students’ background, you (This point is called the origin of the co-ordinate axes.) 
will want to cover this lesson thoroughly. The 
students should clearly understand the idea of 2. Explain how to locate the point for any ordered pairs of integers. 
drawing a pair of co-ordinate axes and finding a 
point for any integer pair. Once this idea is 3. Jack said, ‘‘l am thinking about a point on the first axis.” 
mastered, it is only a short step to the idea of What can you say about the co-ordinates of his point? 
graphing a function. 
In discussing Exercise 2, allow for a wide 4. The two axes divide the co-ordinate 


variety of descriptions. For example, a student 
might say that point A (~4,2) can be located 
by “going left 4 units, then up 2 units.” 


plane into four regions called 
quadrants, which are numbered as 
shown at the right. 





Exercise 4 introduces the word quadrant. It SECOND FIRST 
is convenient, but not vital, for the student to A In which quadrant do all points QUADRANT | QUADRANT 
be able to identify a point as being located in have positive co-ordinates? 
a certain quadrant. B_ In which quadrant is the first 
number in each pair negative and AD eoGATH 
the second number positive? QUADRANT | QUADRANT 


c In which quadrant is the first number 
positive and the second number negative? 


D In which quadrant do all points have 
negative numbers for both co-ordinates? 


E-118 


Using the Ideas UTILIZATION 


1. Graph these number pairs in the co-ordinate plane Solutions, Exercises 1-9 
and label them with the letter indicated. 
A (7,6),A dD (6,4), D G (6,0),G 
Be (04,5). B Es (g7..0) 52 H (0,6 
Caso) O}7C Fa(Oxe i) ar Ny fee 


iL 
(3,3), J 


) J 

),H K (3,73), K 
3), / Hwan (Rc ees 
For Exercises 2 through 9, draw the co-ordinate axes 


(indicating the integers between ~10 and 10). Then 
graph the set of integer pairs indicated. 


2. The set of integer pairs in which the first number is equal 
to the second number. 











Exercise 2 graph: e Exercise 4 graph: o 


Eta t of i irs i i mber is on 2-5, 
3 e set of integer pairs in which the first number is one Exercise 3 graphs Bxereisera eran 


greater than the second number. 


4. The set of integer pairs in which the second number is one 
greater than the first number. 











5. The set of integer pairs in which the sum of the first number 
and the second number is zero. 








6. The set of integer pairs in which the second number is zero. 



































7. The set of integer pairs in which the first number is zero. 








8. The set of integer pairs in which the second number is three Exercise 6 graph: e Exercise 8 graph: o 
times the first number. ’ Exercise 7 graph: x Exercise 9 graph: 9 





%* 9. The set of integer pairs in which 
the second number is the 
absolute value of the first number. 


























* 10. If (x, y) represents the co-ordinates 
of the points in the co-ordinate 
plane, then the points graphed at 
the right are the set of points (x,y) 
suchithatw2 =x =1-and f =sy= 73: 
Draw graphs of these inequalities. 

A ~S9=x="1and1=y=4 
Bex so dnd oe Y — 3 
Cme2 — X= 2 and y= 2 




































































Assignments 
Minimum 1-4. Average 1-8. Maximum 1-10. 
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Objective 
Given the input numbers and a function rule, 


the student can compute the output number 


and graph the pairs for the function. 


PREPARATION 

Materials: Graph paper or co-ordinate grid pa- 

per (Duplicator Masters, page 83 or 87). 
Show a co-ordinate grid on the overhead 

screen or on the chalkboard. Review identifi- 

cation of co-ordinates of points in each of the 

four quadrants. 


INVESTIGATION 

Graphing functions is only a slight extension 
of the work of the previous lesson. If students 
have drawn graphs of functions involving whole 
numbers in Unit E, Module 2, they should have 
little difficulty with the Investigation. The func- 
tion rule f(7) = 9 —n? produces ordered pairs 
which are points on a parabolic curve. The 
curve should not be drawn, however, since the 
domain is a finite set of integers and not all real 
numbers. 


DISCUSSION 

Work through Discussion Exercise 5 carefully. 
Your slower students may need extra help in 
evaluating functions such as this one. After the 
table has been completed, have some students 
show how to locate the ordered pairs for the 
function in the co-ordinate plane. 

The graph for Exercise 6 is shown below. 


















































Integer Functions 
Investigating the Ideas 


Given a function rule and 
a set of input numbers for 
the function, you can find 
the corresponding output’ 
numbers. When you graph 
the points for the input- 
output pairs, you have 
graphed the function. 





Can you graph the 
function whose rule 
is f(n) =9—n?, 


if the set of input 
numbers is 
(ed aoe | Ogle ont ee 





Discussing the Ideas 
1. For which input number n is f(n) the largest? 


2. For which input number or numbers is f(n) a 
negative integer? 


3. For which integers n is f(n) =0? 


4. Do the points that you graphed for the function 
fall into a pattern? Describe the pattern. 


5. A function rule is f(n) =n?+n—1. 
If n= ~4, then f(~4) = (-4)?+-4—-1 
= 16+ ~4—-1=11. 
Give the other output numbers in the table below. 








6. Draw a graph of the function in Exercise 5 using 
the number pairs in the table. 


1. Complete each function table. Then graph the function 
for the ordered pairs in the table. 


A Function Rule B 


2n+ "3 
n f(n) 
32 mf. 
at “5 
0 Il 
1 Hil 
2 I 
Baek I 
4 I 
5 

















Function Rule Cc 


n?—4n+4 


n 
5 


f(n) 


£ 








wP}]o!sz 










3 


i 
i 
i 
i 
i 
hi 










2. Draw the graph of a function whose rules are as follows: 


* 3. 


* 4, 


7(n)=3; lin > 0; 
f(n) =0, if n=0, 
f(n) = 2, ifn <0. 


Use the integers -5 = n = 5 as input numbers. 


Draw a graph of the absolute 
value function f(n) = |n}. 
Use the integers 5=n=5 
as input numbers. 


A Draw graphs of f(n ) =n? 
and f(n) =n+20n the 
same grid. Use integer 
inputs from ~4 to 4. 

B What points do the two 
graphs have in common? 


d 


AUURU 


Using the Ideas 


Function Rule 








12=>Nn 


f(n) 


i 
i 








hi 





il 
i 
i 
i 


it 


il 





_ Can you complete the square to 


form a multiplication magic square? 


= ae 


row, and diagonal 


et 


a+ 


All the products 
in each column, 


must be the same 


number. 





UTILIZATION 
Solutions, Exercise 1, 2, 4 





EXTENSION 
Workbook page 33 and Duplicator Masters 
page 25 provide additional practice exercises. 


Think Solution 
The magic multiplication square contains only 
powers of 2. 











The product in each row column or diagonal is 
21° = 32 768. 


Assignments 
Minimum 1. Average 1, 2. Maximum 1-4. 
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Objective 

Given a linear equation ax + by = ¢, the stu- 
dent can find ordered pairs of integers satisfy- 
ing the equation and draw the graph of the 
equation. 


PREPARATION 
Materials: Graph paper or co-ordinate grid pa- 
per (Duplicator Masters, page 83 or 87). 
Graphs of equations in which the replace- 
ment set was ordered pairs of whole numbers 
were presented in Module 2 of this learning 
unit. Students who have covered that material 
should have the necessary background for this 
extension of graphing to ordered pairs of in- 
tegers. Co-ordinate grid paper or graph paper 
should be available for the students. 


INVESTIGATION 

The equation presented in the Investigation is 
purposely simple in order that students can 
concentrate primarily on the ideas of graphing. 
The students should have little difficulty in find- 
ing several more ordered pairs of integers satis- 


fying the equation and plotting the points for 


the pairs. 


DISCUSSION 


All of the equations in this lesson are linear 


equations. That is, the ordered pairs of integers 
satisfying an equation can be represented as 
points in the plane which lie along a line. The 
graphs of the equations, however, are not lines 
but sets of distinct points because we are re- 
stricting the ordered pairs to integers. Note also 
that we show only part of the graph of the 
equation, since there are infinitely many pairs 
satisfying each equation. 

Exercise 2 should be discussed carefully in- 
asmuch as some students may have difficulty 
in finding ordered pairs for the equations. You 
should emphasize the fact that several points 
should be graphed even though any two points 
determine a line. Since these are linear equa- 
tions, all points should lie on one line. Thus the 
student can discover any error that might have 
been made in determining the pairs or plotting 
the points. 
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Graphing Integer Equations 


investigating the Ideas 


Some ordered pairs of integers © 
(x, y) have been graphed for 
the equation x + y=2. 













x+y=2 (x, y) 
es (aay) 
-2+4=2 (~2, 4) 
Pils ee (o1;3) 
0+2=2 (0, 2) 







Can you list five more 
ordered pairs of integers 
for the equation? 


Discussing the Ideas 


1. Locate the points for the ordered pairs that you 
found for the Investigation question. Do the points 
follow the pattern of the points already graphed? 


2. To find the integer pairs (x, y) 
for an equation, you can try a 
some integers for x in order —Ifx=0, then3-0—y=2 
to determine what y must be. . O-y=2- 
Study the example at the right. ae ves 
Explain how you can find some | (0, 2) is one ordered pair 
other ordered pairs for the of integers for the equation. 
equation. oes oo 





EQUATION: 3x—y=2 : - 











3. Complete the table to find 
some pairs (x, y) forthe 
equation 3x — y= 2. 





4. Graph the ordered pairs (x, y) in Exercise 3. 


WT: 


* 8. 





. Complete the table of 


. Complete the table of ordered 


Thank 


Using the ideas 


ordered pairs (x,y) for the 
equation x + y=0. 





. Graph the order pairs in the table of Exercise 1. 


This is part of the graph of x + y=0. 


pairs (x, y) for the equation 
x + 2y = 8. 





. Graph the ordered pairs of Exercise 3. 


This is part of the graph of x + 2y=8. 


. Make a table of ordered pairs (x, y) for the 


equation x — y= 0. Use both positive and 
negative integers. 


. Draw the graph of the equation x — y=0. y 


Part of the graph of an 
equation is shown. What 
is the equation? 


Make a table of ordered pairs 
(x, y) for each equation. Then 
draw a graph for each equation. 


Ax+y=6 
B x—y=4 

Cc x=2y 

D y=2x 

E 2x+ 3y= 12 





UTILIZATION 

Graphing equations requires considerable time 
for many students. Therefore you should ad- 
just your assignment to the needs and capabili- 
ties of your students. 


Solutions, Exercises 2, 4, 6, 8 





2, 4, 6. Graph for 2:< | 
Graph for 4: x 

















Graph for 6:0 



























































8A, B. Graph for 8A:- LUI 
Graph tor 8B: x | 
























































8C-E. Graph for 8C:« 
Graph for 8D:o 











































































































Think Solution 

An alternate solution might be: 
E 

(microphone) 


elie ZA 


E 
je 
le" 
H 


Ae ie 
Des ies tent 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-8. 


E=123 


Objective 
The student can demonstrate the ability to 
work with the concepts developed inthe module. 


UTILIZATION 
The review exercises emphasize the three 
major topics covered in this module: 

1. Computation with integers 

2. Solutions of equations and inequalities 

3. Graphs of ordered pairs of integers 
Some of the review problems may be discussed 
orally. Others may involve written work. Solu- 
tions and methods used by the students should 
be discussed before an achievement test Is 
administered. 

Additional review exercises are provided on 
page 34 of the Workbook. 


Solutions, Exercises 12, 13, and 14 


















































13, 14. Graph for 13:¢ (i EeaSe oa aval 
Graph for I4A: x, i 
Graph for 14B:0 [ 
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REVIEWING THE IDEAS 


1. Give the opposite of each integer. 11 
a5 B 8 Came 


2. The sum of any integer and 


its opposite is ? . 
3. Find the sums. 
a 18+ 9 B 6+ 13 C <8) eo 
4. Find the missing addends. 
AO-— 2=A c 8— 2=A 
B1o—3—A Di soi — A 


5. Solve each equation and give the 
name of the basic principle the 
equation illustrates. 


A 16+0=a B 9-1=b 
ec c+8=0 dp 9+d=174+ 9 
—e (8+4)+ 4=e+ (4+ 4) 

2 ee (24 i) = (Set) (8 = 1) 

Cy (ai) e200) 2 =) == “a! © (Ware =) 


13. 


6. Find the products. 
A7°6 B 7:6 G “fe 


14. 


7. Find the missing factors. 
A 54-6=F Clg 259 — 
B 54= 9=F pO0O+ 8=F 


8. Give each solution set. 
Replacement set: 
a= oh Ch 
Axil 
Boxe 





1,0; 1, Bo Oh 2h, Ot. 
CExXa—cranG Xpaee 
Dx>3orx< 4 


9. a What is the absolute value of 9? 
B What is the absolute value of ~9? 


10. Solve the equations. 


a |13\=a p|6— 9|=a hehe 
B |27|\=a E|a— 2|=1 
ec |5—“1|=a F |\4—a|=2 


12. 


. Give the integer for each screen. 


A 2(x+5) =14=x+5='lll 


=> x='llll 
B 6+ (“8+y) =0— 8+y=lllll 
= y= Il 
c 6(x— 2) =18=>x-2=ll 
=> x='lil 
p -2(5+n) =-2=5+n='ll 
=> n=llli 
—E (-3+a)+4=-2>-3+a=ll 
=> a='lil 


Draw the co-ordinate axes (indicating 
points for the integers between 

~6 and 6) and graph the integer pairs, 
using the indicated letters. 


aA (4,2),A E (4,0),E 
B (~3,5),B Fe (073) 
CH (G24 Ee Gh (Otes) iG 
p (5, 3), 0 H (~5,0),H 


Graph the set of integer pairs in which 
the second number is one more than 
the first number. 


Give the missing integers. Then graph 
the functions. 











a —_ Function Rule B Function Rule 
2n— 1 n2—4 
a ae 
BEA wes 3 5 
2 | ili 2 | i 
ks 1 | sill 
i ~o | i 
i tT ies 








Which integer is larger, a or b, if 
Aa+4=b? c¢ a=b-—7? 
B a— b=6? Byb- a, be 


TEST ne 


1 Give the opposite of each © 
integer. > 


a5 oe oe 2 | 


. Find the sums. 
A 74 2 ¢o+ 4 
‘6 675 9 33 6 
. Find the differences. 
-A8—10 C4. 2 
B 5-3 ‘D2 7 


. Find the products. 
a6-3 B 8-4 


. Find the quotients. 
Ad1G=— 4 C230 5 
B 24253 0-18 — 6 


: Write the correct symbol (< or >) 
for each |i 
© ~6'|{l|lh -2 


» sil) -3 
21d 8 ol) 15 


RESEARCH PROJECTS 


A_ Find how to make a nomograph. It is 
a device that can be used to find 
sums and differences of integers. 
Then construct your own nomograph. 
(See Making and Using Graphs and 
Nomographs by Richard A. Denholm; 
Pasadena, California: Franklin 
Publications, 1968, pp. 45-47; 

Grolier Ltd.) 


: What i is the solution set for 
x> 4andx =< 3? 


. lf x — 2|= 5, what are all 


the possible integers for x? 


. Solve the equation 3x + 8 = 13. 


. Complete the function 


rule table. 


Function Rule 








It is possible to represent any integer 


using a negative number base. 


For example, using base negative three, 


2ilkeonimMeanlS2ica (a) Nella) 


112,-,, means 1- (-3)?+1- (3) +2=8, 


and 2111,-3, means 


2=(-8)2 1 = (-3)2 1-3) 4.1 = -47 


Choose some negative integer as 


_a base and show how to represent 


both positive and negative integers 
in this base. 


TEST YOURSELF 
Students who do well on this self-evaluation 
test may be expected to perform well on an 
achievement test covering the concepts pre- 
sented in this module. This self-test might serve 
as a model for a teacher-designed achievement 
test, or you might prefer to use the Unit E, 
Module 4, Achievement Test that is available 
from the publisher as part of the test package 
designed for use with this series. 

Note that the correlation between Test Your- 
self items and the module objectives is indicated 
by annotations on the student book page. 


RESEARCH PROJECTS 
Students who are interested in Project A can 
find detailed descriptions and explanations of 
the construction and use of nomographs in 
Multi-Sensory Aids in the Teaching of Mathe- 
matics, 18th Yearbook of the NCTM, New 
York Bureau of Publications, Teachers Col- 
lege, Columbia University, 1945, pp. 164-181. 
Research Project B may appeal to some of 
your better students. An article relating to this 
topic appears in The Mathematical Log, Vol. 
XVII, No. 1, Sept. 1972, Mu Alpha Theta, 
Dept. of Mathematics, The University of Okla- 
homa, Norman, Oklahoma. 


Objective 

The student can demonstrate the ability to 
work with the significant ideas presented in 
this learning unit. 


UTILIZATION 
Notice that the Cumulative Review requires 
about 120 responses from students. More than 
one class period might be needed if students 
are to cover all parts of these exercises. Hence, 
you might ask students to do only the first one 
or two parts of multi-part problems. As a gen- 
eral rule, students need only complete enough 
parts of a given problem to convince themselves 
that they can solve the type of problem given. 
The table below indicates the correlation be- 
tween the individual review items and the four 
modules of this learning unit. 








Module Related 
Number Review Items 
| 1-10 
2 11-18 
3 19-24 
4 25-36 











After the cumulative review, an achievement 
test covering Modules 1, 2, 3, and 4 can be 
given. Packages of achievement and unit tests 
are available from the publisher. 
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CUMULATIVE REVIEW 


1. a Write 1893 using Roman numerals. 


B Write MDCXVII using Hindu-Arabic 
numerals. 


2. Use exponents to express 7-7-7: 7. 


3. Solve the equations. 
A 10?-10%=n ce 10*= 102—n 
B 2°-22=n p 10°+102=n 


4. a Write the Hindu-Arabic numeral for 
(Sica018) roe (acl Ol) atom (imal Ol) mete (O)) 
B Write 78 463 097 using expanded 
notation. 


5. Round 746 813 to the nearest 
A thousand. 
B ten thousand. 
ce hundred thousand. 


6. Estimate the 421 
product. x77 


7. Estimate the 394)287 449 
quotient. 
8. Compute. 
IX. if ae BAY sb W/iAsh ar WE) ae S 
9000 — 576 
678 - 932 
Phi) Byaek = 2 


o 0 8 


9. Write each numeral in base two. 
A 5 B 25 CMaa/, 


(ten) (ten) (ten) 


10. Compute as indicated and give the 
result as a binary numeral. 


A 101; By 1001;2; c 101), 
Whe = ues Slliey 
az alulilreay 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


X—HOM i294 4 on Ona Sao lO} 
A Find a subset of X which contains 
all of the odd numbers in X. 


B Find a subset of X which contains 
all of the even numbers in X. 


c What is the union of the sets in 
parts a and B? 


Sets R and S are disjoint. Which 
statement below is true? 


ARCS BRMS=¢ 


Evaluate the expression 
3x + 7 when x= 5. 


Find the solution set of each open 
sentence. The set {0, 1, 2,3, 4, 5} is 
the replacement set. 
A3t+n=7 

Con 2 n-- 2 


Bn<4 
pn?>7 


Give the algebraic expression for 
each |||. 


A 5x + 2x = Ill 
B 9x + 6x = | 


c 3x + 4x + 5x='lll _ 
D 9x + x= 


Write the equation suggested by this 
flow chart. 


es eS 


What is the whole number that is 
the solution for the equation in 
Exercise 16? 





Find the solution set for each 
inequality. The replacement set is the 
set of whole numbers. 


A x>14andx < 19 
x=5o0rx=3 

x is divisible by 3 and x < 10. 
2x < 8 and x is odd. 


oo B 


19. a Whatare the first 10 prime numbers? 


B What are the first 10 composite 
numbers? 


20. Give the prime factorization of each 
number. 


A 98 B 102 G625 


21. Give the GCF of 


A 16 and 30. B 100 and 30. 
22. Give the LCM of 
A 8 and 10. B 15 and 35. 


23. Which of the following numbers are 
divisible by 2? By 3? By 5? By 9? 
By 10? 
A15 B 330 c 78 D 225 


24. Write the first five terms of a sequence 
whose n" term is n? + 3. 


Beach the opposite of each number. 


aA 46 B 97 ec 1000 


26. Find the sums. 
IX 28) 4= ~5) B 17+9 


27. Find the differences. 
Aw ioe—a19 @ Tf = 75 
Bees) Die Om oo 


28. Find the products. 
A 4-8 B. 5-759 QS ~7#e@ 


29. Find the quotients. 
IN Give =) Gar 200 24 
Bie 2 ae fey = he = ~t3))) = SI 


30. Solve the equations. 
A 9:-h= 27 c k+5= 45 
Bw: 4=24 Dp  8=32-y 


31. Complete each table. 
A Function Rule B Function Rule 
n=3 n?— 3n 
f(n) n | f(n) 
il 1 ll 
i “2 | ill 
7 ll 0 
=3 8 | ill 

























hh 
hi 








32. Give the correct symbol (< or >) 


for each il. 
a 5 ili) -7 o ~4 ili 4 
a -5'iliiiiis o oll) -17 


33. Solve the inequalities. The replacement 
set is {~4, 2, 0, 2, 4, 6}. 
(\ yar) Ss) CE2x aa 
BaX oe Oe .0) De eexXie | 


34. Give the integer for each. 
aA | 4| Chlpecdi 13\) E18 4-31 
BIOs Dilla olk) FE Neer a| 


35. Give the whole numbef for each |llll. 


a lf 4@=) = 0, & If 9 GREE = 9, 


thenx—7=|[l| then x — 4 = Ill 


and then x = ||| and then x = ll 









3) >4 
1 ill 


B Draw a graph of the ordered pairs 
in parta. 









Solution, Exercise 36B 























































































































MATHEMATICAL RECREATION 
To carry out the Mathematical Recreation, stu- 
dents can use actual toothpicks or draw seg- 
ments to represent toothpicks. 

The sequence for the stair-patterned square is 

AN NOs Whtsh, 285 5 oa g Se Slade 

where n is the number of the toothpicks in the 
longest string of squares. 

When n= 20, n? + 3n = 460. 

When n= 21, n? + 3n = 504. 
Therefore the longest row of squares in the 
stair-pattern is 20. The total number of such 
squares is 


eee ici a ect LO 20) = 210 





20792) 
y 


squares 


There will be 40 toothpicks left over from a | 


total of 500 toothpicks. 
For the triangular pattern, it can be observed 
that the number of toothpicks at each stage is 
3s (se De ee os 5 te (ee) ae al 
yee ear ys S 
y 





= 
When n= 17, 3 (n? +n) = 456. 

The number of triangles would be 
Whe (ARS) 


(1+24+34+...+16+17)=—~ 


There will be 44 toothpicks left over. 


Maen S/walely IS} 


S/N GOVE 







VAT HEMATICALRECRES 
IWUTHPICH. PUTER 


Suppose that you have 
a box of 500 toothpicks. 





Using the toothpicks, you could build 
stair-patterned sets of squares 
like these: 


| Py save 
Sa Bi Feces TE 


18 toothpicks 


4 toothpicks 10 toothpicks 


A How many squares are in the largest comp!ete 
stair-pattern that you could make using as 
many of the 500 toothpicks as possible? 


B How many toothpicks would you have left? 


Try the same problem, but this time 
build equilateral triangles. 


AN 


9 toothpicks 


A 


3 toothpicks 






18 toothpicks 


1a 5:B -16-¢ 0. ok 
TEST ne 
YOURSELF “* ‘8% 32° 15 
Answers 7. { 3, 2, 1,0, 1, 2} 
10; a 3; B:-7- ©. 11; D 
E-128 





UNIT F: RATIONAL NUMBERS 
Module 1: Rational Numbers 


General Objectives 








To introduce the complete set of rational numbers. To provide problem-solving situations involving rational numbers. 
To emphasize addition, subtraction, multiplication, and division using To extend the student’s experiences with graphing to include graphs of 
both positive and negative rational numbers. functions and equations. 
Performance Objectives Pupil Text Reteach-Reinforce Related Activities 
40 RED Given a fraction, the student can name an equivalent B23 WB 35 ASC F-1, 3, 4 
fraction. F-4, 5 DM 26 SP c-1, PD c-1 
41 RED Given a fraction, the student can express it in lowest terms. F-2, 3 WB 35 ASC F-2 
DM 26 SP c-1 
42 RED Given any rational number, the student can find its additive F-6, 7 WB 36, 37 
inverse. (F-8, 9) DM 27 
43 RED Given two rational numbers, the student can find the sum F-10, 11 WB 38, 39 ASC F-5,7 SWM 3 
of the numbers. B12) 18 DM 28 SP c-2 M211 Seas 
PD c-1 (d-2, 3) 210-211 
44 RED Given two rational numbers, the student can find the F-14, 15 WB 40 ASC F-6, 8 
difference of the numbers. DM 29 SP c-3 
PD c-2 (d-3) 
45 RED Given two rational numbers, the student can find the product F-16, 17 WB 41 ASC F-9, 10, 11 
of the numbers. F-18, 19 SP d-1, 2 
PD c-3 (DS c-3) 
46 RED Given any nonzero rational number, the student can give the F-20, 21 WB 42 SP d-2 
reciprocal of the number. PD c-4 
47 RED Given two rational numbers, the student can find the quo- F-24, 25 WB 43 ASC F-12 
tient of the numbers. SP d-3, 4 
PD c-4 (DS c-3) 
48 YELLOW Given two rational numbers, the student can name F-26, 27 WB 44 (PD d-1) 
the larger. 
49 YELLOW Given word problems involving rational numbers, the F-22, 28, 29 DM 32 
student can solve them. 
50 GREEN Given a function with a set of rational numbers as the F-30, 31 WB 45 DS d-1 
domain, the student can find the number pairs that satisfy the func- 
tion and graph it. 
51 GREEN Given a simple linear equation such as x +y=1, the F327 33 DM 33 DS d-2 
student can find number pairs that satisfy the equation and 
graph it. 


Reviewing the Ideas F-34 WB 46 





MATHEMATICS 

The major portion of this module is devoted to 
the development of the basic computational 
algorithms for the set of all rational numbers. 
The main task is to adjoin the negative rational 
numbers to the set of non-negative rational 
numbers together with zero and then show that 
the same computational rules hold for the com- 
plete set of rational numbers. The basic steps 
are these: 


1. We assume that each positive rational num- 
ber has an additive inverse or opposite such 
that the sum of each rational number and 
its opposite is zero. 

. We assume that the same basic principles 
for addition and multiplication hold for the 
set of rationals as hold for integers. 

3. We then develop the usual rules of com- 

putation based on assumptions | and 2. 


i) 


The work involving negative rational numbers 
involves demonstrating that if a and b are inte- 
Cia a 
Raab? and Tp are 
equivalent fractions. In particular, we show 
that the quotient of two integers can be ex- 
pressed as a rational number in fractional form 
with a positive denominator. 

The general algorithm for adding two ra- 
tional numbers utilizes two ideas. 


gers with b #0, then — 











Qe ak @ © “ae 
Tipe Usand | = i: 
en ee a:d_b:c_ad+be 


bad bed ped bd 
Subtraction is defined in terms of additon: 


Cane Cl) Gana 


a 
If — = —== 
3 then id 


Pad ai. 

The proof of the general algorithm for 
multiplying two rational numbers depends on 
the basic principles for multiplication and the 
two unit-fraction principles. 





: I 
For any two rational numbers . and i, 
¢ 


bm 1 ‘ 
Fl and for any integer a, and any 


SIS 


: | | 
t | = = 
rational number b° a b 


eee ee i) ly a VL 
Then ¢ -S=(a ;) (< i)=4 at A 


IL ae 


“bd bd 


=ae 


Similarly, division is defined in terms of 
multiplication: 
Gumne 


tae and 5 # 0, then 


etgoea 
faa 


Using this definition, we can prove the usual 
division algorithm: 


I 


G a G G 
If 7 ~ 0, then 7 5 Fie 


| 


TEACHING THE MODULE 

Vocabulary 

additive inverse negative rational 
associative principle number 

axes numerator 
commutative principle multiplicative 


co-ordinates inverse 
denominator negative rational 
distributive principle numerator 


domain one principle 
equivalent fractions opposites principle 
fraction positive rational 
graph number 
improper fraction proper fraction 
least common range 


rational number 
reciprocal 


denominator (LCD) 
linear equation 
lowest-terms fraction unit fraction 
means zero principle 

In teaching this module, you need to em- 
phasize that if students can compute using 
integers, then they can compute using rational 
numbers, because the algorithms always reduce 
ultimately to a problem of computing with 
integers. Thus, if students can add ~8 + 7, they 
should be able to find the sum = + $. If stu- 
dents can multiply ~2 -~3, they should be 
able to compute the product = - =. 

In addition to developing and strengthening 
computational skills, this module places con- 
siderable emphasis on problem solving and 
work with graphs. The material is a natural 
extension of similar material involving whole 


numbers and integers. The concepts are not 
new, but now the domain of discourse is the 
set of rational numbers. 


Lesson Schedule 

Although generally each lesson is designed to 
be covered in one class period, the time needed 
will vary considerably, depending on the ability 
of your students. With capable students, more 
than one lesson could be covered in a class 
period. This is especially true of the lessons at 
the beginning of the module. You probably 


- should plan to spend about 12 to 15 days on 


the module. 


Evaluation 
Your day-to-day observation of students is 
particularly important in this module. Students 
who have difficulty with negative rational 
numbers are likely to be students who have 
also had difficulty with integers. Remedial 
work should be made available for such 
students. 

The Reviewing the Ideas and Test Your- 
self pages should be helpful in making your 
evaluation of student progress. 


RESOURCES FOR ACTIVE LEARNING 

Activities 

Cloudburst, Vol. 5 (fractions), Nos. 3118, 
3318, Midwest Publications 

Fraction Bars, Card Set II, Scott Resources 

Let’s Play Games in Mathematics, Vol. 7, 
Activities 11, 31, 44, 54, 57, National Text- 
book Co. 

Nuffield Project: Computation and Structure 5 
(rationals), pp. 7-44, Wiley 


Manipulative Devices 

Fraction Bars—manipulatives (Scott Re- 
sources) 

Geoboards (Addison-Wesley) 


Games and Puzzles 

Come Out Even (Holt) 

Here-to-There (Scott, Foresman) 

In Order Game Kit (Midwest Publications) 
Spinner Number Games (Heath) 


UNIT F: Rational Numbers 
MODULE 1:Rational Numbers 





OBJECTIVES: 





After completing this module, you should be able to: 


1. 
2 


An Pw 


con 


Give the opposite of any rational number. 
Apply the basic principles for addition and 
multiplication of rational numbers. 


. Find sums and differences of rational numbers. 


Find products and quotients of rational numbers. 
Tell which of two rational numbers is the greater. 
Find the reciprocal of any nonzero rational 
number. 


. Solve story problems involving rational numbers. 
. Find pairs of rational numbers for functions and 


equations, and draw graphs for them. 


Objectives 

The student can (1) write a fraction that 
compares one set or region with another set 
or region; (2) write fractions equivalent to a 
given fraction; (3) find lowest-terms fractions; 
and (4) identify proper and improper fractions. 


PREPARATION 

Virtually all of the content of this lesson should 
represent review for most students. You might 
wish to review notation and terminology as- 
sociated with fractions before beginning the 
Investigation, or you might begin the Inves- 
tigation immediately. 


INVESTIGATION 

The Investigation is designed to stimulate stu- 
dents to recall some basic ideas associated 
with fractions, namely: 


. fraction notation 

. the use of fractions to compare two sets 

. the use of different fractions to describe 
a certain part of a region 


Wn — 


The Investigation permits a wide range of 
responses from the student. Typical statements 
might be: “3 of the region is not shaded.” ‘‘3%; 
of the region is shaded.” “3§ of the region is 
not shaded.” ““The number of shaded squares is 
> of the number of unshaded squares.” 


DISCUSSION 
The example of an equivalent set of fractions 
in Exercise 4 can be generalized: 


a ae 
If k is any nonzero integer, b and bk are 


equivalent fractions. 


This concept is used when finding lowest- 
terms fractions and when choosing different 
denominators in problems of addition and sub- 
traction of rational numbers. 

Exercise 5 reviews the idea of lowest-terms 
fractions. You should relate finding lowest- 
terms fractions to the ideas of prime factors 
and greatest common factor, which were de- 
veloped in Unit E, Module 3. 


F-2 


One third of this region is shaded. 





. The figures R, S, T, and U suggest 


. The sequence of fractions 


A Review of Fractions 


Investigating the ideas 


How many other statements 


(using fractions) can you 
write about this region? 





Discussing the Ideas 


1. a How many different fractions did you use to describe 


the shaded portion of the region above? 


B How many different fractions can you find for the 
unshaded portion of the region? 


. Fractions are used to compare one set with another set 


or to compare one region with another region. 
What fraction compares the shaded R 
part of region R to the whole region? 








a 
|_| 
EI 
A 





that different fractions may be used 

to compare the same two regions. Give 

the fractions suggested by S, T, and U. 

PO Bere 2208) 206! n 

oo as a 
where n is a nonzero integer is a sequence of equivalent fractions. 
A What is the 5" fraction in the sequence? 

B What is the 10th fraction in the sequence? 


c What is the 100th fraction in the sequence? 





ie) 





. A fraction is in lowest terms if the greatest common 


factor (GCF) of the numerator and denominator is 1. 


Lowest-terms 
GCF fraction 
J 


Lowest-terms 
GCF fraction 
J 


Lowest-terms 
GCF fraction 
yo 


t J 
3 Sees 10_2:5_2 16_2:8_2 
Re TES ifs) SG) 56in ie Be, 
Explain how you would find the lowest-terms fraction 
for each of these fractions. 
0 8 90 340 
A 15 B 5 c 36 D 400 E 4000 


Using the Ideas 


1. Write three fractions which compare the shaded 
portion of the rectangle to the whole rectangle. 





2. Write the next three fractions for each set of 
equivalent fractions. 


AWa.8) (2 Ci >iaseens «| Eei7 iat es 

Cr ee ee ee Le 
3. Write two fractions equivalent to each given fraction. 

AS c 3 E3 G5 13 K 46 

B + 03% F 4 HS ai La 


4. For each fraction, give the GCF of the numerator and denominator. 
Then give the lowest-terms fraction. 


12 42 20 On 48 
A 48 D 49 G 42 J 10 M 64 
Ae) 10 100 63 39 
B 42 E 4 H 150 K 70 52 
24 16 25 45 2 
C 24 Eo ! 40 L 60 Ove 


5. For each fraction, write an equivalent fraction with a denominator of 24. 
2 1 
a 3 BS Cc > pd 3 E F 2 ai 
6. A fraction whose numerator is smaller than its denominator 
is a proper fraction. Otherwise, it is an improper fraction. 
Which fractions below are proper and which are improper? 


2 fills 7 
5 C 40 D7 


123 
E 719 F 





More practice, page S-13, Set 23 


se 


UTILIZATION 

You may elect to do many of the exercises 
orally if your students seem to be well prepared 
from the Investigation and Discussion. Keep 
in mind that the objectives of this lesson are to 
review concepts studied many times before. 


EXTENSION 

To provide additional practice, make selective 
assignments from Supplementary Exercise Set 
23 on page S-13, Workbook page 5, Duplicator 
Masters page 26, and Arithmetic Skill Cards 
W-1 through W-4. 

Enrichment: To practice naming lowest-terms 
fractions, pairs of students can utilize a deck 
of playing cards to select fractions at random. 
One student deals two cards, one above the 
other, to represent fractions. Face cards can 
be assigned a value of powers of ten. For ex- 
ample, jacks could be 100, queens 1000, and 
kings 10 000. The lowest-terms fraction for 
each of the pairs is then named by the second 
student. 


re 
a4: 
J | 
3 2 
4 1 





Think Solution 

A total of 622 games will be played. All the 
teams entered in the tournament must lose one 
game except the winner. Thus, there must be 
622 games. 

There are several ways to structure such a 
tournament. Note that when an odd number of 
teams is entered, at least one team will draw 
a “bye” (advancing to the next round because 
the team has not drawn an opponent). You 
might ask a student to draw a chart for this 
tournament. 


Assignments 
Minimum 1-3, oral; 4. Average 1-3, oral; 4-6. 
Maximum 1-6, oral. 


Objectives 
The student can associate a set of equivalent 
fractions with one point on the number line. 
The student can solve fractional equations 
1 ole ie 9 
such as 5 30° 
PREPARATION 
Write several lowest-terms fractions on the 
chalkboard. Ask students to name or write sev- 
eral more fractions equivalent to each lowest- 
terms fraction. 


INVESTIGATION 

The Investigation is designed to help students 
review the fact that for each set of equivalent 
fractions there is a unique point on the number 
line associated with the set. Any fraction in the 
set can be used as a name for the co-ordinate 
of that point. Usually, the lowest-terms frac- 
tion is used. 

Remind students that each point on the num- 
ber line they draw is to be named with the letter 
denoting the set of equivalent fractions associ- 
ated with that point. Thus, the letter 4 is as- 
sociated with the sixth point to the right of 
zero since that point represents 3 or ;. 


DISCUSSION 

Exercise 2 reviews the “cross products” test 
for pairs of equivalent fractions. The examples 
illustrate the generalization that two fractional 
numbers, 5 and = are equal if and only if ad = 
be. This generalization is used in Exercise 3 
as an aid in solving fractional equations. This 
same concept will be extended later, when ratio 
and proportions are studied in Module 3 of 
this unit. 


Fractional Numbers and the Number Line 


Investigating the Ideas 





The number line below is divided into twelfths. 
The letters A through G name sets of equivalent fractions. 


Can you find the point for 


each set of fractions on a 
copy of this number line? 





Discussing the ideas 


1. Any fraction from the set of equivalent fractions can 
be used to name the fractional number. 
A Give two fractions to name the number for point D. 


B Give two fractions to name the point between A and B 


on your number line. 


2. The figure at the right suggests a 
shortcut that can be used to see 
whether two fractions are 
equivalent. Explain how to use the 
shortcut for these pairs of numbers. 


AE 12 6 8 14 
A 3:12 B 10:5 C 3:6 D 


HO 


3. When two fractions such as § andé name the same number, 
we write § =@. To find x in an equation such as? =45 
you can think 4:x=3-16, so4-x= 48, and x= 12. 
Find x for each of these. 
aa=% 0 =H E=R idy 


NIO 


fo) 


Ole 


Label each point that 
you find with the 
correct letter. 


CD e Say = 
Sho 9-12-4993 and 19 


are equivalent 


fractions. 
ala 
E 4:.2 
Sate 
E424 





1. Give the number for each lettered point on the 
number line. Use lowest-terms fractions. 


Using the Ideas 





ey 


The Z-shaped region is called 
a tetromino. The figure shows 
how seven of these tetrominos 
may be fitted inside a 6 by 6 
square. 


Show how eight of the tetrominos 
can be fitted inside the square. 


More practice, page S-13, Set 24 





A B C le 
0 1 2 
2. Give the missing numbers. Then tell whether the 
fractions are equivalent. 
ER = 3-15=ll. 5-9=il 
“ee = 4-6=|fil,12-2=ll 
cee = 6-20=|fl|, 10-15 = Ii 
3. Tell whether the pair of fractions are equivalent 
or not equivalent. 
A246 c3,@ E 30, 300 12) 18 
a5 0 $4 ra. 8 
4. Find the number for x in each equation. 
A 3 =24 D 12-3 G 4 =20 76 =13 
ei-4 0 i-k nBR3 K =a 
ope r= ! m=? L § = 7000 





ncuron ee 

Exercises 1, 2, and 3 might be discussed orally, 
and Exercise a assigned as written work. Note 
that the “cross-products” method of solving 
these equations reduces the problem to that 
of solving a simple linear equation. Some stu- 
dents will be able to solve equations such as 
these mentally by thinking about equivalent 
fractions. Encourage them to do this whenever 
possible in solving simple fractional equations. 


EXTENSION 
Supplementary Exercise Set 24 on page S-13 
is recommended for students who would benefit 
from further practice with the concepts of 
this lesson. 

Enrichment: Ask students to solve the equa- 
tions below. 











Bt eS, 3 13 9x7 
16 4 ~ 10 100 
(= 11) (x= 6) 

- 8 pd 4 2a 
= BS v8} 4x 
(x =" 18)) (cs) 


Think Solution 

By joining the Z-shaped pieces to form 
Y-shaped pieces, the puzzle can be solved 

more readily, as shown below. 





Assignments 

Minimum | and 2, oral; 3A-D, 4A-F. 
Average 1-3, oral; 4A-I. 

Maximum 1-3, oral; 4. 


Objective The Set of Rational Numbers 


The student can name the opposite of any 
rational number and can apply the opposites 


Investigating the Ideas 


principle. 
PREPARATION Think about folding a number line at 
Up to this point, the student has dealt only zero so that the two ‘halves’ touch. 


with fractional numbers, that is, the subset 
of all rational numbers that are non-negative. 
This lesson introduces the complete set of 
rationals in much the same way as the set of 
integers was introduced. 


INVESTIGATION 

Since the Investigation requires relatively little 
student activity, you might prepare a large 
demonstration number line from a long strip 


of paper and on it show additional points and Discussing the Ideas 
positive rational numbers. Then combine the 


Investigation with the Discussion exercises, 1. Suppose each fractional number has an opposite found 
having students record on the demonstration by “touching” number line points. The number for 
number line the symbols for the opposites of the point where 2 + touches is called negative + . 


the positive rational numbers at the matching Give the name of each of the other points above 
points on the number line. ‘ 


Can you give the letter that each of the labelled 
points (to the right of zero) would touch? 





2. The figure below shows two sets of numbers and the 
symbols we use for the negatives. These two sets 
together with zero make up the set of rational numbers. 


DISCUSSION 
In Exercise 2, students should observe the use 
of a centred dash to denote the opposite of a 
positive rational number. Other symbols for 
fractional numbers will be introduced in suc- Ee Se SS 
ceeding lessons. ee 
The importance of the opposites principle \ 
should not be underestimated (see Exercise 
3). As was the case in the set of integers, the 
opposites principle will play a central role in 
developing computational rules for rational Write symbols for each of the letters A through F in 
numbers. the Investigation. 





3. We accept the following principle for rational numbers: 





a What is the eed of 2 
B What is the sum § + C8: 2 


Using the Ideas 


1. Sometimes the term Bociives MIVEESC is oe instead of opposite. 
Thus, the additive inverse of 2 is -3, and? + (-3) =o. 
Give the additive inverse of each rational number. 


3 5 1 ani 37 
ao = wh: ~4 ers: ~ 45 


2. Does zero have an additive inverse? What is it? 
3. Give the rational number for each lettered point. 
G B D E F Cc A 
Ve ‘2 0 1 4 


4. Give the rational number for n. 


A j+n=0 F $+n=0 K -3+n=0 

B n+(-3) = G 2+n=0 L 12+ -¥)=n 
c Yin=0 H 12+n=0 m-4+n=0 

bp n+(-Z) =0 1 -§+n=0 * Re 
e n+(-%) = ae oe o n+3=0 


E The number lines show that — = and 
-3 are equivalent fractions. Give three 
more fractions equivalent to these 
three. 


. Complete each sentence. 


A The opposite of a positive rational ~4 -3 0 3 j 
number is a ? rational number. 


B The opposite of a negative rational 
number is a ? rational number. 


c The opposite of zero is ?. 





UTILIZATION 

Since students have just finished studying the 
integers in Learning Unit E. they should have 
little difficulty extending the idea of opposites. 
or additive inverses, to the set of rational num- 
bers. If your students grasp the ideas of the 
lesson readily, the exercises might be discussed 
and answered orally. 

Note that Exercise 5 introduces equivalent 
sets of negative rational numbers. Contrasting 
the «setc{=2,-4.-2:>3;. 6 -) withthe 
{>.%.%.%....} may help students see that a 
negative rational number can be associated 
with a set of equivalent fractions in the same 
way as Can a positive rational number. 


EXTENSION 

The exercises on page 36 of the Workbook may 
be assigned to provide further practice with the 
ideas presented in this lesson. 


Think Solution 
If the sides of the small squares are unit length, 
the minimum path is 19 units. The total length 
of all the sides of the squares in the figure is 
17 units. 

Et & 


BE. Fr 
The figure would be traceable without repeti- 
tion if points A and B were the only vertices 
formed by the intersection of an odd number 
of segments. We must have one extra path from 
points C, D, E, and F because these vertices 
are also vertices formed by the intersection of 
an odd number of segments. If the parts of the 
paths retraced are only CD and EF the length 
of the total path will be a minimum. One such 
tracing is shown on the annotated student page. 


Assignments 
Minimum 1-3, oral: 4. Average 1-3, oral: 4. 5. 
Maximum |-3 and 6, oral: 4; 5. 


Objective Integer Pairs and Rational Numbers 


The student can express the quotient of two 
integers as a rational number. 


Investigating the Ideas 





PREPARATION 

Conceptually, this is a very important lesson Suppose we assume that the quotient 
for the student. The problem of deciding whe- of every pair of nonzero integers is 
ther or not two different symbols represent a rational number. Give as many 

the same rational number becomes increasingly rational numbers as you can (written 
difficult when the numerator or denominator in fraction form) using the integers 

iS a negative integer. In this lesson the student on these cards. 








FS 
w 


Ch ah aa - 
learns the theorem iene Gh and Seay EXAMPLES: =, =a 


where a and b are integers and b # 0. (See the 
Mathematics section of the introduction to this 
module for other remarks.) 


INVESTIGATION 

It may be useful for students to make numeral 
cards like those shown in the Investigation so 
that they can place one card above the other 
to represent a fraction. A total of 30 fractions 
representing 13 distinct rational numbers can 
be formed from the cards. You should not 


How many of your numbers can you 
locate on the number line above? 








expect every student to be able to find all of Discussing the Ideas 
them. 
Ae ea Bee 4 Cue Bn 1. Assuming the basic principles hold for all 
: 29-2 . Oy = : ie Seen 4 “ : 2 SrA pes 
Dit 2 =.=, 24,4) Fe iaes ay the rational numbers, can you find this sum? 3+-3=n 
| eae aes Sloe cate oi He At; =as ; . 2 2 
ee (2. 3) ieee mes Keer 2. A Find this sum. 2 + (-3) =n 
PeaAss=3} M. {3,=5} Nite. =2) B Now can you explain why -§ =-3? 
DISCUSSION 3. Can you tell what rational number 2 + ~3 might be? 


In Exercise 2A, } + (—3%) =0 because of the 
opposites principle. Thus, from Exercises 1 
and 2A, we can conclude that +2 and —? are 


two different symbols for the additive inverse of : -3 3 : 
One = — 2 (Exercise 2B). 4. Explain why = and Z are symbols for the same rational 


In the remaining portion of the module the number. (Use the hint in Exercise 3.) 
most frequently used symbol for negative 


HINT: Write it as a fraction and multiply the 
numerator and denominator by ~1. 


: aa 5. Since you cannot divide by zero, there is no rational 
rational numbers will be —, where a and b are . : : 
b number with denominator zero. What rational number 


positive integers. do you think -$ or-$ might be? 


6. Each rational number below is either positive 3 or 
negative 2. Tell which. | 
A5+8 Bp 5+8 ¢5+8 pb Be en FH 


. Write each quotient as a fraction with a positive 
denominator. 


EXAMPLES = =e ee 





Om aa (" 1) 2 83 


Using the Ideas 





ada "3 Boo = <6 Cus ro Die O10 0.7 
. Answer T (true) or F (false) for each part. 
eee ce 0-5 4--3 
. Give the point P or Q for each rational number below. 
P Q 
o_o —___9—__—————————Sssss—M/@_ESSSSSSSSSSSSSSSSSSSSSSSSSSSSCi7? “pt lef 
ae. = 0 1 2 
a & B c 8+-5 p 8+5 eE 8+ -5 Fé 
Give the point (R, S, T, or U) for each number below. 
R AS} Lf U 
“2 “1 0 1 2 
A os p -7=10 c =o a0ar 
Bo Ew H 7+10 iG 
Cuai0 = 27 o <Oaey i 0 





UTILIZATION 

One of the desired outcomes of this lesson is 
that the student be able to represent any ra- 
tional number as a fraction with a positive 
integral denominator. Addition and subtrac- 
tion of rational numbers can be performed with 
less difficulty when all denominators are posi- 
tive. Comparing two rational numbers or decid- 
ing whether a fraction represents a positive or 
negative rational number is simple when the 
denominators are positive. 


EXTENSION 
Workbook page 37 and Duplicator Masters 
page 27 provide additional exercises suitable 
for use with this lesson. 

Enrichment: Have students use the “‘cross- 
products” method to tell which pairs of frac- 
tions are equivalent. Examples: 


= ,—15. Solution: 3>20="4> 15 =o) 
The fractions are equivalent. 

= ,=95 Solution: 2.- 715 =30S 56 — ee 
The fractions are not equivalent. 














—-3 -9 5 Sate) 
A so D. 75, =% 
=o 10 18 —8 
Base a0 Bs 345512 
2 =2)10 —56 14 
Cy eae: F.. F305 235 


Think Solution 
Arrangement B can be formed from arrange- 
ment A in three moves. 
isiegce Jel oh if EF 
|, 2 BySee4 Se eG 
If the coins of arrangement A are numbered 
1 through 6 as shown, then the steps are given 
below. 
Step 1: Turn over 2 and 3. 
Step 2: Turn over 3 and 4. 
Step 3: Turn over 4 and 5S. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum I-4. 


F-9 


Objective 

The student can find the sum of two rational 
numbers represented by fractions which have 
the same positive denominators. 


PREPARATION 
Review the basic addition theorem for positive 
rational numbers having the same denominator. 
That is, 

a 


b 


a CiriG 


A 
eee ey’ 

INVESTIGATION 

The purpose of the Investigation is to help 
students realize that, if two rational numbers 
have the same positive denominator, then the 
problem of finding the sum of the two numbers 
is reduced to that of finding the sum of the two 
integers that are the numerators. 

Some students may benefit by actually mak- 
ing slips of paper for the numerals and placing 
them over the blanks in order to find and record 
the possible equations. 
















































































Solutions: 

to + =D 16 + i= 16 to + T= 
io Af io = io To =U ié = 0 TB ats 10 a “tr 
16 1 T0 = To 10 ais To a io 0 ts To = 10 
T ap To = ié Tb i 10 ¥ 0 te 10 = 10 
i al ie a io 10 = To = 10 5 at 6 = 10 
To Bt iD as io To ae 10 =e io 6 als io — m0 
io ahs To = 76 io ae 16 10 To 19 fo = To 
ie a io an 76 16 + 10 — 10 10 aii a oa To 
io =i i = 10 i0 as To = 10 

i == i —e 10 Tb = io a 10 


Since there are a large number of equations 
that can be formed, you should not expect 
individual students to find all of them. 


DISCUSSION 

Exercise 3 contains examples of the type of 
problem that students will encounter in the 
Utilization stage. If a denominator is nega- 
tive, the denominator and numerator are both 
multiplied by ~1 in order to get a postive 
denominator. 


Addition of Rational Numbers 


Investigating the Ideas 


Suppose all the usual basic principles 
and rules hold for the set of rational 
numbers. That is, you can use the same 
rules for adding rational numbers as you 
used for positive rational numbers. 





Record each 
equation that 
you find. 


How many ways can you find to place 
the slips of paper above on the shaded 
spaces below to form equations? 











Discussing the Ideas 


1. 


. Explain why the sum in 


A Would the placement of the slips of paper be any 
different if the denominator were 15 instead of 10? 

B Explain how adding positive and negative rational numbers 
is much like adding positive and negative integers. 


. In the Investigation, each denominator was positive. Can you 


write a fraction for any rational number so that it has 
a positive denominator? 


How would you change these problems before trying to add? 


P ee 2 
A ze+as=xK B 3+-=n c -$+%=d 


. What is the sum in each part of Exercise 3? 


Jon 


[a] 76 +4 [Bs] +0 +30 


fo) 


A ands is the same. 


. Give the missing numerator. 


If 2 and § are any two rational numbers 
with b > 0, then 2+ & =4. 


. Find the sums. 


a 2+2=n E pta=c 
3 = dee ie” yey a 

L} Se sl) alt F 40 40 ¥ 
“3 20 “TA Pits es Mis 

c -gtg=mM G joo + j00 = S$ 

p 3+-2=-, Hat+isad 


. Find the sums. HINT: Change to positive 
denominators before adding. 


a $+-4 D-§+3 G@ =5+ 
Bs =+3 E 2+ = Hu —;+ 
© = +=95 foot. . =e 
. Find the sums. 

Ag+4+3 p 1+3+-3 
B3+3t+s e 1+45+4 


At 3 7 1) je75 EA 
C io +10 +70 Fee 6c Gita 
. Solve the equations. The 
replacement set is the set 

of rational numbers. 


a 34+x=} G 34 +a=x 
Be +r=2 H>+4=y 
© y+3z=-§ 1 n+7s=0 
p3+2z=4 J+ k= 
E 3+s=3 Kg+s=1 

F 79 + t=0 L m+4=2 
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Using the Ideas 


UTILIZATION 
In some of the exercises negative rational 
numbers are indicated by a fraction with a 
centred minus sign. In such instances, most 
students will find it more convenient to express 
such fractions with a negative numerator before 
adding. Thus, in Exercise 2D, 
eo, tl eased) SS 

ur amr ne yen ee 
After sufficient experience with this type of 
problem, students will probably be able to do 
the intermediate step mentally. 

Students are expected to solve the equations 
in Exercise 4 by finding the missing addends 
rather than by using subtraction, since the sub- 
traction operation has not yet been discussed. 











EXTENSION 

Suitable additional practice assignments may 
be made from Workbook page 38 and Arith- 
metic Skill Card F-S. 


Think Solution 

Thesé equations can be solved by expressing 
the first term as a base-ten numeral and the 
second term in expanded notation. 

A. 13 (en = 3a+ 1 3a= 125>a=4 


B.° 23%) = Tien): WFoen = 36425 36= 56> 
b=S5 

C. 21 (3) = Titen): Tem = C +2 ¢=5 

D. 12) = I ¢eny- Len) = 2d + 1 = 2d = 10 
d=5 

Assignments 


Minimum 1, 2. Average 1-3. Maximum 1-4. 


Objective 
Given two or more rational numbers repre- 
sented by fractions with unlike denominators, 


the student can find a common denominator 


and find the sum of the numbers. 


PREPARATION 

The student should already be familiar with 
the problem of finding common denominators 
for positive rational numbers. Therefore, the 
only new idea in this lesson is that the same 
methods are used when negative fractions 
occur. Present a brief review of choosing com- 
mon denominators for pairs of positive rational 
numbers. 


INVESTIGATION 

The degree of success that students have with 
the Investigation should help you decide how 
much time should be spent on a review of find- 
ing common denominaiors. 


DISCUSSION 

In discussing Exercise 1, excourage students 
to relate the process of finding the LCD of two 
fractions to that of finding the LCM of two 
whole numbers. 

Exercise 5 reviews the process of adding 
several mixed numerals. Your emphasis on 
this type of problem should be directed by the 
abilities and needs of your students. If your 
students have difficulty with this type of prob- 
lem, you may need to make selective assign- 
ments from the exercise sets suggested in the 
Extension section on the following page. 


Finding Common Denominators 


Investigating the Ideas 


Can you match the equations so that the one on the right 
will help you solve the one on the left? 


5. 
Discussing the Ideas 


1. Explain your matchings for each part of the Investigation. 


2. Give the least common denominator (LCD) that you would 
use for adding each pair of fractions. 


My ll MM Uh 
ie Ze LA pers Seas 


3. Explain how to find the missing numerators. 





Ml Sth ell Penn | = 3 _ gall - 
A 3 =24 Je) = bet I al) D rata? E10) 
© 2 ele a ie ase a CoE Arie Soe 
4. Study the example: oF 0 3.2 + Sea R 6 6 
What is the sum -§ +3? 
5. When adding several positive rational EXAMPLE: 


numbers using mixed numerals, it is 
helpful to arrange your work as shown 162 168 
in the example. 


A Explain how 2938 was found. 
B Why does 2923 represent the 
same number as 3035 ? 


33> 3% 
+103 +108 


mM re 
c5+ 3 Des e il 





2933 = 30 





_ 
—_ 


Using the Ideas UTILIZATION 





Assign the exercises according to the needs 
1. Copy the equations and give the numbers for a, b, c. and abilities of your students. Altogether there 
Ae a b c 58) i a b c are 32 responses called for in this set of 
Aa a a= 72 aa SS a Cc = = 2 
; : 12 +4 iu 12 to + 700 = 700 Fae 100 Beer ceees. 
legs aca) by _ c. =<) ci) 2 at Sel ee 
Bg +s =24 + 24 = 24 D 16 +12 =48 + 48 = 48 


EXTENSION 
2. Find the sums. 

















For a variety of possible additional practice 





5 et Sto t ep ee) 56s) assignments, see Supplementary Exercise Set 
* ( pe? 3 oe ate neha 25 on page S-14, Workbook page 39, Duplica- 
B 3 +4 i + 3 J 4 +4 N g +3 tor Masters page 28, and Arithmetic Skill Cards 
Caroma 10 Sa=T0 Keers 0, Gate 2 Enrichment: Ask students to complete some 
po 3+4 +3 L34+4 p 3243 addition squares by finding the sums in both 
rows and columns. (For your convenience, the 
sums are shown in parentheses.) 
3. Find the sums. 
A 422 93 c 163 Dp 23% 
213 ei 153 183 (38) 
+373 +575 +145 +123 (52) 
—E 313 12345 G 233 H 2434 Think Solution 
1 3 9 8 The sum of the integers in the first row is ~2. 
173 24370 76 46 184 35 Once this is determined, most students should 
uu 193 + 366 2 + 84405 +7695 be able to find the integers for the remaining 


squares quite readily. 


4. Find the perimeter (distance around) of 
each region. The units of length for 
each side are marked on the figure. 


Assignments 

Minimum 1, 2A-H, 3A-D. 
Average 1, 2A—H, 3A-D, 4A, B. 
Maximum 2-4. 


B 635 





More practice, page S-14, Set 25 


Objective Subtracting Rational Numbers 
The student can find the difference of two 
rational numbers expressed by fractions with 


like or unlike denominators. Investigating the Ideas 


PREPARATION Select one of these { %G 2, “5 

Subtraction with positive rational numbers will sets of numbers. 

be familiar to students at this level. However, Write two addition -2 6} 

you might review the process before students and two subtraction {8, : 7 

begin the Investigation. equations using your { 3 a ies 
numbers. De v4 } 

INVESTIGATION 

The purpose of the Investigation is to relate 

addition to subtraction in the set of rational Can you use your numbers as numerators in the two 

numbers and to provide the opportunity for addition and the two subtraction equations below? 


students to discover that subtraction of rational 
numbers can be reduced to a problem of sub- 
traction of integers. 

Thus, if students know that ~7 + 2 = ~5, they 
also know that ~5 — 2 = ~7 and can relate this 
to rational numbers with like denominators: 
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DISCUSSION 
Throughout the Discussion, stress the fact that 
# = ss: 
10 10 10 10 10 


finding a difference in a subtraction problem 
is equivalent to finding a missing addend in an 10 
addition problem. Thus, 


| 


0° 








jo —i¢=io because §+72=35. w i 
i: Discussing the Ideas 
Exercise 3 contains the generalization for 


ee von using fractions” with” like — de- 1. Find these differences. Explain how to check your 





aa answers by adding. 
Ch 2A Ses A6—"2=n B 4—-3=s C s2— 6= 
aa Ra b#0. | 
In discussing Exercise 4, note that after a 2. Now try to find these differences. Remember, you 
common positive denominator is selected, the should be able to check your answers by adding. 
izati i ; Gao =4956.3 =? eG oe 
al stated in Exercise 3 can be A io-io =m B io —i0= C 790-7 =Y 


3. Give the missing numerator. 
If § and 5 are any two rational numbers 
with b > 0, thena c= 


4. Explain how to find these differences. 
ai —3=q Big-2=a c 


i) 
_ 


ooles 
| 
al 
| 
= 


ir" 


1. Find the differences. 
Ag 3 D 10-7 
B i -70 Eig =e 
GE) on aia eee 
2. Find the differences. 
a 5-4 c §-1 
ni-} 2 m3 
3. Find the differences. 
5 Ss, ees 
B i095 <4n8 
cf#-i$ 80 §-3 
4. Find the differences. 
A 162 B 433 
—114 — 193% 


5. Find the distance x for each figure. 


A 


© 
ale 


More practice, page S-14, Set 26 
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Using the ideas 


Teed 
100 100 
=139 B2O7: 
100 1000 
aS eee 7a 
10 10 
As ab 
100 2 
257-14 
1000 10 
ras Sh 
3 2 
Paval 
3 2 
evs ak 
3 2 
1 
4125 
1 
— 3604 











UTILIZATION 

Since there are nearly 50 subtraction exercises 
in the lesson, your assignment should be made 
selectively, according the students’ needs. Sug- 
gest that students use addition to check some 
of the exercises. 


EXTENSION 

Supplementary Exercise Set 26 on page S-14, 
Workbook page 40, Duplicator Masters page 
29, and Arithmetic Skill Cards F-6 and F-8 
provide exercises that would be suitable for 
students who would benefit from further 
practice. 

Enrichment: Have students complete these 
subtraction squares. They should subtract the 
numbers in column B from the numbers in 
Column A and then subtract the numbers in 
Row E from the numbers in row D. (Answers 
are shown in parentheses.) 


A iG 





Assignments 

Minimum 1A-F, 2A-D, 3A-F. 

Average 1G-O, 2E-J, 3G-O, 4A-C, 5A. 
Maximum 1-5, alternate parts. 


Objective 

The student can find the product of two unit 
fractions and can find the product of a unit 
fraction and an integer. 


PREPARATION 

Review the basic principles for multiplication 
of rational numbers. The principles are assumed 
to hold for negative rational numbers as well 
as non-negative rational numbers. 


Commutative Principle: 
For all rational numbers a and b, 
a-b=b-:a 
One Principle: 
For every rational number a, 
a: l=a. 
Associative Principle: 
For all rational numbers a, b, and c, 
eal (DEG) =. (GD) eG 
Distributive Principle: 
For all rational numbers a, b, and c, 
(b+c)=a-b+a-c 


After this review, move on to the Discus- 
sion Exercises, which are devoted to develop- 
ing the generalizations known as the unit 
fraction principles. 


DISCUSSION 
The Discussion Exercises emphasize the mean- 
ing of the term wnit fraction and the use of the 
unit fraction principles. 

This lesson provides the necessary back- 
ground for development of the multiplication 
algorithm in the next lesson. 


Basic Principles for Multiplication 
Discussing the Ideas 


1. The fraction 4 compares the shaded portion of the 
square region to the whole region. The fraction 5 
is an example of a unit fraction. A unit fraction is 
a fraction whose numerator is 1 and whose 
denominator is a positive integer. 


What unit fractions are suggested by these regions? 





2. The regions and the number line below suggest multiplication 
with unit fractions. Study each figure and complete each 


equation. 


é of a region 





3. Discussion Exercise 2 suggests the following generalizations 
concerning unit fractions 











We write: 


hol 


3 


“3 = ill. 


“5 = Illi. 


Using the Ideas UTILIZATION 
A careful discussion of Exercises 5 and 7 will 


. Solve the equations. help to clarify multiplication involving nega- 
at 1 1 leat 1 1 tive rational numbers. Note the use of the basic 
Agg=n c 5:nN=7i45 E7-g=n G 700° = 7000 Se 
Bie ‘ uy é; a on Jam principles in the example accompanying Ex- 
ele so 1 = at 1 1 ClCIsel oy 
Base coe, tt oe AL aaa p10 700, H 1-700 = 200 my 
“1-3 +3="1-3+1-2 One Prin. 
. Find the products. = ("1+ 1)-4 Distributive Prin. 
AeA B6at c 0:3 p 6-3 e 12-3 =0-%3=0 Opposites Prin. 
This proves that ~1 - } is the opposite of 4 
. If ais a nonzero whole number, then a: = |lll|. (because it adds to 3 to give 0). Hence, == 
ales 
. Assume that the basic principles hold for the set of rational numbers. 
Give the principle illustrated by each equation. EXTENSION — : 
AL Wee) -3 Remedial: Review the fact that ~1 times any 


integer gives the opposite of that integer: 


cle 7 71, 1 66. aes a oercice 





This may help students understand that multi- 
plication of a unit fraction by ~1 gives the op- 
posite of the unit fraction. 





. The example at ithe night 
proves that -1- g = 2. 
Find the products. 


Le 5 Assignments 
A — D = «ss 

i a is) : Minimum 1-3, oral; 5-8. 
Beaitag E 1-6 Average 1-4, oral; 5-9. 
c 1-2 F 1: Maximum 1-4, oral; 5-9 





. The product of a positive rational number and negative 1 
is the ? of the rational number. 


. Give the missing number for each lll]. 


a -1-(-3) =-1-(-1-3) = (71-71) -S= IM oe 7-1-8) = -1-(-1-3) = ll 
p -1-(-3) =-1-(-1-3) =(-1--1) -2=[M > -1-(Q) =I 

. Give the number for n in each sentence. 

Ace Ba 1=n c -1:n=-4 Din e=—= 


. Study the examples then 
find the products. 





4 4 tet 
A 3:2 Disa? 
tues dees 
Bg'3 E 740 °100 
1b ae cakes) 
C 6°33 Fa 0rai0 


Objective Multiplying Rational Numbers 
Given two rational numbers, the student can 

use the usual multiplication algorithm to find Investigating the Ideas 

the product. 

Using the numbers in this set 

as factors, many different 

products can be found. 


PREPARATION 

To prepare students for this Investigation, you 

might briefly review the ideas of the preceding 

lesson or conduct a short review of multipli- 

cation of integers. How many different products can Record the factors 
you find for each part below? and products. 





INVESTIGATION 

The factors in the given set are such that stu- 
dents should be able to find the product of any 
two of them because these cases have been 
studied previously in the module or in earlier 
years. Finding the product of all 5 factors in 
part D is equivalent to finding a product like 





The product of any two of the factors. 
The product of any three of the factors. 
The product of any four of the factors. 
The product of all five factors. 


[el[e}=)>) 


% - = because 2 -4-~1-4- 4 can be grouped 5 _ 
eee tas 4 4), Discussing the Ideas 
DISCUSSION 1. Explain how you could arrange and group the factors 


ae 2 ; 
Exercises 2 and 3 contain examples of multi- 1,3, 4, andg to find their product easily. 


plication of rational numbers in which each 
step is justified by means of the basic princi- 
ples. Once the student understands this, the 
“numerator times numerator, denominator 
times denominator” algorithm should be pre- 
sented and used. 


2. The unit fraction principles and the basic principles can 
be used to justify the rule for multiplying two positive 
rational numbers. Study the example below. 








Seba asd 


A How would you find the product 2 29 


B Notice that? ics Se and -¢ =32. What shortcut for 


multiplying two rational numbers do these examples suggest? 


3. Study the example Then explain 
how to find the products below. 
Ce pak =f Ne3 
A3°°5 BP BfE5 





4. Explain why the product -3 --3 is the same as 3-3. 


Using the Ideas 
. Find the products. 


ee et vig Wes 
yO gn aes 
RS GE 10 2) seen ear ie 
. Find the products. 

ee F, ls Kee P 6°76 
BF Geaee b -4*=3 =, 27, 
Cau H 5--2 mM 12-3 Rn =--5 
Das Neg N 30-700 DiGaey) > e 
E45 Jes 5 Gage 25 t (48-3) --140 


. Complete each sentence with one of the words positive or negative. 


A The product of two positive rational numbers is a ? 
rational number. 


B The product of two negative rational numbers is a ? 
rational number. 


c The product of a positive rational number and a negative 
rational number is a ? rational number. 


. Solve the equations. 


a 6:(2+3) =6-2+6-3=n c¢ 10-(1+2)=n €& 4-2h=n 
Bp -4-(3+3) =n Dp ~8-3g=n FPO 251i 
. Write each mixed numeral as an improper fraction. 
Then find ne product. 
A 23-5 =3°5 = lll Dé 43 = Ill @ 333-4 = Ill 
B ae 5= il — ~13-~23 = lll H ~10--25= lll 
~23 -5= ll F 63° 6 = lll 1-33 --53 = lil 


IRUUAU 


fy fed fey fed fed ted Cad fed Led tod 


A postman is to deliver letters to each of 10 houses located all in a row and equally 
spaced. If he can start at any house, what is the longest path he can take? 





More practice, page S-15, Set 27 


UTILIZATION 

Negative rational numbers in mixed numeral 
form are given in Exercises 4 and 5. Since a 
mixed numeral like 25 is understood to mean 
2+, a symbol such as ~23 may cause some 
confusion. We agree that this symbol represents 
~(23) =7(2+ 4%). If some students think the 
symbol means ~2 + 3, show that this sum is 3°, 
but ~23 = ~(23) == 
EXTENSION 

Further practice may be provided by assign- 
ments from Supplementary Exercise Set 27 on 
page S-15, Workbook page 41, Duplicator 
Masters page 30, and Arithmetic Skill Cards 
F-9 through F-11. 

Enrichment: Ask students to complete the 
array to make a multiplication magic square. 
The product in each row, column, and diagonal 
is the same number. (Answers appear in paren- 
theses.) 





Think Solution 

Some students will assume that the longest 
route is from | to 10, 10 to 2, 2 to 9, and so on, 
(45 lots), but this is not true. Starting at 5 and 
moving to 10, 10 to 4, 4 to 9, 9 to 3, 3 to 8, 8 
to 2, 2 to 7, 7 to 1, and 1 to 6 will cause the 
postman to walk past 49 lots (units denoted on 
the line in the illustration). 


Assignments 

Minimum 1A-F, 2A-J, 3. 
Average 1A-I, 2A-O, 3, 4. 
Maximum 1G-O, 2K-T, 3-5. 


Objective Reciprocals 


The student can name the reciprocal of a 
rational number and solve problems involving 5 : 
reciprocals of rational numbers. Investigating the Ideas 
PREPARATION Each of these flow charts has an output number of 1. 
Since the definition of the reciprocal of a num- 
ber depends upon an understanding of multi- 
plication, review multiplication of rational 
numbers before introducing the Investigation. 


INVESTIGATION 

Although the Investigation should require only 
a few minutes for students to complete, it will 2 _ Multiply 
bring them to grips with the basic concept of i — by? 
reciprocals: two numbers are reciprocals of 
each other if their product is 1. This also leads 


to the idea that the reciprocal of a positive ) y find? 
rational number is-positive, and the reciprocal How many of the input numbers can you find? 
of a negative rational number is negative. 





DISCUSSION Discussing the Ideas 

Each nonzero rational number has a unique 

multiplicative inverse (reciprocal). This fact 1. If the product of two numbers is 1, each number is the 
is used in the lesson on pages F-24 and F-25 multiplicative inverse or reciprocal of the other. 


For example, ? is the reciprocal of 4 because 2 -4 = 35 


= * ‘i Q cf 6 = = 5 4 
and -% is the multiplicative inverse of -? because -3 --$ =14 = 1. 


to define division of rational numbers and to 
show that, when the divisor is not zero, the 
quotient of two rational numbers is another 


rational number. Thus, this lesson on the con- Give the reciprocal of each number. Explain your answer. 
cept of reciprocal, or multiplicative inverse, is - tz 
P E Aa Bt c -3 p 23 e 1 


essential to the development of division of 
rational numbers. Most of your students will 





have had prior experience with division of 2. One of the basic differences in the structure of the : : 

rational numbers and reciprocals. However, set of rational numbers and the set of integers is aisa reciprocal of b, 
for most students, reciprocals of negative that every rational number, except zero, has a and b is a reciprocal 
rational numbers will be a new idea. multiplicative inverse in the set of rational numbers. ofaifa-b=1. 





However, in the set of integers, only 1 and ~1 have 
multiplicative inverses. 


A Explain why zero does not have a reciprocal. 


B What kind of a number is the reciprocal of 
a unit fraction? 


3. If a rational number is negative, will its reciprocal be 
a positive or a negative rational number? 


4. Since 24 =3, the reciprocal of 23 is§. 
Explain how to find the reciprocal of 375. 


F-20 


1. Give the reciprocal of each number. 
7 


Using the Ideas 


aé ce i Ea4 G 1 1 34 Kk 10 
B 3 D 75 F? ne J 78 L 700 
2. Solve the equations. 
Aba itl D een=1 ao 10-n=1 J 55:n= 
B 2-n=1 en =1 Hg-n=1 K 163-n= 
Cy Eicon leo 1 bien 
3. Solve each equation. 
A (5:3)-x=1 c (3-3) -x=1 Ea -yex) =a 
Bed 3/7) eX p (-2-2)-x=1 F ao. (y x) = 1 


4. Study the example. Then 
solve the equations. 


a 3-(3-n) =3 
Bi -(9-n) =3 
c 3-(3-n) =8 
0 -§-(3-n) =3 
E (2-7) -n=§ 
fF (8-75) n=8 


This number must 
be 1 because 


3 wad) 
4°1=%. 














UTILIZATION 

The equations in Exercise 4 involve the type 
of reasoning that leads to the development of 
the division algorithm for rational numbers. 
The missing factor in the multiplication equa- 
tion 3: n= is the quotient in the division 
equation 3+ 4=n. Using the reciprocal of § 
and the property of 1, we see that 3 - (3 - 3) 


=, Hence, n= 3 3,503 =4=2"3. 





EXTENSION 

Exercises suitable for further practice as- 
signments are provided on page 42 of the 
Workbook. 


Think Solution 
1. Yes for Figures A, B, and C. 


2. Students should be able to reason as fol- 
lows to see that the response is “No” to 
question 2 for fioor plan C: Since one is 
starting outside and there are only 4 outside 
doors, one must end up outside after passing 
through each outside door only once, but 
there is one inside room with only one door 
leading into it, which means that in order to 
pass through that door only once one would 
have to end up inside. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 


F-21 


Objective 
The student can solve word problems in- 
volving applications of rational numbers. 


PREPARATION 

Before assigning the exercises on this page, 
you might discuss ways of conserving elec- 
trical energy in family households. You might 
also have available some brochures or news 
reports from the local electrical plant showing 
amounts of electrical power and the cost of the 
use of electricity. 


UTILIZATION 

Since the meaning of the term kilowatt-hour 
may be unfamiliar to most students, plan to 
discuss this term in detail, using examples 
such as: 


1. A 60-watt light bulb that burns for 3 hours 
consumes 60 watts: 3 hours = 180 watt- 
hours of electrical energy. 

. One 25-watt light bulb in use for 4 hours 
consumes 25 watts: 4 hours = 100 watt- 
hours. Therefore, ten 25-watt bulbs burning 
4 hours will use ten times as much energy, 
or 10- 100 watt-hours = 1000 watt-hours 
=1kW-h 


i) 


EXTENSION 

Enrichment: Some students may be interested 
in contacting the local electrical utility com- 
pany and obtaining information on the amount 
of electrical power used by other home ap- 
pliances. They could also obtain tables of costs 
of electrical service and learn how to compute 
the cost of electrical service. 

Other students might be encouraged to write 
problems similar to the ones in the text based 
on usage of electrical appliances in their homes 
during specific hours, such as from the time 
they return home from school until the time 
they go to bed. 


Assignments 
Minimum 1-5. Average 1-8. Maximum |-9. 





FLECTRICAL ENERGY 


Electrical power is measured in watts. A kilowatt is 1000 watts. 

A kilowatt-hour (kW.h) is 1000 watts of power in use for one hour. 

For example, one kilowatt-hour will run a 100-watt light bulb 10 hours. 
(That is, 100 watts x 10 hours = 1000 watt-hours = 1 kilowatt-hour.) 


The table below shows the approximate number of kilowatt-hours 
used by some electrical appliances. 


eye 


1. If a color television is used 
5 hours per day for 30 days, 
how many kW.h are used? 


|} Disposal - zig each time 
3 perhour 
| 3perhour | 


7. The average residential consumer 
uses about 100 kW.h in home 
lighting in one month's time. 
How many 100-watt light bulbs 
burning for one hour would use 
the same amount of kW.h? 





Hair dryer 


Vacuum cleaner 


2. If you listen to a hi-fi while 
ironing for one hour, how many 
kW.h are used? 

8. If a vacuum cleaner is used for 
+ hour, the range is used for a 
meal, and the disposal used four 
times, how many kW.h? 


3. Five loads of clothes are washed 
and dried. It takes 2 hours to iron 
the clothes. How many kW.h? 


4. Suppose a disposal is used about 9. Suppose the cost of one kW.h is 
15 times per day. How many 3 cents. What does it cost to 
kW.h are used in 30 days? do the following? 


A Heat water for 30 days. 


B Watch a 90-minute color 
television show. 


ec Run a refrigerator for a year. 


5. A toaster is in use for 15 minutes 
at breakfast. How many kW.h? 


6. How many kW.h are used to 


make three meals per day for b Go on vacation for a week 
one week? with a 100-watt light bulb 
~ left burning. 


Objective 


Improving Computational Skills The student can compute sums, differences, 


and products using positive rational numbers. 





























1. Find the sums. UTILIZATION 
3 3 7 1 5 This page of exercises contains addition, sub- 
A 1645 B 83 C 12375 D 833 E 1106 traction, and multiplication problems involving 
294 113 963 163 882 only positive rational numbers. The purpose 
= ——— is to provide review and maintenance of arith- 
metic skills using positive rational numbers. 
1 3 1 1 1 The assignments for this page should be 
Em G 7 HZ 1 4 Jo5 ; 
2 10 4 10 2 dictated by the needs of your students. 
il _37_ 2 5 Aj 
3 100 3 2 20 
1 377 3 43, ck EXTENSION 
3 7000 10 100 200 
Think Solution 
A. The numerator and denominator of the 
} : product contain the common factor (2 - 3 - 
2. Find the differences. 4*5 6-7-8). “Dividine our neers 
id 3 2 13 5 ' 5 
ad Bs 3 c 4 D 4 E 3 mon pet gives the product in lowest 
a 27 3 746 8 terms: 5. 
100 100 5 100 45 B. The product must be 0 because one factor, 
$518 O: 
C. The shortcut for this product involves pair- 
7 1 ing factors which are reciprocals of each 
F 1579 G 28 H 3576 ei 25 J 100 other. The problem may be regrouped as 
745 194 282 2645 8% ots to une ais produce aaa 
taal (gs 17) > (ase 4) > (le a) ae 
= a ces ete = 
D. If each sum is expressed as an improper 
. fraction, this problem is similar to A above 
3. Find the products. and the product can be computed mentally. 
Teme: Gy 72 3.5 1 4 3. Sk, AEG eae 
Aao's B ici C a's D 3°52 E 45-5 te ae, eee 
Wy ae ale aaa : 2 Note that (3 -4-5-6-7) isa common 
factor to the numerator and denominator 
2 AEs G 83-5 H 425-55 1 6-165 J 93°93 ECU T ede 


Assignments 

Minimum 1A-D, 2A-D, 3A-D. 
Average 1A-G, 2A-G. 3A-G. 
Maximum 1-3. 





F-23 


Objective 

The student can find the quotient of two 
rational numbers by using the usual division 
algorithm. 


PREPARATION 

Place some multiplication equations having 
missing factors on the chalkboard along with 
the related division equations. Use examples 
like the ones below, in which the missing factor 
can be found mentally. 


A. 
B. 
C. 


—— i 1 Vege wi 
1 Ire rep) 


Ci sclbo bole 


op es 
a 





10 OMAR 


DISCUSSION 

Even though most students can probably recall 
and use the division algorithm for rational 
numbers, you should carefully work through 
the development in Exercises | and 2 to pro- 
mote understanding. Have some students show 
the parts of Exercise 3 or other examples on 
the chalkboard. Be sure that students under- 
stand the rule (algorithm) for finding the quo- 
tient of two rational numbers, which can be 
written as 

Gacy. dad 


Died Ab: eu 
Before assigning the exercises on page F-25, 
attempt to find out how much practice the 
students need in this type of computation. 
Certainly, most students will have had con- 
siderable work with division of positive rational 
numbers. Therefore, you may need to give 
special attention only to the problems involving 
negative rational numbers. 


Division of Rational Numbers 


Discussing the ideas 


1. 


2. 


3. 


Finding missing factors in multiplication problems may help you 
to understand division of rational numbers. Study the example 
and then give the number for x. 















If you can find 
the missing factor, 


then you will know 
the missing quotient. 





3 7 Tey 
KS 5 ae See 
3 i zy sae Thane Lape Sap le Tk 
4 3°56 QS a 3°5 53 xX 


If the divisor is not zero, the same argument may be made 
for any pair of rational numbers. Study the example. Then 


give the missing fraction for jj. 











Cae eer 
qa X=» b die & 
c.(¢.2)—a Se a eye a alee ad 
dS Ncw bi) ab bod Cub Omac 
a.¢_ a, hii 
Therefore, 5 +g =5 ii- 
The example shows how dividing #+3=7.4=-2 
with negative rational numbers 
is carried out. 
Try these division problems. 
Aes eS  : a ce 10.75 [+e Salle ox eal 
pe Zi Sh 312 107 5 
. S225) ee 2 
To subtract one rational number from $5 = 35 4s 
another, you can add the additive 
inverse. 
Notice the division example and then 3.23.3 


complete this statement: 


To divide one rational number by 
another, you can multiply ? ? ?. 


Using the Ideas UTILIZATION 
Note the gradual increase in difficulty of the 


1. Solve the equations. problems on this page. Exercise 1 requires that 
3 





oh in 2 ee) AD ne 2g ae Qe Ae, the student find a missing factor so that a divi- 
A i Pe Rh ats “n D 4 3 aed n 8 Qe 5 : . : : Seep . 
‘ ae gee: eer sion problem is rewritten as a multiplication 
pBi+§=:- n Eg 3—-. Nn H5o>4>3°n problem. 
(ee ty ie) me See el 2). 49,225 
C jo*2=i0'n Fuge os aya N Pe ces mom EXTENSION 
To provide additional practice, make selective 
2. Bune pe quotients. eae a. ee, assignments from Supplementary Exercise Set 
A375) Deyo =a Qe OF 10, as 28 on page S-15, Workbook page 43, Duplica- 
ee) eee t. Cae. 3: Oe 1 tor Masters page 31, and Arithmetic Skill Card 
Bi opr B23 an ey pS Fo[2. 
92743 le eae 3 el 2. 
C i075 iP yeaa) ber, L jo>3 
Think Solution 
3. Write the mixed numerals as improper fractions and then find (1) The two boys must row across first; thus 
the quotients. (2) the canoe can be returned by one of them. 
1 1 1 hen ee ae (3) A man rows across, and (4) the boy left 
373 c 64 +35 Eeag lg G 25> 14 
A 13 64 2 3 3 = “ from the previous trip returns with the canoe. 
B 43 = oy D 13 +4 F100 33 H 94 - ah 33 Situation (4) reveals three men and two boys 
still on the wrong side of the stream and one 
4. Use division to find the number for r. man on the right side. 
: 40 _ oo (1) MMMM ——_ > 5 b> BB 
EXAMPLE: 2-r=3—> r=$+2=3-§=9=4 
ae 5) = 2 
1 5 a] 3 3 = 1 “5 (2) MMMMB 4 AB bye B 
S18 D 2 l==8 Fl 4 liso Hist ean 


(3) MMMB —» M —> MB 








(4). oMMMBB' tel «43229 Wie eng 


If this set of procedures is continued three 
more times, all four men will be on the right 
side, and the two boys will be on the wrong 
side. The final crossing will take the two boys 
across the stream. Since the procedure re- 
quired four crossings to get one man across, 
a total of 16 crossings plus the final crossing 
by the boys, or 17 crossings in all, were needed. 


Four men and two boys must cross a 
river in a canoe that will hold only 

one of the men or the two boys at one 
time. It will not carry one manand 
one boy. Tell how the six people 

can get across the river. Whatis the 
smallest number of times the ae 
must cross the river? ee 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-5. 





More practice, page S-15, Set 28 F-25 


Objective 

Given two rational numbers, the student 
can write a statement showing either equality 
or inequality of the two numbers. 


PREPARATION 

Review renaming fractions which have nega- 
tive denominators with equivalent fractions 
having positive denominators. You might also 
review inequalities for integers, inasmuch as 
comparing rational numbers requires an under- 
standing of comparison of integers. 


INVESTIGATION 
The Investigation provides the students with 
a situation in which they can use intuitive meth- 
ods to order a finite set of rational numbers. 
Parts A, B, and C could be discussed orally. 
Then students could record the correspondence 
between the numeral tags and the lettered 
points on the number line. 


DISCUSSION 

Although a formal definition of the relations 
“is greater than” and “is less than’ can be 
stated for rational numbers, we rely on more 
intuitive methods. The number line is first 
used to effect a comparison between rational 
numbers. Then the common positive denomina- 
tor method is introduced. The latter method is 
particularly useful since it reduces the problem 
of comparing two rational numbers in fractional 
form to that of comparing two integers. 


Comparing Rational Numbers 


Investigating the Ideas 


Give the st lln numbers. 
[A] Since 3 5 is between 1 and 2, then 3 3 must be between ? and ?. 


[B] Since 4 a is between 2 and 3, then -§ must be between ? and ?. 


[c] Since 7? is between 3 and 4, then —~ must be between nian Cece 


A B Coa DiE Pea H ! 


HU 0 1 2 3 
Can you match the tags with the proper points? 


Discussing the Ideas 








1. The smallest rational number named by any of the fraction 
tags was the number that goes with point A, the point 
farthest to the left. What was that number? 


2. The largest number goes with point /, the point farthest 
to the right. What was that number? 








3. Using the definition at the right, oe 
which symbol (< or >) should be If the point for = lies to the left of 
placed between each pair of fractions? the point for § on the nulnber line, 
7 7 -3 =4 we say that 2 ei8 less than §.5 <§- 
a 5 ili: c 3 ills c 
fea then © q is greater than nto oe 





2 == ills 0 ili 


4. Instead of using the number line, you can write each fraction 
with a positive common denominator and then compare the 
nu merotens: roy the examples. 


: -6 
[a] = =qz/and 44s [B] 3 =30 and—@ =-8-= 
Since ot < 21, then=@ < §. Since 6 > 25, then 4 
Compare these pairs of rational numbers by this method. 
a 2and3% B 3 and-> © — and§ p — and-2 








I 
wir 
Vv ds 


a5 
-6 . 


is 


Give the integer for n. 


Copy each problem and give the correct symbol (< 


a ils e Sills 
Sills eS lls’ s 
o Sills o 3 ill K 

o Sills a 7 tlh? L 


. The graph in the example illustrates the 


about all rational numbers x such that x 


Using the Ideas 


ai=B 0c =H 0 $= 8-8 13=% 
5 3-3 > Siem ye pe a 
. Give the numbers for a and b. Then give the correct symbol (< or >) 
for each li. 
i x —o= 4 2 = A 
54 San 2 ’ 
ayo pols 0c ft SS oe gf 
4 ~~ 20 47 20 oe PR 
nk iat -% 
= 7 = ; 
Bes seb: 12 ll 3 ae ey ti li 3 fi aS ooo 16 li 12 
8 24 4 44 i245 


=, or >) for each |i. 


+ ills 33 ili 
5 iit 3 nw 5 ils 
io iilill-3 o 45 ilhia3 
700 ll 10 Pg lh 8 


idea that we can think 
= 2, and x > a. 


Recall that we write such inequalities as 4 Xe 2 


EXAMPLE: 


76 1 


Write similar inequalities for each number line. 


Awe ee i i 
Dee 0 aa! 2 3 


B ~—«— eee >) > 
eS a y 


Az<x<% B3<x<0 c 


jo | 2 


| 


. Illustrate each inequality by using a number line. 
3cx<3 


UTILIZATION 

You may need to discuss graphs of rational 
numbers before assigning Exercises 4 and 5. 
In the graph of the inequality § < x < 35, cir- 
cles are used at the endpoints, 4 and 7%, to show 
that they are not included in the solution set. 
If the inequality were ; = x = 7%, the endpoints 
would be included and this could be shown on 
the graph by making the circles at the end- 
points solid dots. 


Endpoints are excluded. 


Endpoints are included. 
Answers, Exercise 5 


A ae 9 1 tr ti ee 
0 1 


D .~.@.._.-_.-_._ + (+ +--+ ’ 
PT 0 


EXTENSION 
Further practice exercises are provided on 
page 44 of the Workbook. 

Enrichment: Ask students to graph each in- 
equality on the number line. 


A. -$2x=4 


=5 2 1 
bs =o SSS 


Assignments 

Minimum 1A-F, 2A-D, 3A-H. 

Average 1 A-H, 2, 3A-L, 4. 

Maximum Alternate parts of 1-3; all of 4 and 5. 
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Objective Solving Problems 


The student can solve a word problem in- 
volving one or more operations with rational 


numbers. Investigating the Ideas 


Study the advertisement 
at the right. 


PREPARATION 

In preparation for this lesson, be sure that most 
of the students have adequate computational 
skill in working with problems involving ra- 
tional numbers. You might initiate a ten-minute 
drill in which a number of students go to the 
board and work several problems involving 


How much would you have 
to pay for the television 


set if you bought it during 
addition, subtraction, multiplication, and divi- the sale? 

sion of rational numbers. The students who 
remain at their seats should also attempt these 
problems. 





Discussing the Ideas 


INVESTIGATION 
The ability to solve word problems is one of 


1. Diane found that 4 of $96 was $24. 


the most important objectives in any mathe- 
matics course. The Investigation presents a 
practical problem situation which should be 
familiar to the student. Allow students to use 
their own methods of solution. It is not neces- 
sary for students to formalize their methods of 
problem solving at this stage. 


DISCUSSION 

In discussing the Investigation you may need 
to emphasize what some terms mean; for 
example: 


$96 marked price of television set 

4 of $96 = $24 reduction in price (also called 
discount) 

$96 — $24 = $72 sales price (marked price 
minus discount) 

$39.95 regular price 
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. Prices are reduced for a sale 


Is this the sale price of the 
television set or the amount that 
the marked price is reduced? 


. How can you use Diane's work to 


find the sale price? 


. Carol thought about the problem 


differently. She thought about 

it this way: ‘Since there is 

4 off the marked price, you must 
pay 3 of the marked price during 
the sale.”’ 


What is the solution to Carol’s 
equation? 


- A How much would you save on the television set 


if it were a ‘‘5-off” sale? 


B What would be the sale price of the television set? 





by. How would you find the 
sale price for this tag? 

















Regular ?34.%5 yO 
Sale orice | 


*7. 


* 8. 


* 9. 





. Areclining chair regularly priced at $150 is 


. Jane works in a dress shop which is having a 


. A Estimate the cost of 3935 litres of gasoline 


. When Anne’s sister had her twelfth birthday, 


. A car was driven 90 kilometres in 13 hours. 


Using the Ideas 


. A 10-speed bicycle regularly priced at $109 is 


on sale during a ‘‘3-off’’ sale. What is the sale 
price of the bicycle? 


reduced in price by 7p for a sale. What is the 
sale price of the chair? 


‘4 -off” sale. What should she mark on the tag 


as the sale price of a pair of slacks that is 
regularly marked $12? 


at 1135¢ per litre. 
B Compute the actual cost. 


Anne said, “You are as old as | am.” 
How old is Anne? 


What was the average speed in kilometres per 
hour? 


A tank is 3 full of fuel oil. After 250 litres 

are used, the tank is 3 full. How many litres 
does the tank hold? 

A school hockey team won 5 of its games. 
It won 3 more games than it lost. How many 
games did the team play? 





The average of two rational numbers is z. 
One number is 3. What is the other number? 





More practice, page S-16, Set 29 


UTILIZATION 

Since students differ greatly in their problem 
solving abilities, you will want to allow con- 
siderable freedom in the methods used to solve 
the problems. However, it would be beneficial 
to encourage students to write an equation for 
each problem as well as solve the problem. 


EXTENSION 
Supplementary Exercise Set 29 on page S-16 
and page 32 of the Duplicator Masters offer 
exercises suitable for further practice. 
Enrichment: Make a collection of advertise- 
ments which offer articles discounted by 
certain fractional amounts. Students can then 
write and solve problems based on these 
advertisements. 


Think Solution 

Original Price: $10 

Ais Salesipnicelto Be tae $ 102 
B’s sales price to C: 1% X $12 = $14 
C’s sales price to D: 14+ x $14=$16 
D paid $16 for the article. 

A, B, and C each made $2 profit. 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-9. 
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Objective 

Given a function rule and a set of input 
numbers, the student can compute the output 
numbers and draw a graph of the function. 


PREPARATION 

Review the idea of graphing intergers. You 
might use the function f(m) =n-+ 1 as an ex- 
ample, with integers as inputs. Use other exam- 
ples of functions as needed. 


INVESTIGATION 

The words domain and range are introduced in 
the Investigation. Point out that mathema- 
ticians call the set of input numbers for a 
function the domain.The set of output numbers 
is called the range. It is unnecessary to give a 
more elaborate definition of these two words 
at this time. 


DISCUSSION 

The work with graphs of functions using ra- 
tional numbers is a natural extension of previ- 
ous work with integers and should not prove 
difficult for students. 

Technically, the graphs for functions with 
rational number domains should be drawn 
dotted since points with irrational coordinates 
are omitted. But because the rational numbers 
are dense (between any two rational numbers 
there are infinitely many more rational num- 
bers), we indicate the graphs as solid lines. 
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Rational Numbers and Functions 
Investigating the Ideas 


The set of all input numbers for a function is called the domain of the function. 
The set of all output numbers is called the range of the function. 


Function Rule 
————— Domain: 
n+ 1 All rational numbers 


Co-ordinates 


(0, 1) 
(G. 1%) 
(3, 13) 
(3.3) 
ea) 
(-1,0) 
4.9) 





If the domain of the function above is the set of all rational 

numbers, we cannot list all number pairs for the function. 

Instead, we find a few number pairs and locate the points with those 
co-ordinates on the co-ordinate plane. Then we connect the points with 
a line to show where other points for the function must be located. 


Can you prepare a function table and draw the graph for 


the function whose rule is 4 -n when the domain is the set 
of rational numbers? 





Discussing the Ideas 


1. Are the pairs that you found for the function rule 
necessarily the same as those found by another classmate? 


2. Will your graph look the same as the graph of another 
classmate if neither of you has made any mistakes? 


3. If the domain of the function graphed in the Investigation 
had been all rational numbers n such that ~1 = n = 1, would 
the graph have been a /ine or a segment or a ray? 


Complete the function tables for Exercises 1 through 6. 
Then draw a graph of the function. The domain is the 
set of all rational numbers. 


1. Function Rule 2. 
2-n 
n | f(n) 


Alaa Ih A 


Mi B 
I 


A I 8 
B i c 








c. 











4. Function Rule 5. Function Rule 6. 
(-n) +1 “-3-n 
n | f(n) n | f(n) 
eosin ._o| iil P 
1 13 a. 24 ll B 
At 2 ul ce ll c 
B63 il oy ll D 
ec —1| ill e =| iil E 











Complete the function tables for Exercises 7, 8, and 9. 
Then draw the graph of each function. In each case, 
the domain is given. 








7. Domain: %& 8. Domain: * 9. 

“3<n<3 C= Vee 

Function Rule Function Rule 

n+3 aans 

n | f(n) n | f(n) 

<2cneas 2 0 
a 2 | ill 1 3 
es 1 | ill 0 4 A 
i ae eee || B 
dp 0 | ii Ba 2 | ill 
Eo! Il ¢ 13 | ill c 
Fae tris op -13 | Mill D 





Function Rule 3. 


Using the Ideas 


Function Rule 


Cait 


i 
i 
I 





Function Rule 
1 
a2) 


n | f(n) 
Il 


0 








i 


SS 


eee SL EE 


I 


= 


© | PM 





| 
_ 





Domain: 
All rationals except 0 


_ Function Rule _ 
let 
f (n) 


Ses: et 


2 
i 


Sl-(ni-} a | 3 


ll 
= 
ll 


i 


nis 





alo 











| 
ine) 


UTILIZATION 
Answers, Exercises 1-9 


Exercises 1, 2 


Exercises 3, 4 

















































































































































































































EXTENSION 
Workbook page 45 offers further 
exercises. 

Enrichment: Have students make function 
tables and draw graphs for the function rules 
below. The domain is the set of all rational 
numbers. 

1. f(n) =n2 +2 


2. f(n) =n? 


practice 


3. f(n) =n? —4n+2 
4. fin) = 





n es 
i Tae 
Assignments 


Minimum 1-3. Average 4-7. 
Maximum Odd-numbered exercises. 
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Objective 

The student can find ordered pairs of num- 
bers for linear equations and draw graphs of 
the equations. 


PREPARATION 

Students have had experience in graphing linear 
equations using ordered pairs of whole numbers 
(Learning Unit E, Module 2) and using ordered 
pairs of integers (Learning Unit E, Module 4). 
You may find that a brief review of graphing 
will help students to prepare for this lesson 
on graphing using ordered pairs of rational 
numbers. 


INVESTIGATION 

It is quite likely that students will name only 
ordered pairs of integers. Suggest that they 
also name some non-integral pairs that satisfy 
the equation x + y=2 and observe that the 
graph of these pairs appears to fall in a line 
with the other points graphed. 


DISCUSSION 

If an equation is known to be a linear equation, 
then it is sufficient to graph only two points to 
determine the location of the line for the equa- 
tion. However, you should encourage students 
to graph several points (at least three) satisfy- 
ing the equations, and then draw the line 
through the points to indicate all the points 
on the line. If a particular point does not seem 
to fall on the line, computation should be 
checked to see if a mistake has been made. 

In Exercise 6, note that it is important that 
both positive and negative integers be consid- 
ered for x and y; otherwise, only half of the 
graph will be drawn. 
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Graphing Linear Equations 
investigating the ideas 
The co-ordinates of three points for 


the graph of the equation x + y= 2 
have been found and graphed. 


equation 
, Sal fea co-ordinates 
(x,y) 
— (0,2) 
ao (S31) 
oo. \ee.) 




















es 











| 
a 








ees 


cies 


Sea eS econ b 





L 





Can you find the co-ordinates of at least six more 


points for the equation and show them on a grid? 








Discussing the Ideas 


1. Do all the points that you found seem 


to lie in one line? If they do, draw 

a line through them. This shows that 
the replacement set of x and y is the 
set of rational numbers. 


2. a Is it true that? +4 = 2? 


B Is the pair (ae 5) the co-ordinates of 
some point on the graph of x + y= 2? 





3. Is the pair (3, 5) the co-ordinates of some point 
on the graph of x + y= 2? How can you tell? 


4. The point with co-ordinates(-1%, y) is a point on the 


graph of x + y = 2. What rational number is y? 


5. Equations which have graphs that are straight lines are 
called linear equations. Is x + y = 2 a linear equation? 


6. Find some co-ordinates for the equation x- y = 12. 
Show that x- y = 12 is not a linear equation. 


Using the Ideas 


For Exercises 1 through 6, complete each table and 
graph the equation. The replacement set for x and y 
is the set of rational numbers. 





ih equation 2. equation 3. equation 
x+ty=3 x—y=2 2x—y=0 
x y 
5 3 
3 1 
A Il a oO | Illi A Ul 
8 I B 2 | lll ep 4 | ill 
4. equation 5. equation 6. equation 
x—2y= "2 2yt+y= 5 3x — 2y=8 


a hi hi A hi 
hi 
hI 


hi hi 
c i hi 


ce) 





7. Make your own table and then graph each equation. 
Find at least three pairs of co-ordinates for each equation. 


% 8. Use the figure to give the number pair y-axis 
that is common to the graphs of both 
equations. Substitute this pair of values 
into each equation to check this choice. 


*% 9. Graph both of the following equations 
on the same grid: 
x+y=0O0 x-—2y=15 
Find the co-ordinates of the point that 
the two graphs have in common. Check 
to see that this number pair ‘“‘works’”’ in 
both equations. 





UTILIZATION 

Exercises 8 and 9 involve graphs of simul- 
taneous linear equations. The intersection of 
the lines of the two graphs is the point whose 
co-ordinates satisfy both equations. 


Answers, Exercises 1-7, 9 


Exercises |, 2 Exercises 3, 4 
y y 
- 
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EXTENSION 
Additional practice exercises are provided on 
Duplicator Masters page 33. 

Enrichment: Ask students to find the point 
of intersection of the graphs of these pairs of 
equations. 

[xe y=2, x y=s (23,3) 


2. y=2x,x+y=6 (2, 4) 
3 6S) = ee Sy SS (ey 4) 
Assignments 


Minimum 1-3. Average 1-4, 7A. 
Maximum 4-9. 
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Objective 

The student can demonstrate the ability to 
work with the major concepts and topics of 
this module. 


UTILIZATION 

The review exercises can be utilized in any 
manner that will be beneficial to your students. 
Some exercises should be discussed orally. 
Students could show completed solutions for 
other exercises on the chalkboard. There are 
Over sixty separate responses required in these 
exercises, so it is not necessary that all parts 
of every exercise be assigned. 


Answers, Exercises 12 and 14 


Exercise 12 Exercise 14 





































































































































































































EXTENSION 
Additional review exercises are provided on 
page 46 of the Workbook. 
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REVIEWING THE IDEAS 


1. a The opposite of 3 ISeee 
B The opposite of 3 is 2. 
c -3 is the additive inverse of ? . 
pb The additive inverse of Ois ? . 


2. Find the sums. 


a3+3 dD3+3 
Be+5 eg+ a 
e 3+ 4 F4t+3 
3. Find the differences. 
a 3-4 cae 
24} Feet 
e}-4 raed 
4. Find the products. 
Oy eed 
Bz 23s H13°-8 
Gay OR ab 1S 
5. What is the reciprocal of each 
number? 
a3 c 3 —E 4 a 4 
B 3 po F -5 H 12 
6. Find the quotients. 
ahs? wo $ 0 33233 
Baz Bete ORs 13 
Ceer | Wari ee iat 


7. Solve the equations. 


a g-n=10 Es :n=3 
ei-n=% Ff 8-(3+%)=n 

ce n+3?=3 @ 10: (2+n) = 22 
o§tn=% (8-3) +(8-3) =a 


. Give the smaller number of 


each pair. 


3 


3 Sek zal =x file. cal 
AG:8 © 70:5 E jl5, 
1 
3 


= Om 


1 


Biz.2 bv 0,3 Fas4 


—| 
oO 


. Give the rational numbers for 


the inequality suggested by 
this number line. 


ll <x <i 


=f 0 1 


10. An article originally priced 


11. 


12. 


13. 


14. 


at $132 is marked for sale at 
i Off. What is the sale price? 


Function Rule 


Complete the 
function rule 
table. 


n+3 





n 

3 

4 

oft 

2 
her I 
a o aeot 1M 
c 72 | 
o., 3.) 


Draw a graph of the function 
for Exercise 11. The domain 
is the set of rational numbers. 


Give four number pairs for points on 
the graph of the equation 2x + y= 11. 


Give the number pair for the point of 
intersection of the two lines x + y= 11, 
x — y =3. Graph both equations. 


‘TEST YOURSELF 


1. Give the additive inverse of each 
rational number. 


B 3 


. Solve the equations. 
a a 
A 10 ts x= 10 


Bet s—rt+s 


. Find the sums. 


7 5 
<a +e 
~4 7 
eo 


. Find the differences. 


ai-3 B 


olen 
| 
o— 


. Find the products. 
As: c 


| 
wo 


rio 
BE aio 


olen 
~ 


. What is the reciprocal 


RESEARCH PROJECTS 


A_ Design a flow chart that will show 
the steps in finding the sum of any 
two rational numbers. Try to make 
flow charts for the other operations 
using fractional numbers. 


B Read about the historical development 
of the symbols for fractions. Find out 
what other notation for fractions has 
been used. Write a report on your 
findings. *See History of Mathematics 
by David E. Smith; New York: Dover 
Publications, 1925, vol. ll, pp. 208-228; 
General Publishing) 


. Find the quotients. 


az-+3 © 13+ 


B = op +1 


. Give the correct symbol (<, =, or >) 


for each iil. 


a3 ils 5 3s 


. An article originally priced 


at $124 is marked for sale at 
+ off. What is the sale price? 


. Which line, a or 


b, is the graph 
of the equation 





Every rational number can be 
expressed as a continued fraction. 


For example Pe q and 
pe 12> 2 tay 
eae 


Find out what continued fractions 
are and how they can be computed 
from ordinary fractions. (See An 
Introduction To Continued Fractions 
by Charles G. Moore: Washington, 
D.C.: National Council of Teachers 
of Mathematics, 1964.) 


TEST YOURSELF 

Students who are successful with this self- 
test should be expected to achieve reasonable 
success with the Module Achievement Tests 
which accompany School Mathematics and 
are available from ine publisher in separate 
test packets. A correlation of the Test Your- 
self questions with the objectives stated on the 
module-opening pages is annotated on the stu- 
dent book page at the left. 


RESEARCH PROJECTS 

In addition to the projects suggested here, 
some students might be interested in reading 
about some other rational number topics. The 
following references are suggested. 


Unit Fractions, by Julia Adkins, Twenty- 
Seventh Yearbook, National Council of 
Teachers of Mathematics, Washington, D.C., 
1963, pp. 221-226. 

Farey Sequences, by George Cunningham, 
Twenty-Eighth Yearbook, National Council 
of Teachers of Mathematics, Washington, 
D.C., 1963, pp. 22-26. 


MATHEMATICAL RECREATION 
There are several patterns for student dis- 
covery in this recreation. The total number of 
small triangles in each configuration is always 
a square number. That is, the sequence formed 
by the number of triangles is 1, 4, 9, 16, 25, 
a TNS te 

The pattern of the fractions for the part of 
each region that is shaded can be shown to 
follow the sequence, 


50 n(n+ 1) 


Lag a 


The part of each region that is not shaded 
can be found by subtracting the part shaded 
from |. 

The sequence for the nonshaded part is 


0 ligt gl 6 epee 
9 6c ome ree 


3. For a configuation of 100 triangles, we ob- 
serve that n? = 100, hence n = 10. Substitut- 
n(n + 1) LOCt Tel 
Oe oi Say ST Nip yet 
region shaded. 





ing in 


4. For 400 small triangles, n? = 400 and n = 20. 
aise ase J) = 20 OA) 2! 
2n? 2-400 40° 








5. The student will probably guess that as the 


configuration of triangles becomes larger 
and larger the part of the region shaded 
becomes nearer and nearer to }. This can 
be proved by writing the general term of the 


sequence 


n(n+ 1) ae n?+n n? n 
2n? © Dy Dies Dye 








Simplifying the last member, we obtain 
1 l 


I 
ACE When » becomes very large or 
: | 
approaches 0 and the expression st5c 
l 
approaches 7. 
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oe 


. Draw and shade the next three triangular figures. 






SH 


ee 


Sa 






2. What fractional part of each region that you drew 
is shaded? 


3. If the large triangular figure contained 100 small 
triangles, what part of the figure would be shaded? 
What part of it would be unshaded? 







LV IN 














4. If the large triangular figure contained 400 small 
triangles, what part of the figure would be shaded? 
What part would be unshaded? 


Ji 









5. If the large triangular figure contained a ‘‘very 
large’ number of small triangles, about what part 
of the figure would be shaded? 









TEST 1a 3. 8B 2-¢ 24 


YOURSELF 3. a {3:8 2:c¢ 3:;p & 
c 


Answers 6.8 7.4 3:8 2: 


2.a x=0;8 r=$;c t=$:0 s=73 


4a die 71 5A 351 3.0.40 2 


Ba <3B < 
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UNIT F: RATIONAL NUMBERS 


Module 2: Decimals 


General Objectives 


To provide a necessary review of decimal notation, and computation 
with decimals. 
To emphasize applications of decimals in scientific notation for both large 


and small rational numbers. 


To provide experience in estimation and problem solving using decimals. 


52 


53 


54 


55 


56 


57 


58 


59 


60 


61 


62 


63 


Performance Objectives 


RED Given powers of ten with negative integral exponents, the 
student can interpret them. 


RED Given a decimal numeral, the student can give the place 
value of each digit. 


RED Given two decimals, the student can find the sum. 

RED Given two decimals, the student can find the difference. 
RED Given two decimals, the student can find the product. 
RED Given two decimals, the student can find the quotient. 


RED Given two decimals, the student can round each decimal to 
One significant digit in order to estimate the product or quotient. 


RED Given a fraction, the student can find a decimal approxima- 
tion for it. 


YELLOW Given a decimal numeral, the student can express it 
in scientific notation, and vice versa. 


YELLOW Given a fraction, the student can write a mixed decimal 
numeral for it. 


YELLOW Given a rational number, the student can find the 
repeating decimal for it. 


GREEN Given a measurement using decimal numerals, the stu- 
dent can find the greatest possible error for it. 


Reviewing the Ideas 


Pupil Text 
F-38, 39 


F-40, 41 


F-42, 43 


F-42, 43 


F-46, 47 


5253 


F-54, 55 


F-56, 57 


F-48, 49 


B-58, 59. 


F-60, 61 


F-50, 51 


F-64 


Reteach-Reinforce 


WB 47 
DM 34 


WB 48 
DM 35 


WB 49 
DM 36 


WB 49 
DM 36 


WB 50 
DM 37 


WB 53 
DM 39 
WB 54 
DM 40 
WB 51 


DM 38 


WB 55 


Related Activities 


SP h-1 
ASC D-1 PD h-1 
SP h-2 DS g-2 
ASC D-2 PD h-1 
SP h-2 DS g-2 
ASC D-3 PD h-| 
SP h-3, 4 DS g-2, 3 
ASC D-4, 5, 6 PD h-1 
SP h-3, 4 DS g-3 
SP h-1 
ASC D-8 


ASC AP-3, 4 SWM 3 
SP a-3 196-197 


DS g-2 


DS g-2 
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MATHEMATICS 

Although students at this level are familiar 
with decimal notation and computation with 
decimals, there are sufficient new ideas in the 
module to warrant careful treatment. 

Understanding of the fractional notation for 
rational numbers and positive and negative 
integers are prerequisites for a complete under- 
standing of decimal notation. By defining 
10-" =+é7 where n is an integer, any decimal 
can be expressed in expanded notation, ex- 
ponent form. Thus, 312.6145 can be expressed 
as. 3° IO se To QPS 2 OM s=@ °K) se i» 
102+ 4 - 10 ?+5- 10%. Use of negative ex- 
ponents permits the extension of the use of 
scientific notation to all decimals. 

Repeating decimals are introduced in the 
module and by means of examples students 
are shown that any rational number has a re- 
peating decimal representation. Conversely 
every repeating decimal represents a rational 
number. This is an important mathematical 
idea, especially for students who will later 
encounter real numbers (Learning Unit H, 
Module 3). Real numbers are those numbers 
which can be expressed as infinite decimals, 
repeating or not. The subset of the real numbers 
which cannot be represented by repeating 
decimals are irrational numbers. 


TEACHING THE MODULE 
Vocabulary 
accuracy 
approximation 
Celsius temperature 
decimal equivalent 
decimals, one-place, 
two-place, ... 


equivalent decimals 

estimation 

expanded notation 
(exponent form) 

exponential notation 

greatest possible error 


mixed decimal repeating decimal 


numeral rounding 
negative exponents scientific notation 
period significant digits 
precision specific gravity 


relative error terminating decimal 

This module provides vital background for 
future work in extending the rational number 
system to the real numbers. Students should 
develop an understanding of the decimal sys- 
tem of numeration, develop adequate skills in 
computation using decimals, and experience 
a wide variety of applications of decimal 
notation. 

In teaching this module, be particularly 
sensitive to the needs and abilities of your 
class. With abler classes, you may want to 
pass quickly over the material which is strictly 
review. With slower classes, you may want to 
spend more time on the development of basic 
skills in decimal computation. Finally, you 
should make an effort to help most students 
gain an understanding of repeating decimals as 
representations of rational numbers. 


Lesson Schedule 

Your actual lesson schedule will depend on 
the amount of time spent in review of basic 
material and in development of computational 
skills with decimals, but 12 to 15 days should 
be enough time for adequate coverage of the 
module. 

Supplementary Exercises are provided in 
the Appendix for additional practice, and the 
Workbook and Duplicator Masters can be 
used to provide reinforcement, remedial, and 
extension work. 


Evaluation 
Evaluation of student progress should focus 
on three major areas: 


1. Understanding of decimal notation 

2. Computational skill with decimals 

3. Applications of decimals to problem 
situations. 


The review exercises and the. Test Yourself 
quiz should help students prepare for an 
achievement test covering the module. 


RESOURCES FOR ACTIVE LEARNING 

Activities 

Cloudburst, Vol. 5, Nos. 5700 series (science 
applications); Nos. 7400 series (distance/- 
speed), Midwest Publications 

Fractions, ‘“‘Fractionals and decimals,” Set 8, 
Herder and Herder 

Let's Play Games in Metrics (games and ac- 
tivities involving temperature), pp. 184-185, 
National Textbook Co. 

Nuffield Project: Computation and Structure 
4 (decimals), pp. 1-12; Computation and 
Structure 5 (decimal numbers), pp. 1-6, 
45-57; Decimals 1, Wiley 

The Metric System, Addison-Wesley 


Manipulative Devices 

Base-Ten Blocks (Addison-Wesley) 

Metric Aids (Addison-Wesley; Balla; Creative 
Publications; Dick Blick; Educational 
Teaching Aids) 

Slide rules (Creative Publications; Geyer; 
Pickett) 


Games and Puzzles 
In Order Game Kit (Midwest Publications) 
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UNIT F: Rational Numbers 


MODULE 2: Decimals 


After completing this module, you should be able to: 
ff 


DPARwWN 


oS 


10. 


OBJECTIVES: 





Write powers of ten using either positive or 
negative exponents. 

Give the place value of each digit of a decimal. 
Find sums and differences with decimals. 
Find products with decimals. 

Express a given decimal in scientific notation. 
State the greatest possible error in a 
measurement which is expressed in scientific 
notation. 

Find the quotient of two numbers in decimal 
notation. 


Estimate products and quotients using decimals. 


Find a decimal for a given rational number in 
fraction notation. 

Find a repeating decimal for a given rational 
number. ; 


Objective Negative Exponents 


The student can interpret numbers having 


exponents which are positive, zero, or negative investigating the Ideas 
integers. 


You are already familiar with ; : 
non-negative integer exponents. 10 n00 <— i, as large as 105 
1000 <<, as large as 10* 

100 <—-% as large as 10° 


PREPARATION 

At this time the student is familiar with non- 
negative exponents, and it is assumed that 
he knows that the following laws of exponents 


The idea of exponents may be 
extended to include negative 


hold: integers. Study the table of 1 
feed b ees powers of ten. Notice that 10 oe as large as 10° 
a ae bees: integers, each power of ten is 7 as 10° | 0 as large as 10! 
(2) (102) = 10 large as the one above it. 40 “oo as large as 10° 
(3) 10° + 10°= 10° ifa>b == iil “i as large as 10~ 
ee re Can you discover a pattern i i as large as 10 * 
is for the powers of ten in the Ill 35 as large as 10-° 
| table and give the number for Ill <-;5 as large as 10~ 
By defining 10" = Fon for any integer n, each il) 2 : : 





laws (1) and (2) can be shown to hold and the 
necessity of considering the two cases in (3) 
can be removed: thus 10¢+ 10°= 10% for Discussing the ideas 
any integers a and b. 


1. The pattern of the table suggests that 
INVESTIGATION i Ah ry 
10 '=75: = =>. 107 


5 é C =a =T0.---- 
We BE Cris se tipat eee recat A How could 10° be rewritten with a positive exponent? 
nents. To reinforce this idea, you might B How could 700 000 060 be expressed as a power of ten? 
write a division problem such as 10? = 10° as 
Ve : oS 2. To extend the idea of exponents to include all integers, 


But if the division law for expo- 


£10? 101" we make the following definition: 








nents holds for all integers, we must have 
eel 2-3 — 7 =e iy 
103 = 10 lOmeetlences| Omi 70" 
Thus, 3-2= 4 =g and4%=,=q. 
DISCUSSION 3 9 43 — 64 


: . % Saute a 2 
Exercise 2 contains the general definition for a How can you express 7 * with a positive exponent 


powers with integer exponents. You will want B How Can you express a with a negative exponent? 
to provide additional examples in which the 

bases are positive integers other than ten. 3. The example shows how 

Exercise 3 relates rational numbers to ex- 7:-10°-1+ 3-102 can be 

panded notation using negative powers of ten. expressed as a rational 


number. Express each of 
these sums as a rational 





number. 
A 2:107+3-10~ C3 101-2 10c 710m 
B 6-°10'+2-107+9-10%3 dp 5:102+5-10~ 


Using the Ideas UTILIZATION 
Although negative exponents can be used with 
1. Rewrite each power using positive exponents. bases other than 10, as suggested in the text, 
a 10-2 © 10-5 E 6-2 G 2-8 1 773 the emphasis in the exercise set is upon powers 
: 24) a oe ae of ten. This practice is followed because at 
Ba105" db 10 a H 3 J 8 this time the application of negative exponents 


will be to decimal fractions. 
2. Rewrite each numeral using negative exponents. 














A 70 c 75 E wi G@ wo 13 EXTENSION 
5 ; ' { ; Further practice exercises are provided on 
B 70: D 3: F 701 H 70 000 J 3s Workbook page 47 and Duplicator Masters 
Page 34. 
3. Rewrite each numeral as a power of ten. Enrichment: Ask some students to try prob- 
a 1000 c 700 E 10000 Ge 100000 1 1000000 lems like the ones that follow. (Answers are 
; ; i in parentheses.) 
1000 70 J 1 
B 7000 p 100 10 H 10 000 1. Give the integer for a and the rational num- 
: ber for b. 
4. Express each sum as a rational number. (07: 10-3 = 10°=} (a= 1 eee 
A 6105+ 4-107? Reo oO sae: 10° 4 4-0 el 10 - 10°= 10°=b (a=4, b= 10 000) 
Berle 10° Frome 6 l0ee473 2102+ 91-10% 10° 10 *= 10°=b (a= 2, b=5,.) 
Cusco re1 0 @ 1-10°+2-10°+3-10-"+7-10 AD eg Rogier stra led a ea ee 
8 Me ie ; 0-2 102 10s = 102 — bs (a — Oh —aly) 
Deh Oca - 10etea 9-10 Hes 2103101 4 6281 10?- 10'= 10°=b (a=3, b= 1000) 
% 5. What rational number is this sum? 2. Give the number for x as a power of 10. 
: f é 10? * x= 104) (x= 10?) 
oe sal -90 ' 1 4 2 
Dee 2 te Oe eet | ce 10°-x= 108 (x= 1072) 
: LOR 10 ea — a0) 
%* 6. Which statement is correct? Try to prove your answer. 1026 x = 102 urea) 
[a]10-*-10-*= 10" fe]1051 10 =10-2 NO Pri Otay Seen) 


L050 10m) : 
[8] 10,4102" 107 [o]10~*- 10-* = 10? 
Think Solution 

Move pencils a and b, as shown in Figure 1, 





aianitral to positions a’ and b’, as shown in Figure 2. 
iL. a » a 
; AG : . ae ( 5 ‘ b 
Sixteen pencils are arranged to Assignments 


form five squares. Show how four — 
“squares can be formed by moving 
two of the pencils to new positions. 
All sixteen pencils must be used, 
and each must be a side of a square. 


Minimum 1-3. Average 1-4. Maximum 1-6. 
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Objectives Decimal Notation 
The student can write decimal fractions for 
fractions having denominators which are pow- 
ers of ten. 
The student can state the place value of 


each digit in a decimal. 


Investigating the Ideas 


Suppose the minicomputer shows 
a certain amount of money but does 


PREPARATION not show the decimal point. 


See earn 


Decimal notation should be quite familiar to 
all students at this level. Conduct a discussion 
of the advantages of decimal notation over 
fractional notation. Discuss what advantages 
fractional notation might sometimes have over 
decimal notation. (The fraction 4+ might be 
cited to illustrate that certain fractions are 


simpler to use than their decimal equivalents.) 


INVESTIGATION 

The Investigation capitalizes on the students’ 
familiarity with decimals for money notation. 
In discussing the Investigation, you might 
bring out the fact that when we write a personal 
check for a certain amount of money we cus- 
tomarily use decimal notation on one part of 
the check and a combination of words and frac- 
tions on another part of the check. 


DISCUSSION 

Exercise | reviews the use of decimal notation. 
Note that in the decimal representation of 
numbers less than |, a zero is written preceding 


' the decimal point. Encourage students to adopt 


this usage; they will encounter it more and more 
frequently as use of the metric system of mea- 
sure becomes more fully implemented through- 
out the world. 

You can use the decimals given in Exercise 


3 to review reading of decimals, if necessary. 


Answers, Discussion Exercise 3 
A. 79.4=7- 101+5- 10°+4- 107 
B. 2.708 =2- 10°+7-107+0-: 107 
artsy 2 Li 2 


mee 29 59 — 1-10? -+.2- 10'+ 9 -10° 


+3-107°+5- 107 
D. 3.1416=3- 10°+1- 10-'+4- 107 
+1-10-°+6- 10-4 
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Discussing the Ideas 


1. Instead of 75. a minicomputer would show & e | | 


. The diagram will help you 


. The diagram at the right shows how to 





Can you place a decimal point 
in the numeral so that it shows 


A the cost of a new automobile? 
B the cost of a table model AM-FM radio? 
c the cost of a color television set? 











| To[4] 
Instead of 335, a minicomputer would show | L cS | [ [oO] O| 1| 
What decimal would a minicomputer show for each of these? 


1 2s 3 27 179 
B 70000 C 40 


D 700 E 400 F 7000 
Place-value name Vf 


[x [x/x/[x/x/x/x/ 
[4/3/9/2/5/7/ 











1 
A 7000 


review how place value is 

used in decimal notation. 

A Give the missing 
place-value names. 


B Give the missing exponents 
for the power of ten. Decimal —> 





. The decimal in the diagram in Exercise 2 can be written 


using expanded notation (exponent form) as 
8 2102-4 210" Sil O° OE 0 stars) 1 Ont oi Ome eerra Cree 


How would you write each of these decimals in expanded notation? 
A 75.4 B 2.708 © 12935 D 3.1416 


write a one-place decimal, a two-place | 
decimal, and a three-place decimal for 3. 
Give one-, two-, and three-place decimals 


for each of these fractions. 


9 3 SL 
A 40 Bs C Fo D 





| 





. Give the missing word and number. 


EXAMPLE: 32.57: The 7 in the hundredths’ place represents 7 x 10-2 
A 325.467: The 3 in the ? place represents ||l|| 
B 325.467: The 6 in the ? place represents |||. 
c 325.467: The 7 in the ? place represents ||ll| 


Write each fraction in decimal notation. 
9 743 3 


o 
In 
© 
an 





Cee 19° g 39° 
A 7-0. C joo E 0 G 7000 ' 700 K 70 000 
ri 239 3 6197 7 9 
B io D +000 F 700 H 70000 J 7000 L 7000 
. Write a decimal for each mixed numeral. 
Td 
A 23455 = 23.75 © 565 E 25755 G 627634 
B 7722 bp 4753 F 27408 3795 
7000 10 7000 H 3570 000 





. Write each decimal in expanded notation. 


A 3.147 B 298.42 c 0.6129 bd 0.0067 


. Write a decimal for each of the following: 
Amr NO Et 1 = 10-4 Crd BOs Oe Oo Orn B10 10 = 
se 6-10°+0210-'+ 3+t0<2 Dita 0350) 107 05105-- 010s 310-2 


For the fraction 7, write 


A aone-place decimal. B a two-place decimal. c a three-place decimal. 


. Write a three-place decimal and a four-place decimal for 0.75. 


. Write each minicomputer numeral with a decimal according to 


the directions given. 
a yy ia2i4i3i5) = (el ieiaiol2zio| «¢ ||) Ploorl4 
A number between A number between 


A number between 
10 and 100 1 and 10 ib and 79 


[- 
=a) 
Q) (- n ¢ 








UTILIZATION 

Since almost all of the exercises constitute 
review material, you may want to vary the 
assignment according to the needs of your 
students. 


EXTENSION 

Further practice exercises are provided on 
Workbook page 48 and Duplicator Masters 
page 35. 

Enrichment: Y our students may be interested 
in knowing that the greater percent of people 
in the world do not use the standard dot nota- 
tion for the decimal point but use a comma 
instead. Thus 0.5 would be written 0,5. This 
is common practice in continental Europe, 
Asia, many African nations, Mexico, Central 
and South America. When the comma nota- 
tion is used, the periods of numerals are marked 
by space. Thus 287 963,51 denotes the decimal 
that we would write as287 963.53. The United 
Kingdom uses a raised dot for a decimal point. 
Thus 3-5 means 3.5 (not 3 times 5). 

This would be an opportune time to encour- 
age interested students to explore Research 
Project A on page F-65, which deals with an 
earlier kind of decimal notation. 


Think Solution 

Since negative exponents have just been in- 
troduced, students may find fractional expo- 
nents a topic of interest. Students can find the 
solutions to the parts of this problem without 
knowledge of roots of numbers. The two com- 
pleted examples should serve as a guide. 


Aen foc 252/2=thentct— 5) andes) 

B. If y= 27'", then y? = 27 and y= 3 

Got t= 1002, then 727—= 100nda—10 

Dalits 4972s thentss —49.and ss) 

Belfi r= 125%) thentr*— 125) andi; —= 5 

F. If n= 81", then n*= 81 and n=3 
Assignments 


Minimum 1, 2, 3, 6, 7. Average 1-7. 
Maximum 1-8. 
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Objective Adding and Subtracting with Decimals 


Given two numbers in decimal notation, the 
student can find their sum or difference. Investigating the Ideas 


PREPARATION 

Review writing decimals for fractions whose 
denominators are powers of ten and equivalent 
decimals of 1, 2, and 3 places, such as 0.8 = 
0.80 = 0.800. 


Study the map and the distances 


shown on it. Recreation 


«Cen 


How many of the questions 


house 


£65 vey Jeff's 
- 


INVESTIGATION below can you answer? 
Since addition and subtraction of decimals 
should be familiar to students, the Investiga- 
tion can be used as a diagnostic tool to deter- 
mine which students are in need of reteaching 





A How far is it from school to 
Chuck’s house to the Recreation 





or remedial instruction. Contre? ‘SCALE: 1 aA 
DISCUSSION B How far is it from Jeff's house 

Assuming your students have developed ad- to school to Chuck’s house? 

equate skills in computing with whole numbers, c How much farther is it from Chuck’s house to school 
development of skill in adding and subtracting than it is from his house to the Recreation Centre? 
with decimal notation should follow almost 

automatically. In other words, once they under- Discussing the Ideas 

stand the ideas associated with work in decimal 

notation, the actual computational aspect of 1. Suppose a student added 0.9 and 0.25 like this: — 
the work is reduced to use of algorithms that : 9 90 25 ; 

are the same as those they use for whole num- Since 0.9 =45 =700 and 0.25 = 79, explain 





ber computation. 

If your students are well prepared in addition 
and subtraction, move quickly through the 
Discussion to the Utilization phase. 


why the sum shown is incorrect. 


2. To subtract 0.25 from 0.9, it is convenient 
to replace 0.9 by the equivalent two-place 09 = 0.90 
decimal 0.90. This is the same as choosing = 0:25 = 0:25 
a common denominator in the problem 


gue S-25 a Fog. 25 
10 — 100 — 100 ~ 100- 





Explain how you would subtract 0.347 from 0.4. 


3. Explain how we can think of the sum 0.31 + 0.024 + 0.135 


as (3 +700) a (85 ar 1000) ae Go +785 + Ta: 








4. Explain how the associative and commutative principles 0 {3th 
help us to think of lining up the decimal points => 0 1012: 4: 
Lal 1 3 11315! 

to get (35 +4) + (soo +730 +780) + (qo00 + 7e50)- 40 1365! 


1. Find the sums. 


A 87.14 B 0.129 c 
23.87 0.744 
0.668 


2. Find the differences. 


A 74.3 B 7.05 c 
59.8 1.96 


135.29 
642.77 
883.56 





0.621 
0.583 


3. Write equivalent three-place decimals and 


then add. 

ApS 0.6 2.134 0.255 
Bp) 1:24) 3.062 + 4 + 2.5 
Ciel2 40G 1o- 0 262-1 & 
p 14+ 4.32 + 1.256 + 0.7 


4. Line up the decimal points and then add 
without changing to equivalent decimals. 


A 12-4 1'4 + 0.56 

37 + 5.8 + 3.14 + 0.226 
5.4 + 11.28 + 0.423 + 7 
12 + 3.16 + 0.004 + 7.9 


o 0 @B 


5. Write equivalent decimals and then subtract. 


A 4.3— 1.742 ce 8.2—4.35 
B16 3.517 pb 100 — 0.8776 


6. Negative rational numbers can be 


represented by decimals as shown. 


Find the sums. 
A 18.2 c 9.5 


aL2.0 ~6.4 Eee0ct/t) 0.09 


B ~0.765 pd 0.0068 


~0.426 0.0724 FU.06 + -0.36 





More practice, page S-16, Set 30 








db 9.006 
18.213 
31.747 





Dp 109.3 
86.5 


Using the Ideas 


E 0.0714 
0.0068 
0.1429 
0.0009 




















EXAMPLE: 





5.2 — 1.468 — 5.200 


1.468 
3.732 








EXAMPLE: 












oe 0.72. ae 







a eS = 


+ 0.97" 57 
| ae 





@) 29.28 7.45 


H ~23.4+ 19.15 


UTILIZATION 
Encourage students to develop their computa- 
tional skills in addition and subtraction. If 
some students have difficulty computing with 
decimals, it is probably because they lack skill 
in working with whole numbers, have an in- 
adequate understanding of decimal notation, 
or are careless in aligning decimal points. 
Negative rational numbers in decimal form 
are introduced in Exercise 6. Such exercises 
will help the student to maintain skill in com- 
putation with negative numbers. 


EXTENSION 

Supplementary Exercise Set 30 on page S-16, 
Workbook page 49, Duplicator Masters page 
36, and Arithmetic Skill Cards D-1 and D-2 
provide additional exercises appropriate for 
use with this lesson. 

Enrichment: To provide practice in read- 
ing and comparing decimals, play the “Hi-Lo” 
game described below. 

Direct all players to print the numerals 0 
through 9 on appropriate playing cards. Each 
player should also draw a picture of some kind 
On one unnumbered card; this will be the 
“joker.” In this game of “Hi-Lo,” the joker 
will represent a decimal point. Each player 
keeps one joker throughout the game. 

Four players should combine their numeral 
cards to make a 40-card deck. The dealer 
shuffles and deals four cards face down to each 
player, and calls ““Hi’” or “Lo.” Each player 
adds the joker to these cards and, while they 
are still face down, aligns the five cards in any 
desired order. Then the dealer asks the play- 
ers to show their cards, reminding them whether 
he called “Hi” or “Lo.” Each player turns 
over his cards as they are sitting before him 
and reads off his number. The player with the 
highest (or lowest) number gets a point. The 
winner is the player with the most points after 
a predetermined number of rounds. 


Assignments 
Minimum 1-3. Average 1-5. Maximum |I-6. 
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Objective 
The student can solve word problems in- 
volving decimals, 


PREPARATION 

If a Celsius thermometer is not available in 
your classroom, you could make a cardboard 
model of one for demonstration purposes. 
Some students might enjoy making such a 
model as a special project. 


UTILIZATION 

The word problems give practice in finding 
differences between various temperatures in- 
cluding negative temperatures. Allow some 
time for discussing the exercises and checking 
the answers. 


Assignments 


Minimum Even-numbered exercises. 
Average 1-7. Maximum 1-10. 
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CELSIUS TEMPERATURES 


ae 


10. 


. The spiny anteater of Australia has a normal body 


. A marathon runner, on a hot day, was found to have 


. The lowest recorded temperature for British Columbia 


Normal body temperature for humans is 37°C (Celsius). 
A How much below normal temperature is 35.7° C? 
B How much above normal temperature is 39.2°C? 


temperature of only 23.2°C. How many degrees lower 
than normal human body temperature is this? 


a temperature of 40.6°C. How much above normal was 
his temperature? 


is ~58.9°C. The highest recorded temperature for 
British Columbia is 46.7°C. How many degrees difference 
is there in these two temperatures? 





. The lowest recorded temperature in the world was at 


the Soviet Antarctic station Vostok on July 24, 1960. 
The temperature was ~88.3°C. The highest temperature 
in the world, 57.8°C, was recorded at Azizia, Libya, 

on September 13, 1922. What is the difference in 

these temperatures? 


. The record high temperature for San Francisco, California, 


is 41.1°C. The record low temperature is ~6.7°C. What 
is the difference in these temperatures? 


. Water boils at 100°C. Absolute zero, the coldest possible 


temperature, is 373.16°C below the boiling point of water. 
What is the temperature for absolute zero? 


. “Dry ice” (solid carbon dioxide) will evaporate at temperatures 


above -78.5°C How much above the temperature for absolute zero 
is this? 


. Mercury becomes a solid instead of a liquid at ~39°C. Cana 


mercury thermometer be used to find the temperature of ‘‘dry ice’? 


Over a period of nine years, the temperature at Saipan, Mariana 
Islands, varied from 19.6°C to 31.4°C. How many degrees variation 
is this? 


Speeeeeeeeeeeeeed Records Objective 


The student can solve story problems in- 
volving decimal notation. 


UTILIZATION 
These exercises might be assigned in conjunc- 
tion with those on page F-44 if you so desire. 


1. In 1910, Barney Oldfield set 
a land speed record of 211.983 EXTENSION 
kilometres per hour (km/h). z 
In 1970, Gary Gabelich set a 
new record of 1001.64 km/h. 
How much faster was Gabelich’s 
speed than Oldfield’s speed? 


Enrichment: New speed records are con- 
tinually being established. Some _ students 
might do some research on current. speed 
records and compare them with the ones given 
in this lesson. 


Assignments 
Minimum 1-5. Average 1-7. Maximum 1-7. 





2. The greatest speed at which man has travelled was flown by the 
astronauts during the Apollo X mission. Their maximum speed 
was 39 892 kilometres per hour. About how many times faster 
than Gabelich’s land speed record is this? 


3. In 1972, Mark Donahue set an automobile record speed of 263.064 km/h 
at Indianapolis. This was 37.291 km/h faster than Rodger Ward's 
record in 1962. What was Ward’s speed in 1962? 


4. In the 1968 Olympics, Lee Evans had an average speed of 9.13 metres 
per second in the 400- metre race and Jim Hines had a speed of 10.1 
metres per second in the 100-metre race. How much faster was Hines’ 
speed? 


5. A record walking speed was set by Agapor of the USSR in 1969. Ina 
20 000-metre race, he walked at a rate of 3.84 metres per second. 
How much slower is this than Lee Evans’ running speed? (See Exercise 4.) 


6. Mark Spitz had a swimming speed of 1.95 metres per second in setting 
a record time for the 100- metre swim in the 1972 Olympics. His speed 
for the 200- metre race was 0.18 metres per second slower. What was 
his speed in the 200- metre race? 


7. Shane Gould set a record for the 100- metre free-style swim by swimming 
at a rate of 1.71 metres per second. How much slower than Mark Spitz’ rate 
was her rate? 
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Objective 
The student can find the product of two 
rational numbers in decimal notation. 


PREPARATION 
Materials: Graph paper (Duplicator Masters, 
page 83). 

Write several multiplication problems using 
fractions whose denominators are powers of 
ten on the chalkboard. Have students compute 
the products, then give the corresponding 
decimals for each factor and product; for 
example: 


3 4 ee 12 3 5 =a 15 
A. 10 x 10 = FOO B. Too XX 100 ~ 10/000] 


0.3 x 0.4= 0.12 0.03 x 0.05 = 0.0015 





INVESTIGATION 

The purpose of the Investigation is to provide 
a model for multiplication using decimals. 
The length of a side of each small square is 0.1 
and the area of each small square is 0.01 of the 
whole square region. Students should be pro- 
vided with graph paper to illustrate the differ- 
ent regions. It is not necessary for students to 
find all possible regions. The area of the pos- 
sible regions and their dimensions (Discussion 
Exercise 1) are given below. 


0.07 (0.1 by 0.7) 0.16 (0.2 by 0.8 
0.08 (0.1 by 0.8 or 0.4 by 0.4) 
or 0.2 by 0.4) 0.18 (0.2 by 0.9 
0.09 (0.1 by 0.9 or 0.3 by 0.6) 
or 0.3 by 0.3) 0.20 (0.2 by 1.0 
0.10 (0.1 by 1.0 or 0.4 by 0.5) 
or 0.2 by 0.5) 0.21 (0.3 by 0.7) 
0.12 (0.2 by 0.6 0.24 (0.3 by 0.8 
or 0.3 by 0.4) or 0.4 by 0.6) 
0.14 (0.2by0.7) 0.25 (0.5 by 0.5) 
0.15 (0.3 by 0.5) 0.27. (0.3 by 0.9) 


0.28 (0.4 by 0.7) 


DISCUSSION 

The emphasis in the Discussion should be 
on understanding the placement of the decimal 
point in multiplication (Exercises 2 and 3). 
Since this is review, move through this section 
quickly if your students are well prepared. 
Exercise 4 reviews the algorithm for multiplica- 
tion of decimals by powers of ten. 
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Multiplying with Decimals 


investigating the ideas 


The shaded rectangular region 
is 0.3 units long and 0.2 units 
wide. What part of the entire 
square region does it cover? 





How many rectangular 
regions can you show 
on a square grid like 


this that will cover 
between 0.06 and 0.3 
of the square region? 





Discussing the Ideas 


1. 


2. 


. What are the missing numbers in each part? 


How long and how wide were the rectangles you found? 


The small rectangle shown in the Investigation suggests 
the multiplication equation 0.3 x 0.2 = x, where x denotes 
the shaded portion of the entire square region. 
To find the product, you can do 

all the computing as if working with 

whole numbers. Then, the last step 

is to locate the decimal point in the 

product. What is the product? 





Tenths times tenths 
is hundredths. 
The product is |||. 






0.3 x 0.2 = Ili 
t 


aay 
Sox eee 6 














B /( A whole number times 

a three-place decimal 
is a three-place decimal. 
The product is ||. 


C /A two-place decimal times 
a three-place decimal 
is a five-place decimal. 
The product is iil. 


A /A two-place decimal times 
a two-place decimal is a 
four-place decimal. 

The product is ||. 




















0.04 x 0.12 = Illi 100 x 0.035 = lll 2.13 x 0.045 = lll 
J a § J J t J 1 t 
Ayal 2—= 45 100 x 35 = 3500 213 x 45 =9585 


. Multiplying a decimal by a power of ten can often be done 
mentally. Study the examples. Then complete the two rules. 
10 x 0.23 = 10 x 23 = 238 - 23 
0.1 x 0.23 =%5 x @ = 7335 = 0.023 





Using the Ideas 


1. Give the missing word. 
A 3 tenths times 6 tenths is 18 ?. 
B 14 hundredths times 3 tenths is 42 ?. 
c¢ 23 thousandths times 31 hundredths is 713 ? . 


2. Find the products. 


A 21.36 p12.5).< 0.13 G 4.28 x 6.5 
B 42x09 E 6000 x 0.875 H 1.5 xX 3.1416 
c 318 x 0.07 F 7.76 X 1.9 1 1.6093 x 48.4 


Solve each short story for Exercises 3 through 8. 


3. Skirt price: $18.00. 
Sales tax: 0.05 times the price. 
How much sales tax? 


6. Earnings: $120. 
Income tax: 0.175 of earnings. 
How much income tax? 


4. Sheet of paper: 0.016 cm thick. 7. Length of walking pace: 0.84 metre. 
How thick are 75 sheets of paper? How far in 1200 paces? 


5. Speed of sound in air: 8. Speed of sound: about 0.3 km/s 
One metre per 0.00301 seconds. Speed of light: about one million 
How long for sound to travel times as fast. 

one kilometre? How fast is the speed of light? 


%* 9. When one or more factors are negative, find the product 


as if both factors were positive and then decide whether 
the product is positive or negative. 


EXAMPLES: ~0.3 x 0.7 = ~0.21 “2X -3.4=6.8 
Find the products. 
AL0.8 xX 251 Din Onto G WOAMOls<e53124 
B 0.046 E 12.8 x 0.2 H ~0.001 x 68.4 
Cee On/ixaeai2 Fe0.63' <x 0.8 tO easi29 


davtal 





More practice, page S-17, Set 31 


UTILIZATION 

The exercises provide practice in finding prod- 
ucts as well as word problems involving multi- 
plication using decimals. Plan to discuss the 
word problems with the class. 

Since multiplication of rational numbers 
involving negative rational numbers has been 
developed previously, the only new concept in 
Exercise 9 is the decimal notation for negative 
rational numbers. 


EXTENSION 
To provide additional practice, make selective 
assignments from Supplementary Exercise 
Set 31 on page S-17, Workbook page 50, Dupli- 
cator Masters page 37, and Arithmetic Skill 
Card D-3. 

Remedial: Some students may need extra 
practice on problems like the ones below. Have 
students give the products orally. 


LOPEZ 3 (1223) 100% 1223.) (123)) 

10 x 0.031 (0.31) 100 x 0.031 (3.1) 

LOR 1253 B(123)) 1002122351280) 
0.111239 (0,123) 0101 aoe 
0.1 x 0.031 (0.0031) 0.01 x 0.031 (0.00031) 
Oo 1223 23) 0.01 x 12.3 (0.123) 


Enrichment: Provide some challenge prob- 
lems like these for your more able students. 
1. What mathematical symbol can be placed 

between the numerals 7 and 8 so that the 

resulting numeral represents a number be- 
tween 7 and 8? (Answer: a decimal point) 
. Evaluate the expression 2n?+ 0.4n + 1.7 

for n = 0.6. (Answer: 2.66) 

3. What positive number is x if x? = 44.89? 
(Answer: 6.7) 

4. What is the product? 1.6 x 10° X 6.25 x 
104 (Answer 1.0) 


nN 


Think Solution 
A trivial solution is n = 1. 


When n = 3, we have 2? = 1+2+3=6= 
en 3s 3! 
Assignments 


Minimum 1-5. Average 1-8. Maximum 1-9. 
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Objective 
The student can express a given decimal 
numeral in scientific notation, and conversely. 


PREPARATION 

Review the meaning of positive and negative 
exponents. A short oral drill of multiplication 
of decimals by powers of ten would also be 
helpful preparation. 


INVESTIGATION 
The Investigation presents a matching quiz 
for the student. In each case the product in 
the right column is a number expressed in 
scientific notation. 


DISCUSSION 

Some students may recall scientific notation 
for numbers larger than one, but scientific 
notation for positive numbers less than one 
will be new material for most. 

Following a discussion of the Investigation, 
work through the Discussion Exercises as a 
class activity. Emphasize that writing a number 
in scientific notation permits a quick identifica- 
tion of the size of the number and also sim- 
plifies writing large and small numbers. 

Examples A and B of Exercise 3 suggest a 
shortcut for writing decimals in scientific nota- 
tion. If you prefer, you may delay discussion 
of the shortcut until the students attempt to 
formulate shortcuts of their own. 


F-48 










Scientific Notation 


Investigating the Ideas 


Each number in the left 
column matches one of 











- PRODUCT 


NUMBER ~ 





















the products in the A 32000 H 3.2 x 10° 
right column. B 0.0032 i. 3.2. %-105 
c 0.32 J 73.2% 40" 
p 320000 K 3.2 x 10° 

E 3.2 t 3:25 1057 

A es a F 3200000 mM 3.2 x 107? 

G 0.032 N 3.2 x 107-3 


correct product? 


Discussing the ideas 


1. Each number in the left column is expressed in 


scientific notation by one of the products in 
the right column in the Investigation. 
How is 32 000 expressed in scientific notation? 


. TO express a number in scientific notation, you 


write it as a product of a number from 1 to 10, 
not including 10, and a power of ten. 
Thus, 0.00217 written in scientific notation 


is 2.17 x 1073. 

Which numbers below are written in scientific notation? 

A 6.46 x 10-2 ce 31.4 x 103 Eadde4ee Om 
B 3.8 x 10° p 9.99 x 10-9 F 6.3 x 83 


. Examples a and B below illustrate a shortcut for writing decimals 


in scientific notation. 


A 27 600 = 2.76 x 10% B 0.0000395 = 3.95 x 107-5 










We need 
this power 
of ten. 


To get the We need 
decimal 


point here 


To get the 
decimal 
point here 





this power 
of ten. 





Show how each decimal can be written in scientific 
notation. 


A 5800 B 0.017 c 10000 pp 3.76 E 0.00008 


Using the Ideas 


1. Copy and give the integer for n. 


A 52=5.2 x 10" pb 0.043 = 4.3 x 10” G@ 320 000 = 3.2 x 10” 
B 430 = 4.3 x 10” E 4350 = 4.35 x 10” H 0.000000043 = 4.3 x 10” 
c 0.52 =5.2 x 10" F 7000000 =7 x 10" ! 1.53000 = 1.53 x 10” 


2. Express the number in each statement in scientific notation. 
A Aside of the Great Pyramid is 230 metres long. 


B The length of the channel span of the Golden 
Gate Bridge is 1280 metres. 





c The height of Mount McKinley is 6190 metres. 

dD The air distance from Toronto to St. John’s GOIN ete Bidet San’ Fraficisco 
is 3029 kilometres. 

—E The circumference of the Earth is about 40 000 kilometres. 

F The circumference of the sun is about 4 440 000 kilometres. 

G The circumference of a giant star is about 8 700 000 000 kilometres. 

H According to Einstein, the possible radius of the universe 


is 30 000 000 000 000 000 000 000 kilometres. 


3. Numbers represented by scientific notation are given below. 
Give the ordinary decimal symbol for each number. 


Aes 102 c 5.45 x 105° E 6.43 x 10° G@ 1.1 x 10° 
B 6.2 x 10-2 Dp 9.03 x 10’ F 5 x< 107% H 3.37 x 10-8 


4. Write an ordinary decimal for each length. 
The lengths are measured in centimetres. 


a Size of very small insects: 2 x 10-? E Violet light wave length: 4.5 x 10°6 
B Size of large bacteria: 3.5 x 107! F Size of a virus: 2.5 x 107’ 

c Red light wave length: 6.4 x 107° @ Diameter of an atom: 1.06 x 10-° 
D Green light wave length: 5.3 x 1075 H Cosmic ray wave length: 3 x 107'9 


5. Give the products in the form k x 10” where 1 = k < 10 
and k is an integer. 
EXAMPLE: 4 X 10? x 6 X 10°9= 24 x 105= 2.4 x 10° 
a 5x 10?x 6x 10% Dabeci0 © x 7 x 105 @ 6x 105 7x 10’ 
6245510 x 5x, 1012 E 2x 10° 5 x 104 His 06 x2 x 10° 
Cen e10-*< 4x 107? beceai0. x 5 x 10% be 2oalOe x 5 X 10“ 


More practice, page S-17, Set 32 


UTILIZATION 

Exercise 2 relates scientific notation to large 
numbers while Exercise 4 involves scientific 
notation for very small measures. 

Note in Exercise 5 that a number of the 
form k X 10”, where 1 = k < 10 and n is an 
integer, is a number written in scientific 
notation. 


EXTENSION 

Additional appropriate exercises are provided 
by Supplementary Exercise Set 32 on page 
S-17, Workbook page 51, Duplicator Masters 
page 38, and Arithmetic Skill Cards AP-3 
and AP-4. 

Enrichment: Suggest that students find some 
references to measures of physical objects 
which are either very large or very small num- 
bers and express the numbers in scientific nota- 
tion. They can use science books, almanacs, 
encyclopedias, or other reference sources for 
examples. (See Research Project C on page 
F-6S.) 


Assignments 


Minimum 1A-F, 2, 3A-D, 4. 
Average 1-4. Maximum |-S. 
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| Objective 


The student can state the greatest possible 


error in a reported measurement. 


| PREPARATION 
| Review scientific notation for both large and 
small positive numbers. 


_ INVESTIGATION 


The segment in the scale drawing is about 7.7 
cm long. Using the scale given, the approximate 
distance from Earth to the moon is 385 000 
km or 3.85 X 10° km. 


DISCUSSION 
Relate the parts of Exercise 1 to students’ find- 
ings in the Investigation: 


A. The measurement found (385 000) is cer- 
tainly between the successive multiples of 
100 000 km. 

B. We would expect our answer to be correct 
within these limits (nearest 50 000). 


_C. The error in measure could not be large 


enough for the moon distance to be between 
these two measures. 

D. We can be reasonably sure that the com- 
puted distance will lie between these two 
measures. 


In Exercise 2 students should observe that, 


unless otherwise specified, the zeros in the 


numerals in A and B are not significant. 

In Exercise 3, be sure to bring out the idea 
that zeros separating 2 or more nonzero digits 
are significant. If a number is less than 1, none 
of the zeros to the left of the first nonzero digit 
are significant. 

Exercise 5 introduces the term greatest pos- 
sible error. Emphasize that if scientific notation 
is used for a measure, the greatest possible 
error is determined by the number of digits 
in the factor of ten and the power of ten; thus: 
SAWS 835) ~ 10° <= 3.84% 10° < 3.845) x 10°. 

GPE: 0.005 x 10° 
5B. 3.8425 X 10° < 3.843 x 10° < 3.8435 x 10°. 
GPE: 0.0005 x 10° 


Precision in Measurement 


Investigating the Ideas 


Suppose this line segment 
represents the distance 
from Earth to the moon. 


Earth 
Moon 





SCALE: 1 cm= 50000 km 





Can you find the distance from Earth Express this distance 
to the moon using the scale drawing? | in scientific notation. 


Discussing the Ideas 


ae 


Using the scale drawing above, is the moon 
A 300 000 to 400 000 km from Earth? c 350 000 to 375 000 km from Earth? 
B 350 000 to 400 000 km from Earth? D 375000 to 400 000 km from Earth? 


. The significant digits of a measurement are those digits 


which are correct when the measurement is carefully made 
and properly rounded. All nonzero digits are significant digits. 
300 000 has 1 significant digit. 350 000 has 2 significant digits. 
A How many significant digits in 384 000? 
B How many significant digits in 283 300? 


. Some zeros are significant. The measure 2.07 metres has 


3 significant digits while 0.06 metre has 1 significant digit. 
Give the number of significant digits for each measure. 


A 6.394 mm B 20.7 cm c 0.7724 km pb 0.003 mm 


. When scientific notation is used, all digits in the 


number times the power of ten are significant. 
ExamPLes: [a] 3.8 x 10° 6.30 x 10° 


2 significant 3 significant 
digits digits 


How many significant digits are in 3.05 x 105? 


[e] 1.6093 x 10-4 


5 significant 
digits 


. When scientific notation is used, you can determine the 


greatest possible error (GPE). For example, if a measure 

of 3.8 x 10° km is given for a distance, the actual distance is 
between 3.75 x 10° km and 3.85 x 105 km. 

The greatest possible error is 0.05 x 105 km or 5000 km. 


A What is the GPE for 3.84 x 10°km?_ B What is the GPE for 3.843 x 105 km? 


1. 


2. 


* 3. 


* 4. 


Using the Ideas 


Give the number of significant digits for each measurement. 
A 5.4 x 10° cm c 5.4 x 10° cm E 5.004 x 10°-2cm 
B 5.42 x 10°cm be5.40.< 1022 cm F 5.0004 x 10°2cm 


Find the greatest possible error (GPE) for each measurement. 

EXAMPLE: 2.4 x 103m — GPE =.05 x 103m=50m 
A 3.9 x 104cm D 7.04 x 10’ kg G 3.0 x 10m 
B 6.28 x 10°2mm E 1.001 x 10°*cm H 5 x 10'' km 
c 5.3 x 10° year F 9.6 x 10° ml oes Osercm 


The average distance from Earth to the sun is 

150 000 000 km, to the nearest million km. 

We can write this as 150 000 000 + 500 000 km, 

or in scientific notation as (1.50 + .005) x 108 km. 
The greatest possible error in this measurement is 
.005 x 108 km. The relative error in this measure- 
ment is the ratio of the greatest possible error to 
the measure. 





x 


Earth 


Relative error = oul = 
measure 


005 x 108 _ 
1.50 x 10° 


dulvicy ah Ley a! 
1.50 1500 300 








The relative error is about 1 part in 300. 


Find the relative error of each measurement. 
Ame O15 ee) 102M ©7 (3,0 2.05) 10° m/s 
Bin(s.2r05)ex110>2 cm De eo se000) sal0sccem 


The more precise of two measures is the one with the 
smaller relative error. Choose the more precise measure 
of each pair. 

Men 3 205) 105" cm) ons. 24-005) x 102:cm 

B 1.3 x 10°? ml or 2.14 x 10? ml 

c 4.0 x 102 km or 4 x 10° km 


UTILIZATION 

The exercises are designed to introduce the 
student to terms such as precision, relative 
error, and aCcCuHFacy. 

Slower students may have difficulty with 
some of the applications, and you should not 
expect even your best students to memorize all 
the definitions. This section is designed more 
to give students an exposure to a variety of 
ideas involving measurement than it is to pro- 
vide a wide range of topics for mastery. 


EXTENSION 
Workbook page 52 offers exercises appropriate 
for further practice. 

Enrichment: Some students might enjoy the 
challenge of the problem that follows. 


The velocity of light recommended for use by 
the International Astronomical Union (Ham- 
burg, 1961) is 2.997925 x 10° km/s. 

A. What is the GPE of this measurement? 
(Answer: 0.0000005 x 10° km/s =5 x 107? 
km/s = 0.05 km/s = 50 m/s) 

B. What is the relative error in the measure? 





* i tia 5 
(Answer % 997925..10° | 2.997925 cau 
= 59979950" This is an error of about | part 


in 6 000 000—a very accurate measure.) 


Assignments 
Minimum 1, 2. Average 1-3. Maximum I-S. 


Objective 
The student can find the quotient of two 
numbers in decimal notation. 


PREPARATION 
Give students practice in mental multiplica- 
tion of decimals by 10, 100, and 1000. 


INVESTIGATION 

The Investigation is designed to lead students 
to think about multiplication in order to place 
the decimal point correctly in the quotient. 
It is quite likely, however, that students will 
use other techniques since they have had previ- 
ous experience with division of decimals. 


DISCUSSION 

The Discussion Exercises are designed to 
promote student understanding of the place- 
ment of decimal points in quotients. If your 
students have indicated by their performance 
in the Investigation that they already have a 
good understanding of the process, you should 
move quickly ahead to the Utilization stage. 
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Dividing with Decimals 


Investigating the ideas 


Only one of the quotients in each example below is Correct. 


Can you use multiplication to decide which 
is the correct quotient for each part? 





Discussing the Ideas 







A whole 
1. How can you use the diagram (on 
at the right to help you place 


three-place 
decimal 





the decimal point correctly Sfe xX BAS 20.09 1 
in 543 for example a above? 
2. Explain how to place the decimal point in examples B andc. 
3. When dividing by a whole number, the S458 
decimal point is placed directly above EXAM Ee or oe 
: eS we 23 
the decimal point in the dividend. B92 
Locate the decimal point in each 69 
division problem below. 138 
362 243 23 138 
A 12)43.44 B 35)0.08505 c 142)3.266 0 
4. Study the example. 
EXAMPLE: 1.2)4.32 > 
12)43.2 
neon )4.3,2 = jee) 4iae 


Replace each problem by a problem with a whole number 
divisor which has the same answer. Then divide. 


A0.7)29.47 B 1.1)0.0352 © 0.015)0.00225 D 21.5)156.95 


im, _— 


Using the Ideas 


1. Find the quotients. 


A 72)273.6 c 53)3.339 E 23)0.0529 G 76)402.344 
B 94)53.58 Dp 19)67.64 F 18)0.00270 H 519)384.06 


2. Find the quotients. 


A 0.06)2.142 c 0.004).0256 
B 0.21)7.98 D 3.18).19716 F 


E 3.01)1.2341 
9.9)76.23 


G 0.417 )0.7089 
H 0.049 )0.001764 


Solve the short story problems for Exercises 3 through 8. 


3. Paper: 0.008 cm thick. 6. Mathematics book: 2.25 cm thick. 
How many sheets are there How many books in a stack that 
in a stack 1 cm high? is 432 cm high? 

4. Quarter: about 0.15 cm thick. 7. Speed: 6.25 metres per second. 
About how many quarters in a Distance: 400 metres. 
stack 6 cm high? How long to run 400 metres? 

5. Distance around a tree is about 8. A kangaroo leap is about 12.5 
3.1 times the diameter of the metres. How many leaps in 
tree. If the distance around one kilometre? 
the tree is 4.06 m, what is the 
diameter? 

* 9. Select the correct quotient from the three choices. 


ADO 4: 0.2=—.7. (—2;-0.2, 0.02) OPO. 0.611 20220) 2,0,02) 


Bee wed. — 7, (65) 0.9,. 0.05) E0035 2/2. (00520:5,5) 


F 2.4=0.08=? (0.3, 3, 30) 





More practice, page S-1 8, Set 33 


UTILIZATION 
Note that Exercise 9 involves quotients with 
negative numbers. You may want to review 
products and quotients of negative rational 
numbers before assigning this exercise. 

Since much of the exercise material will be 
review for your students, you should adjust the 
assignment accordingly. 


EXTENSION 

Additional practice exercises may be assigned 
from Supplementary Exercise Set 33 on page 
S-18, Workbook page 53, Duplicator Masters 
page 39, and Arithmetic Skill Cards D-4, D-5, 
and D-6. 


Think Solution 

ea?) 2 2727 Die 
Using only last digits, 7:-7=49. Then 
7 +> 9=63, so 27° ends in 3. 

. From Exercise | we know that (3*)? ends 
in 3. Therefore ((37)*)® must ‘endiimnigite 
same digit as 3°, that is 7. 

3. ((3*)*)® ends in 7 (Exercise 2); therefore 

the cube of the number ends in 3. 

4. The pattern established in the first three 
parts shows that since there is an even num- 
ber of exponents of 3 in the expression, the 
last digit will be 3. If there were an odd 
number of exponents the last digit would 
Dem 


th 


Assignments 

Minimum 1A-D, 2A-D, 3, 4, 5. 
Average |E-H, 2E-H, 3-8. 
Maximum 1A-F, 2A-F, 3-9. 
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Objective 

The student can use rounding or scientific 
notation as aids in estimating products and 
quotients. 


PREPARATION 

Conduct a discussion of estimation of prod- 
ucts and quotients involving only whole 
numbers. 


INVESTIGATION 

If you have a demonstration slide rule in your 
classroom, you might show the students how 
products and quotients are found by using 
the slide rule. Emphasize the fact that estima- 
tion of the product or quotient is vital for effici- 
ent use of the slide rule, since the position of 
the decimal point in an answer must be deter- 
mined by the person using the slide rule. 

The Investigation should require only a few 
minutes time, so you might wish to give addi- 
tional estimation problems, including some that 
involve quotients. 


DISCUSSION 

Your main objective in this section should be to 
help the students develop skill in estimating 
products and quotients. They will also be 
afforded an opportunity to improve their work 
with decimals, significant digits, and scientific 
notation. Students should be encouraged to 
discuss any special techniques of their own that 
they use in finding products and quotients. 
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Estimating Products and Quotients 


Investigating the Ideas 


A slide rule can be used to find approximate products 
and quotients. 


> so 
br Lia Pee 
i | a 










Yothdl tA naeaade littl iiluubitubiuluidiulapahilaialagttolatiloifulnitlanla taeda 


If you used a slide rule to find any of the six products 
below, you could read 693 for the product. You would then 
have to decide where to place the decimal point according 
to the factors involved. 


Can you place the decimal point in 693 to 
show the product for each problem below? 


AP 21S 3 c 0.021 - 330 E 0.21 -0.33 
B 0.21 -33 D 21-33 F 2.1 -0.0033 


Discussing the Ideas 


1. Explain how you decided to place the decimal point 
in each product. 


2. It is often helpful to round each numeral to one 
significant digit in order to estimate answers. 
A What is 2.1 rounded to one significant digit? 
B What is 3.3 rounded to one significant digit? 


c How can the product of the rounded factors help 
you place the decimal point in 693 correctly? 


3. Explain how to locate the decimal point by estimation. 
1104... 5105tae 
A 7.42)818.93 B 0.0062 )3.165 


4. Scientific notation is helpful in estimation. For example, to 
estimate the product 587.3 x 79.54, round each number to 
one significant digit and write it in scientific notation as 

6 x 10? x 8 x 10'= 48 x 10° 
The product is about 48 000. Explain how to estimate the 
product 475.21 x 0.0397 in this way. 


1692 





c 2.3)0.04352 


Using the Ideas 


. Round each number to one significant digit. Use scientific 
notation and estimate the products. 


A 5846 x 6214 Db 318.7 x 0.003187 G 0.06752 x 0.00225 
B 691.3 x 87.65 E 0.0235 x 0.00829 H 41.689 x 0.000785 
c 91.25 x 0.4863 F 0.00078 x 0.0192 1 0.00000692 x 0.000406 


. The correct digits are given in parentheses for each quotient. 
Using estimation, correctly locate the decimal point. 


Ano Gor 4:10 (23) c 8.0698 = 2.57 (314) 
B 16.544 + 3.52 (47) D 0.2856 = 0.714 (4) 


E 0.153126 + 0.047 (3258) 
F 0.01537 4.1237) 


. Find the quotients. 


A 10°= 10° p (6 x 102) + 1071 G (8 x 10°) = (2 x 10%) 
B 107+ 10° E (3 x 10‘) +10-4 H (6 x 10-2) + (3 x 102) 
© 1079+ 10" F (4x 10-7) + 1077 1 (8X 10-3) = (4 x 10-5) 


. Round eacn number to one significant digit. Use scientific 

notation and estimate the quotient. 

A 597.2 + 2.964 D 0.6354 = 215.83 G 16.42 = 0.000243 

B 79.62 = 0.03982 E 0.00396 = 0.00000207 w 0.08099 = 0.03702 
c 0.8743 = 0.0295 F 0.000053 = 987.65 1 0.08909 = 0.000251 


. Study the example and then estimate the reciprocal 
of each number below. 


EXAMPLE: Estimate the reciprocal of 809.4. 





SOLUTION: The reciprocal is 50a ~ sao =Sriozs = 5 X 10°? 
= 0.125 X 10-7= 0.00125 


The reciprocal of 809.4 is about 0.0012 


A 489.32 B 0.00197 c 0.07216 D 3.765 


. Use scientific notation to estimate each of the powers. 
A (0.00207)? c (402.6)° E (0.019832) > 
B (3012.876)* pb (0.000178) * F 21° (HINT: 2'°= 1024) 


. Use scientific notation, round each number to 
one significant digit, and estimate the answer. 


(0.021) 2 x 59.61 x 0.000713 
694.35 x (0.00001956) ° 





More practice, page S-18, Set 34 


UTILIZATION 

Since much of the computation done in every- 
day life involves estimation, it may prove 
worthwhile to have students discuss how they 
arrived at their estimates for the various exer- 
cises. This allows the slower students a chance 
to observe the process some of the abler stu- 
dents use to estimate answers. 


Answers, Exercises 6A and 7 

6A. (0.00207)? = (2 x 107%)? 
a DPX | OR 
=8x 107° 


(0.021)? X 59.61 x 0.000713 











i 694.35 x (0.00001956) ® 
es Qe 103 26> 10D eae eam 
(Ge MUP eS = )2 
52° X10 X 6% 10t el Gas 
- 7x 102 x 23 x 10-8 
» 168 x 10" 
~ 56 xX 107-8 
aa aul 10 hu 
EXTENSION 


Supplementary Exercise Set 34 on page S-18 
and Workbook page 54 may be used to provide 
further practice. 

Enrichment: Some students may be inter- 
ested in learning to use a slide rule to find 
products and quotients. (See Research Project 
B on page F-65.) Although the slide rule has, 
to a large extent, been replaced by desk cal- 
culators or mini-calculators, it is still a valu- 
able tool when only approximate results are 
necessary. 


Assignments 
Minimum 1A-F, 4A-F. 
Average 1-4. Maximum 1-7. 


Objective 
The student can express a fraction as a 
decimal rounded to a given decimal place. 


PREPARATION 

The division method of finding a decimal ap- 
proximation for a rational number in fraction 
form will be familiar to almost all students. 
However, a brief review of the process will 
be valuable, especially for slower students. 


INVESTIGATION 

Have the students read the introductory mate- 
rial and study examples A and B. The number 
lines below the examples may help students 
understand the rounding of decimals to the 
nearest tenth and nearest hundredth. After 
students have carried out the division to the 
nearest thousandth and ten thousandth, you 
may want to show points for these decimals on 
the number line. 

To the nearest thousandth: 





$4 = 0.573 
—_»— ——> 
0.573 0.574 
To the nearest ten thousandth: 
se = 0.5732 
0.5731 ().5732 
DISCUSSION 
In Exercise 1, if the division is carried out 


to thousandths, #5 = 0.57345. The remainder, 
14, is less than half of 82. Therefore the point 
for #3 is nearer to 0.573 than to 0.574. 

In Exercise 2, if the division is carried out 
to ten thousandths, #3 = 0.573128..Since 58 is 
more than half of 82, the point for $3 is nearer 
to 0.5732 than to 0.5731. 

You may want to discuss some of the ap- 
plications of this material. A familiar applica- 
tion involves team standings in sports of vari- 
ous kinds. In sports, many “averages” are given 
as decimals which must be computed to thou- 
sandths in order to decide rankings. 


F-56 


Approximations for Rational Numbers 
Investigating the Ideas 


When we use decimals to represent rational numbers, 
we often round to the nearest tenth, hundredth, 
thousandth, and so forth. If we divide numerator 

by denominator to get decimal approximations for 
the fraction $5, we have 





0.5 0.57 
[a] 82)47.0 82)47.00 
410 410 
6 O—, 60 is more than : op 26 is less than 
half of 82. To the eas half of 82. To the 
nearest tenth, 6 nearest hundredth, 
a5 ~ 0.6. 45 = 0.57. 
{ { 
0.4 0.5 0.6 0.7 0.56 0.57 0.58 0.59 
Usual scale Magnified 10 times 


Can you use division to find the decimal approximation 


of $5 to the nearest thousandth and ten thousandth? 





Discussing the Ideas 


1. Which point on the number line, A or B, AB 
4 3 <+—o—______o— — ——o_—______+-—> 
is nearer to the point for 2 0.572 0.573. 0.574 ~+#20.575 
2. a Which point, € or D, is nearer to CD 
‘ = Or 
the point for $5? 0.5731 0.5732 0.5733 


B What is $5 to the nearest ten thousandth? 


3. What is the decimal for to the nearest 
A tenth? c thousandth? 
B hundredth? p ten thousandth? 


4. The number 4.35 is midway between 4.3 and 4.4. In such cases, 
we agree always to ‘round up.’ We would round 4.35 to 4.4. 
Round each of the following numbers to the nearest hundredth. 


A 4.735 B 3.655 c 7.955 D 15.455 E 0.809 


Using the Ideas 


1. Use the following division problems to round each of the 
numbers 3s, 23 and $i to the nearest 


A tenth: B hundredth: c thousandth: 
0.434 0.621 1.516 
23 )10.000 37 )23.000 31 )47.000 
92 222 31 
80 80 160 
69 74 155 
110 60 50 
_92 37 31 
18 23 190 
186 
art 


2. Find a decimal approximation of each number 


to the nearest hundredth. 


5 13 
Aé& B 6 c 


Nid 
lee 
AIO 


D 45 E 


3. Find a decimal approximation of each number 


to the nearest thousandth. 


5 7 
A 40 Bo Cc 


|N 
o 
uo 
— 
B.S 
on 
a 





_— 
nN 
9 
rl 
© 
mi 
—s 
r=) 
° 
° 
3° 


4. Four league-leading teams have 
records as shown. Use decimals 
rounded to the nearest thousandth 
to find what part of the games 
played each team has won. 














5. a Which team in Exercise 4 has 
the best record? 
B Which team has the worst record? 


6. In football, a tie game is sometimes 
counted as game won. A team which has 
won one game, lost one game, and tied 
one game, has won 13 games out of three 
games. As a decimal, 1.5 + 3 = 0.500. 

Find the decimal (to the nearest 
thousandth) for each football team 
record shown in the table. 





More practice, page S-19, Set 35 


UTILIZATION 

It may be valuable to present a number of the 
exercises in this section on the board for fur- 
ther discussion after the students have com- 
pleted their work. 


EXTENSION 

Supplementary Exercise Set 35 on page S-19, 
Duplicator Masters page 40, and Arithmetic 
Skill Card D-8 may be used for additional 
practice assignments. 

Enrichment: Obtain records of league stand- 
ings in baseball, basketball, or other sports. 
Have students compute the ratio of number of 
games won to number of games played as a 
decimal to the nearest thousandth. This ratio 
is called the “‘percentage” (often denoted by 
SVG"): 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-6. 
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Objective 

The student can express specified rational 
numbers as mixed decimal numerals, and 
conversely. 


PREPARATION 

Since there is no Investigation for this lesson, 
you might use a few minutes to review the pro- 
cess of division for finding a decimal for a 
fraction. 


DISCUSSION 

In discussing Exercises 1, 2, and 3, it will be 
petptul to illustrate that 3 1s 0. 3% (3 tenths plus 
3 of a tenth) by drawing a portion of the number 
line from 0 to | and dividing it into 30 parts. 
Then mark off the thirds and tenths and point 
out that it is easy to see that 3 =0.34. 


Ares 3 Of one tenth 





OPCs OR AON TW O:4> OF5.5 016 91:0: 7058 BOs9 ees 
1 2 
3 3 


Also, you might draw portions of magnified 
number lines to illustrate 0.334 and 0.3333. 


koe of one hundredth 
0.33 0.34 


1 
3 


weete es of one thousandth 
0.333 t 0.334 


In Discussion Exercise 3, do not over- 
emphasize the importance of being able to 
read aloud the mixed decimal numerals. 

As preparation for the exercise set on page 
F-59, it may be helpful to supply the students 
with additional examples similar to those in 
Discussion Exercises 4 and 5. 


Answers, Discussion Exercise 3 

A. “two and one half tenths” 

B. ‘sixteen and two thirds hundredths” 

C. “sixty-two and one fourth thousandths”’ 

D. ‘seven hundred nine and one _ third 
thousandths”’ 

“twenty and two sevenths ten thousandths”’ 


m 


Mixed Decimal Numerals 


Discussing the Ideas 


1. Since there is no ordinary decimal for the rational number 3, we can 


represent the pi by combining fraction and decimal notation. 
1 AO 


jim keh = 30 +30 = 0.3 + (3 X qo) = 0.35 

$2300 = 2 + 30 = 0.33 + (GX 700) = 0.333 

3 = 3000 = 3000 + 3000 = 0.333 + (3 x 7000) = = 0.3333 
Symbols like 0.33 are called mixed decimal numerals. 
In the example above, explain why 45 = 0.3, and 445 = 0.33. 





. Give the correct numbers for a, b, c, and d. 


Then give the mixed decimal numeral for n. 











2 he ak ae d 1 
NV Soy an eS on 
2 rs a 
yeti ba aeG Xqog) =n 
2. Sak ee-b dy lS 
C 3 = 3000 — 3000 “gaa ea PS ona =n 


. Read 0.33 as, ‘three and one third tenths,” not “three and one third hundredths 


Read each mixed decimal numeral. 





A 0.23 B 0.16% c 0.0624 p 0.7093 E 0.00203 
. Explain these two ways for finding a fraction for a mixed decimal numeral. 
1 Soe a 33 _33X3_10_1 
Sea S356 Me ae 8 035 5 10 <3 30 


. Explain these two ways for finding a mixed decimal numeral. 


1_ 100 145 1 0.14 2 
4 7=700~ 1007 9-147 nT Wi7 guh7). 1008 ema 
. Study the division and then 0.363 aah. 
give the missing fraction in 11)4.000 30 
each mixed eae numeral. 33 pare) 
tenths: 77 = 0.34 a LO 2 
66 
hundredths: =0.36], <— 40 
33 
thousandths: =0.363! <— i. 


. What mixed decimal numeral is named in each part? 


A One and two thirds tenths B Twelve and one half hundredths 
c One hundred forty-two and six sevenths thousandths 


* 4, 


1. Write a mixed decimal numeral for the number in 

each sentence. 

A The sales tax rate in San Francisco is six and 
one fourth hundredths. 

B Some credit card companies charge interest rates of 
one and one half hundredths interest on unpaid 
balances per month. 

ce About thirty-four and three tenths hundredths of 
the people in North America are under 18 years 
of age. 


2. By dividing numerator by denominator, find the mixed decimal 


numeral in tenths, hundredths, and thousandths. 








A a5 B é c 3 D +6 E 37 
3. Find the fraction for f. 
eel ge 5 3_ 33_ 39Xx4_ 
he ee ir plea a D 0.34 = 79> pare U 
123 _ 2 1 _ 623 _ 623 x 2 
B ip Sa 100 =f E 0.622 = 300 = 100 x2 
ig ee 1_ 46 _ 43 x6 _ 
© 0.083 = 559 = 83 100 =f Ss ram Bary ool 
The number 35 can be written 0.143, 0.153, 0.1564, 0.15623, and 0.15625. 
Give corresponding decimals for these. 
A 6a B 625 c 76 D 725 E i 





=f 


Using the Ideas 


UTILIZATION 

The ability to interpret what is meant by a 
mixed decimal numeral is important, since this 
type of notation is often used in applications of 
mathematics. This notation is especially useful 
when the student has not yet been introduced 
to repeating decimals. The ability to find a 
fraction for a given mixed decimal numeral, 
and vice versa, is also important. All of this 
work can be viewed as preparation for the 
introduction of repeating decimals in the next 
lesson. 


EXTENSION 
Enrichment: Ask students to give a fraction for 
each decimal numeral in Exercise 1. 











ores 
ONE 100 400 16 
id 3 
Luger Sen 
B. 0.01 We are 
347% 343 
Ca Dea rite 100 1000 


Think Solution 
There are 15 paths: 13 +2 (two given in the 
student text illustration). 


4 





Led S02 


A aE bho 
ee 


ay MITE 
HA ATAM 


Some students might be interested in know- 
ing how many paths there would be for the 
complete word MATHEMATICS. It can be 
shown that there would be 2!!— 1, or 2047 
paths. In general, if the pattern is extended to 
a word of n letters, there will be 2” — | paths. 






Stee 
Minimum 1, 2, 3A-C. 
Average ae Vee he 1-4. 


F-59 


Objective 

The student can find a repeating decimal for 
a given rational number by dividing the nu- 
merator of the fraction by its denominator. 


PREPARATION 

Since the division process for finding decimals 
for fractions has been used in previous les- 
sons, no special preparation is needed for the 
Investigation. 


INVESTIGATION 
Allow time for each student to carry out the 
division process for each of the given fractions. 


DISCUSSION 

In the development of real numbers in Learn- 
ing Unit H, Module 3, the student will need 
to know that each rational number can be repre- 
sented by a repeating or a terminating decimal 
and that each terminating or repeating decimal 
represents some rational number. These basic 
ideas are used in the introduction of irrational 
numbers and the completion of the set of real 
numbers. 

In discussing Exercise 3, note that a fraction 
will have a terminating decimal if and only if 
the only factors of the denominator are powers 
of 2 or 5. All other fractions will yield repeat- 
ing decimals which do not terminate in zeros. 
To illustrate this, use the fraction 4 

The remainders are limited to 


the numbers | through 6. Since 0.142 
these remainders, coupled with 7)1.0000 
the zero brought down from the 7 
dividend (10, 20, 30, 40, 50, 60), 30 
are not divisible by 7, we know 28 
that one of the remainders must 20 
repeat before the seventh deci- 14 
mal place in the quotient. As 6 


soon as a remainder repeats, 

then a group of digits will repeat in the quo- 
tient. This group of digits will correspond with 
the group of digits determined by the initial 
appearance of the repeated remainder. 
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Repeating Decimals 


Investigating the Ideas 


Discussing the Ideas 


1. 


. First select the correct decimal for n. 


Every rational number has a repeating decimal representation. 
(The repeating part is sometimes all zeros.) 


0.666 . 0.625000 . 0.6363"..- 
g— 3}2:000 ee cea ee 
5 a ae 
18 16 33 
20 40 70 
18 40 66 
2 00 40 
: 0 33 
0 


7 
The three dots “...’’ means : 
that the pattern indicated 


continues indefinitely. 


Can you find a repeating 


decimal for each of these? 





Instead of the dot notation, 
a bar is often used to indicate 
the repeating part of a decimal. 


47 = 0.636363... 
What would be the bar notation 


& = 0.185185 . . = |llll : 





for 3 and 4 in the table? ee 
123 1 366666 . = Illi 





Then explain why each of the other decimals is incorrect. 
aA017=n CONST hee tee, OLN EA Vee OF 1-7il 1 ae) 
B 0.254=n (0.2545454..., 0.254254... , 0.254444...) 


. Repeating decimals which repeats zeros, from some 


point on, are called terminating decimals. 
EXAMPLES: = 0.4375000 . . 


= 0.275000... 


. = 0.43750 is a terminating decimal. 


. = 0.2750 is a terminating decimal. 


Can you decide, without dividing, whether or not a fraction 
will have a terminating decimal representation? 


* 6. 


Using the Ideas 


. Write the repeating decimal notation for each decimal. 


A 0.3333... D 0.324324... G 0.024024... J 0.507507... 
REO 17 E 0.565656... H 0.37153715... K 0.626262... 
Cy Wer CRIS bela FeO J309 ee 1 0.04260426... Eo Osddd tel tee 


. For some rational numbers, the repeating part does not 


immediately follow the decimal. 


EXAMPLE: 3.246525252...=3.24652 

Write the repeating decimal notation for each decimal. 

A 5.2636363 ... D 526.1444... G 56.661515... 

B 0.74444... —e 73.4666... H 0.043212121... 

Cps-282828" 2. EisjetiMololoees 1 0.762436243 ... 
. Give the repeating decimal for each fraction. 

As c 4 E § Chee. U4 Cee 

BesmueeOlsh a Fay . Mag quidesay oko 7 


. The number of digits in the repeating block is called the period of a 





repeating decimal. The period of 1.4231723172... is 4. 
Give the period of each repeating decimal in Exercise 3. 


. Give the fraction or decimal for n and a. 


A If3 =0.1, theng =n. F If 5$5 = 0.001, then 383 = n. 

B Ifs =0.1, then n=0.7. a If a=0.12, then 2x a=n. 

c If =0.45, then; =n. H If a=0.04, then n x a=0.36. 

p If 7 = 0.45, then n= 0.90. 1 If a=0.312, then 5 x a=n. 

E Ifs5= 0.01, then $3=n. v If a= 0.473, then n x a= 0.946. 

Using the facts that $ = 0.1111... , 95 = 0.010101... , and 545 = 0.001001... ., 


you can show how every repeating decimal can be written as a fraction. 
Study the examples and then work the problems. 


0.4=4x (0.111...) =4x3=$3 


A 

B 0.27 = 27 x (0.0101...) =27x gH =H =4 

eNO G27 ese" 2.7.51 (0.010 laa ee + oe ot — 18 

4 0.3 = il ¢ 0.28 = lil x 0.813 = Il op0034 = I 
B 0.71 = Il pD 0.94 = |i F 0.641 = lil H 0.306 = Il 


UTILIZATION 
Exercise 5 emphasizes multiples of decimals 


represented by 4, a5. aaa. Cc: 


Since 4= 0.1, it follows that 2= 0.2, ?=0.3, 
etc. Similarly: 

dy = 0.01, = 0.02, 4 = 0.03; ete. 

sty = 0.001, 535 = 0.002, 525 = 0.003, etc. 





Exercise 6 illustrates how the process in 
Exercise 5 can be reversed to find a fraction 
for a repeating decimal. Thus 0.27 =44 =, 


0.501 = 335 = 434. etc. In general, 
————— abc...d 
O.abc...d= 999... 9° 


Where a, b, c, and d represent digits, not 
necessarily distinct. 


EXTENSION 
Workbook page 55 offers appropriate additional 
practice exercises. 

Enrichment: When expressed as a decimal, 
the fraction 7 has a period of maximum length — 
six places. (The maximum number of places in 
a period is | less than the divisor.) 


= 091427857, 


Challenge the students to find some other unit 
fractions whose decimal representation has a 
period of maximum length. The fraction 73 
might seem like a good example, for its max- 
imum possible period is 12, but 7s = 0.076923, 
a period of only six places. A true example 
would be 7-. 7+ = 0.0588235294117647; thus it 
has a maximum period. Another fraction whose 
repeating decimal has a period of maximum 
length is oy. 2; =0.0434782608695652173913. 











Assignments 
Minimum 1A-F, 2A-F, 3A-I, 4. 
Average 1-5. Maximum 1-6. 
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Objective 
The student can find sums, differences, and 
products using repeating decimal numerals. 


PREPARATION 
This lesson should be regarded as an optional 
lesson, since the material is not prerequisite 
for any succeeding material. It does, however, 
present an unusual treatment of repeating deci- 
mals and thus may prove quite motivating. 
Place some sample addition and subtraction 
exercises on the chalkboard involving repeat- 
ing decimals of the type in the exercise set. 
Discuss the fact that since the decimals do not 
terminate, the usual “‘right to left’ method of 
adding decimals cannot be used. However, 
we can use a “left to right’”’ process provided 
that we are careful when regrouping. 


UTILIZATION 
In Exercise 2B, note that when we work from 
left to right, we must “plan ahead” and note 
if regrouping or “borrowing” is necessary in 
the next place to the right. 

5125 


O.Q242... 

==\) ANS SSS aio. 

0.4949... 
Exercise 5 suggests two ways to show that 
1 = 0.9999 .... This idea is difficult for many 
students to accept. Another method of show- 
ing equality is by subtracting from left to right. 


1.00000... 
a) 099 0D eee 
0.00000... 


Since the difference is zero, the two numerals 
(1 and 0.99999 . . .) must each be a name for 1. 


Think Solution 

If the multiplication is carried out additional 
steps, the repeating pattern 0.074074074 ... 
will develop. The repeating decimal for #7 is 


0.074. 


Assignments 
Minimum 1A, B; 2A, B; 3A, B. 
Average 1-3. Maximum I-S. 
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COMPUTING With REPEATING DECIMALS 


By working from left to right, instead of the usual way, 
you can do some computing using repeating decimals. 


at 


w% 4, 


* 5. 


Find the sums. Carry out each sum until you get a 
repeating decimal. 


A 0.19112.%. By 0.23235.) cr 41:01010 Tiare 

+ 0/5550 ns +0.6464... +0.892892... 
Find the differences. 
AO iT ieee B 0.6262... cy 0HN010T0ee: 

= 0.33338i0 —-O01313 78 —0'090909 Rae 
Find the products. 
A O:333ia7. B 0.161616... c 0:666._. 

x2 x2 x2 
In the example, the remainders are given in color. EXAMPLE: 0.05882 
The division has not yet yielded the repeating decimal 17)1.00000 . . . 
for. Explain why the period of the repeating 85 
decimal cannot be as great as 20. ee 
| 140 

Each example illustrates an interesting fact about repeating 136 
decimals. Copy each example and complete the computation 40 
by adding the decimals in Example A and by multiplying the 34 
decimals in Example B. 


a %=0.6666... Bee Onl 11 tie 
+4=0.3333... x9=9 
1=0.Illl 1=0.llll 


Strange as it may seem, these examples show that the 
repeating decimal 0.999... . must be another name for 1. 


60 





Specific Gravity 
The specific gravity of a substance is found by dividing 
its mass by the mass of an equal volume of water. The 
mass of one cubic centimetre (cm%) of water is one gram. 
Thus, one litre of water has a mass of one kilogram. 

Lead has a specific gravity of 11.34. 







Thus, the mass of 1 cm? of lead is 
11.34 grams. The mass of 50 cm? of 
lead is 50 - 11.34 grams = 567.0 grams. 567 cm? 









[Mercury | Ho | 1 
| Nitrogen | N | 0.00125 | 
Foxygen | 0 | 0.001420 | 
21.37 
fee ses 
Uranium 


1. Find the mass of the given volume of each element. 













0.00018 







A 1000 cm? of Au E 23 cm? of Hg 

B 10 cm’of C F 100000 litres of H 
c 76 cm? of Ag G 500 000 litres of He 
D 10 cm? of Fe H 800 litres of N 


2. Air is composed mostly of nitrogen and oxygen. 
It has a specific gravity of about 0.0013. 


a What is the mass of one litre of air? 
B What is the mass of one cubic metre of air? 


3. A classroom has a volume of 384 cubic metres (m°). 
What is the mass of the air in the classroom? 


4. How many litres of water does it take to have a 
mass equal to the mass of one litre of mercury? 


5. If you found a nugget of pure gold with a mass of 
one kilogram, what would be the volume of the nugget 
to the nearest tenth of a cubic centimetre? 


Objective 

The student can solve problems involving 
applications of decimals to specific gravity 
of the elements. 


PREPARATION 

It would be particularly beneficial in terms of 
student motivation and understanding if you 
could introduce this lesson through a specific 
gravity demonstration like that suggested by 
the illustration on the student text page. Per- 
haps the science department of your school 
might co-operate in arranging such a demon- 
stration, or lend you the needed demonstration 
materials. 


UTILIZATION 

Before students begin the exercises, make sure 
that they understand the introductory text and 
the meaning of the term specific gravity. Ex- 
plain that, by definition, water at 4°C has a 
specific gravity of 1 and is the standard for 
specific gravity of solids and liquids. In order 
to balance 1 cm® of aluminum, one would need 
about 2.7 cm*® of water. Thus, aluminum Is 
said to have a specific gravity of 2.7. 

Note that chemical symbols for the various 
elements are included in the table. The sym- 
bols are used here merely to add interest and 
lend additional scientific color to the presenta- 
tion; students should not be expected to memo- 
rize the symbols. 


EXTENSION 

Enrichment: Have students use a physics or 
chemistry handbook to find the specific gravity 
of other elements. Ask them to create problems 
similar to the ones in this lesson. 


Assignments 
Minimum 1, 2. Average 1-5. Maximum I-5. 


Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 
The exercises on this page can be utilized in 
various ways. Some students will benefit from 
demonstrations of completed problems on the 
chalkboard or overhead projector. Allow suf- 
ficient time for students to raise questions on 
material which has been troublesome to them. 
Additional module review problems are pro- 
vided on page 56 of the Workbook. 
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REVIEWING THE IDEAS 


1. 


10. 


Express each numeral as a power 
of ten. 


a 10000 Bb © 7000 


. Give the usual numeral for 


8-109+4-102+5-10-'+6- 10-2 


. Express 563.081 in expanded notation. 


. In the decimal 495.876, 


a the 4 tells how many 7. 
B the 7 tells how many ? . 


. Find the sums. 


A 12.1+ 5.73 + 8.15 
B 160+ 0.376 + 13.5 
ce 0.15 + 0.015 + 0.0015 


. Find the differences. 


A 8.59 — 4.87 
B 6.1— 1.39 


c 75 — 69.53 
db 100 — 3.079 


. Find the sum. 


5.73 + ~6.87 + 10.9 + ~0.355 


. Find the products. 


A 0.01 x 875 dp 4.3 x 0.005 
B 1000 x 4.08 —e 0.12x1.3 
c 0.5 x 19.43 F 95.1 Xx 2.1 


. Give the usual numeral for each. 


aA 9x 105 
B 6.3 x 103 


c 5.3 x 10? 
pb 3.88 x 10° 


Express each number in scientific 
notation. 


A 2500 
B 45000 


c 0.059 
pb 0.00031 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Round 385 700 to two significant 
digits. 


What is the greatest possible error 
in the measurement 3.79 x 105 km? 


Use the fact 224 = 16 = 14 to give 
your answer. 


A 2.24= 16 Dp 0.0224 = 160 

B 2.24 —-0.16 E 0.00224 = 0.016 
ce 22.4=-1.6 F 2240 = 0.016 
Find the quotients. 

a 18)4.5 ce 0.013)7.28 

B 0.6)0.75 bp 5.3)~48.23 


Round each number to one significant 
digit. Then estimate each product 
and quotient. 


A 5795 x 78 c 63955 x 795 


B 32 x 0.069 pd 2005 x 0.019 
Find a decimal approximation for each 


number to the nearest thousandth. 
5 4 8 

A 46 B45 C9 

Find a mixed decimal numeral foray 

to the nearest hundredth. 


Give the repeating decimal for each. 
ABOS/ OV OLOneE B 0.304304... 


Give the repeating decimal for each 
fraction. 


aA 5s B 
6 


Cc 


oln 
Nino 









a 100=10" 
B es hs 


c ip = 10" 












2. In the decimal 2. 7134, 

a the 7 tells the number of ?. 

3 the 4 te s the number of ? 2 
2 ae 3x io 





. Find the sum or difference. 
aA 6.24+ 18.1 a 11.729 
B 126.4 — 92.48 


4. Find the products. 
a 1000 x 0.0628 
B 0.01 x 346.4 
¢ 19.43 x 0.08 


digits and express in scientific 
notation. 








A_ Simon Stevin (1548-1620) is credited 
with inventing decimal notation for 
rational numbers. Stevin’s notation 
was somewhat different than our 
modern notation. Find out about 
Stevin’s decimal symbols and report 
on your research to the class. (See 
A History of Mathematics by Carl B. 
Boyer; New York: John Wiley and 
Sons, 1968, pp. 347-350) 


B_ Find out how to use a slide rule to 
multiply and divide. Demonstrate and 
explain to your classmates how it is 
used. 


. Find the exponent nin each equation a 


p O01= 108 : 


2 


_5. Round 0. 007439 to two significant _ 


6. The average distance from Earth 
to the moon is 3.83 x 105 km. 


What is the greatest possible 
error in this measurement? 


. Find the “ae 


a ee 702 


8 168 )O. 7896 


Find a decimal approximation 
for each number to the nearest 


thousandth. 


7 29 
A 46 8 4s 


. Find a repeating decimal for 


each rational number. 


a3 ve c 


Nl 


. Which number is the best estimate 


for the quotient 12.49 + 0.00618? 


aA 2 sp 20 ec 200 ov 2000 


Many physical constants that occur 
in scientific work are either very 
large or very small. Therefore, they 
are often expressed in scientific 
notation. Find some reference books 
in chemistry or physics and make a 
list of some of these constants. 

For example, find the speed of light, 
the length of a light year, Avogadro's 
number, the mass of the Earth, the 
size of a molecule or an atom, and 
so on. Make a display showing these 
magnitudes expressed in scientific 
notation. 


TEST YOURSELF 

This self-evaluation test will enable students 
to assess for themselves their grasp of the basic 
ideas and skills developed in the module. After 
they have checked their answers against those 
given at the bottom of the next page, they 
should return to the appropriate lessons of the 
module and review any topics which gave 
them difficulty. 

Note that annotations at the left of the test 
items on the student text page denote the 
related objectives as listed on the module- 
opening page. 


RESEARCH PROJECTS 
Students who elect to undertake Project A 
will find that most mathematical history books 
contain some information concerning Simon 
Stevin. Some encyclopedias may also be useful. 
Project B will appeal to students who own 
or have access to a slide rule. Most educational 
supply houses stock student slide rules that 
are usable and quite inexpensive. Instruction 
booklets usually accompany each slide rule. 
Research Project C offers students who are 
artistically inclined a chance to show their 
creativity by making posters to illustrate large 
numbers and how they are represented in scien- 
tific notation. 
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MATHEMATICAL RECREATION 
Students who have enjoyed working in other 
bases will find this recreational page enjoyable — 





and challenging. Since this material is highly. : * * ak = 

theoretical, not all students will benefit from it. A Numeration System with Base 3 an 

Answers SS Suppose we agree to write numerals with base 3. C 

lov BAe ar Onl EAS (Ga tle pita (eD oe The basic symbols that we shall agree to use 

= Biten) Bae (as we must do in any base) for base 3 are {0, 1, 2}. Z 
Olas = 1G) = 1 32 = 9beny ; 1 1 | 
Oey STS = 10 ce EXAMPLES: 21), means 2 -(3)'+1 -(3)° 
2.01 ai3) = 24+ G)?7=24+9 ] 212 (1) means 2 - (3) ?+ 1 (aid G 
OFT ais = 1 (B)- hs 1 |G E ; 

SABE Shiny — 11 Tals 0.2 ;;) means 2 - (3) "= 2 
a ee estas ao 0.12,3) means 1 - (3) - (3) “224 - (3) + 2- (37 =34 18=21,0, = 

BE (ten) = V-421 (1/3) aa : : 

3. Addition with base-4 numerals is quite dif- 0.101;3) means 1 - (3) o(g) 2s) mtd) oO (Sc) ening) De 
ferent from addition with integer bases. — i ; =3+0 + 27 = 30 ten) = 
The example given may lead some students Counting with base-3 numerals 
to think that base-; numerals can be added is interesting but quite 
almost like ordinary decimals. However, awkward. The table gives | 
an example like the following should con- — the first few counting 
vince them of the difference. oy numbers in base ten and fl 

2.1ayy + 12a = 0. Mavs) WN base 4. Try these activities. 
Some very good students may be able to de- = 
velop some rules for adding base-3 numerals. 1. Continue the base-3 numerals through 12 (ten) - a 
4. Base 4 > 2X 0.1=0.2 a | 
4 od v oe 2. Write your age in years as a numeral in base 3. > 
Base ten 2X 3 = 6 

The multiplication checks out in this case. 77% 3. Write some addition equations using base-3 numerals. = 
However, as in addition, the usual rules do ee Check them using base-ten numerals. — 

not hold. For example in base 3, 2.2 x 0.2. 1 
— 0.122 DaS@-4 a 0: Natalee | 
base ten > 37 4 7 ¢ 
4. Is the base-3 multiplication correct? 2 x 0.1=0.2 JP 


Check it using base-ten numerals. 


dt 
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UNIT F: RATIONAL NUMBERS 
Module 3: Ratio and Percent 


General Objectives 


To strengthen the students’ understanding and skill in use of ratios. 
To provide relevant problems involving ratios and proportions. 


concepts. 


To strengthen the students’ understanding and ability to apply percent 





To provide experience with scale drawings. 


To provide a wide variety of practical applications of mathematics. 


Performance Objectives Pupil Text Reteach-Reinforce Related Activities 
64 RED Given two numbers, the student can use the simplest-terms F-68, 69 WB 57 
ratio to compare them. 
65 RED Given a simple proportion problem, the student can solve it. F-70, 71 WB 58 DS b-2 
DM 41 
66 RED Given word problems involving ratio, the student can use RoI? 135 he: WB 59 SWM 3 126- 
proportions to solve them. (F-74, 75) DM 42 127, 270-271 
67 RED Given problems involving scale drawings, the student can F-76, 77 WB 60 SP f-1 
interpret the drawings to solve the problems. DM 43 
68 RED Given a rational number in fraction or decimal form, the F-80, 81 WB 61, 62 ASC D-7, 8, 
student can express it as a percent, and vice versa. F-82, 83 DM 44 9, 11-14 
PD h-2 
69 RED The student can find the percent of a number. F-84, 85 WB 63 PD h-3 
DM 45 DS g-4 
70 YELLOW Given word problems involving percent applications F-86, 87 WB 64 ASC AP-20 
such as discounts and sales tax, the student can solve them. DM 46 PD h-4 
71 YELLOW Given problems involving percents less than 1% or F-88, 89 WB 65 
greater than 100%, the student can solve the problems. 
72 GREEN Given problems relating to increases and decreases of F-90, 91 DM 47 
measurement, the student can find the percent of increase or 
decrease. 
Reviewing the Ideas F-92 WB 66 
MATHEMATICS The statement that two ratios are equal is called Percent refers to special ratios in which num- 


The module covers ratio, proportions, and per- 
cents and applies these ideas to relevant prob- 
lem situations. 

Formally, ratio may be defined in these terms: 


If x and y are numbers and y # 0, the ratio of 
x to y is the quotient = 


| F-67TA 


a proportion. If 


a CG 5 a G 
— and — are ratios and — =—, 
b d ly cal 


then a and d are called the extremes of the 
proportion and b and c are called the means. If 
a 


pated: 
numbers that ad = bc, and conversely. 


, it follows from the properties of rational 


Rath 
bers are compared to 100. The ratio 100 means 
n%. The work with percent presents no new 
concepts in mathematics. Percent simply in- 
volves new language and notations for rational 
number concepts that are already familiar to 


the students. 


TEACHING THE MODULE 


Materials 
Centimetre rulers, spring scales, graph paper, 
tape measures. 


Vocabulary 

ammeter means 

amperes percent 

coefficient of linear proportion 
expansion ratio 

discount sales tax 

discount rate scale 


electromotive force scale drawing 
equivalent ratios simplest-terms 
extremes ratio 

Although few materials are listed for this 
module, you will want to use familiar objects 
around the classroom as well as ideas asso- 
ciated with measurement to explain the idea of 
ratio to the students. 

The lessons on Springs and Masses (F-74 
and F-75) and Ratios and Electricity (F-78 
and F-79) will be enhanced if some models for 
these experiments could be displayed or dem- 
onstrated for the students. Your science teach- 
ers might cooperate with you in the presentation 
of these lessons. 

Scale drawing is a familiar application of the 
concept of ratio. A ratio is set up between the 
physical model and the drawing so that the 
drawing can be interpreted more easily. Con- 
structing maps and drawings to scale reinforces 


for the students the idea of ratio as a compari- 
son. They may enjoy making scale drawings or 
maps of their neighborhoods or of their school 
grounds. 

Much of the work with percent deals with 
applications in buying at a discount and figuring 
sales tax on an item. Most students at this level 
have had experience with these kinds of appli- 
cations and will find them quite relevant. 


Lesson Schedule 

The lesson schedule you follow will depend 
on the background and abilities of your stu- 
dents. If students have a good background in 
the concepts of ratio and percent, you may wish 
to concentrate on the applications and move 
through the module quickly. However, for 
students lacking in preparation, additional time 
in development or remedial work may be nec- 
essary. Hence, coverage of the module might 
require as few as 10 days or as many as 15 days. 


Evaluation 
Evaluation of the students’ work in this module 
should cover two areas: 


1. Language and symbolism of ratio, propor- 
tion, and percent. 

2. Applications of ratio, proportion, and per- 
cent. 
Utilize the review pages to prepare your stu- 

dents for an achievement test on this module. 


Note that a cumulative review of this learn- 
ing unit appears at the end of the module. It 
would be worthwhile to spend a day in review 
before administering a test covering the com- 
plete learning unit. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Cloudburst, Vol. 5 (science applications), Nos. 
5700 series, 8688, 8838-68, Midwest Pub- 
lications 

Developmental Math Cards, K10, Addison- 
Wesley 

ESS: Pendulums, Webster, McGraw-Hill 

Experiments in Mathematics, Stage 2 (dissec- 
tion puzzle), pp. 6-7, Houghton Mifflin 

Fractions, “Ratio,” Set 7, Herder and Herder 

Madison Project: Discovery, “A Law of Phys- 
ics,” pp. 264-266 (TT), Addison-Wesley 

Mathematics: Man’s Key to Progress, Book A, 
pp. 70-71; Book B (gravity and motion), pp. 
62-70, Rand McNally 

Measure and Find Out, Book 3, Scott, Fores- 
man 

For some other activities involving ratio, refer 

to Resources for Active Learning, Unit G, 

Module 3 


Manipulative Devices 
Metric tape measure (Dick Blick) 
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UNIT F: Rational Numbers 
MODULE 3: Ratio and Percent 





OBJECTIVES: 


After completing this module, you should be able to: 


1. Find the ratio of two numbers in simplest form. 

Write and solve a proportion for a problem. 

3. Find the ratio of two measures that have different 
units, such as the ratio of 25 cm to 1 m. 

4. Use scale drawings to determine actual 

measurements of objects. 

Express a rational number as a percent. 

Express a percent as a fraction or a decimal. 

7. Solve problems involving percent notation. 


nm 


Oa 
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Objective 
The student can compare two numbers as a 
ratio in simplest terms. 


PREPARATION 

As preparation for this section, it might prove 
helpful, especially for slower students, to re- 
view quickly equivalent fractions and how to 
build sets of equivalent fractions. It might also 


be helpful to review the property of equality for 


rational numbers: 


Boa if and only if ad = bc. 
INVESTIGATION 

The Investigation is designed to provide a prac- 
tical application of the concept of ratio. Do not 
expect students to give exact answers. For ex- 
ample, for a class of 25 students, answers such 
as 4 pizzas, 35-38 bottles of pop, 40-45 
doughnuts, and 4 or 5S bags of potato chips 
would be reasonable. 


DISCUSSION 

Students should be able to give intuitive ex- 
planations of the results of the Investigation. 
For example, | pizza for 6 students means 4 
pizzas would serve about 24 students; 3 bottles 
of pop for 2 students means 12 bottles would 
serve 8 students; and so on. 

Although ratio and its notation may consti- 
tute review topics, you may need to emphasize 
that the ratio of a number x to a number y is 
denoted in three ways in this lesson: 


AG 10y B. Ges: 


< Ie 


You may find it helpful also to discuss ratios 
such as the one in the example accompanying 
Exercise 4 on page F-69 before assigning the 
exercises. 
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Ratio 


Investigating the ideas 


Suppose you are chairman of the 
Food Committee for a class party. 
The committee has decided to buy 
the food shown on the list at the 
right. 








Can you figure out how many of 
each item you would have to buy 


to feed all the students in your 
mathematics class? 





Discussing the Ideas 


. Explain how you decided how much of each item to buy. 


. Suppose a class had 30 students. Explain how to find 


how many of each item you would need. 


. The ratio of pizzas to students is 1 to 6 This ratio 


can be denoted by the symbols 1:6 or 2. 

Give the ratio of each of the other items on the list 
to the number of students. 

Just as the fraction symbols 4, 2, 3, ... are called 
equivalent fractions, the ratios 1:4, 2:8, 3:12,... 
are called equivalent ratios. 

What are three equivalent ratios that would compare 


A the number of bottles of pop to the number of students? 
B the number of doughnuts to the number of students? 


The ratio of bags of potato chips to students is 2:10 or 4. 
Since the lowest-terms fraction for 4 is, we say that 

the simplest-terms ratio for 2:10 is 1:5. 

What is the simplest-terms ratio for each of the following ? 
A 6:8 B 15to 12 c £ D 8:24 


| Using the ideas UTILIZATION 
The exercise set gives the students practice in 


1. Give three more ratios for each set of equivalent ratios. constructing sets of equivalent ratios and solv- 
Am iio. tor4.3 to 6, . .. STO MIS ing simple equivalent-ratio problems. 

J . (8. amas Much of this work will seem like review to 

B (3727674, 926, ....} Eni2:5, 4410;,6:15,....} your students, as it is very similar to earlier 

ci 13)tol476 to 8,9 to 12,.. 3 FE {8, 19 13 4 +} work with fractions and sets of equivalent frac- 


tions. You should be sure that students recog- 
nize the fact that ratios are closely related to 


2. Find the number for n so that each ratio is equivalent to 3:5. Laren pane ae 


a n:10 c 12ton e 20 G@ n:25 piace 
B 9O:n p nto 15 F x u 6ton Bn 30 EXTENSION 


Additional practice exercises are provided on 
page 57 of the Workbook. 


3. Give the simplest-terms ratio for each of the following. Remedial: Illustrate ratios by means of cor- 


A 4:8 B 15:12 c 63:36 pb 42:51 e 14:91 respondences such as those shown below. 
Have students observe that for every 2 objects 
4. We can express the ratio of two numbers even though they in set A, there are 3 objects in set B. 


are not whole numbers. Thus, the ratio 3 to? can be 
written as a ratio involving whole numbers: 


et 


1 ; 
BOlg ==> 4 — 555 —G 4 
Write each ratio as a ratio of whole numbers. 
A stos B 3tos c 7 tos p 13 to; E 24:5 


5. Approximate each ratio with a 
decimal rounded to the nearest 
hundredth. 


\o 





A B 15:23 E 5to 23 


= 
BY 


* 6. In all the basketball games for a season, Jack made 
3 out of every 5 free throws that he tried. He missed 
a total of 26 free throws. How many did he make? 





Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 


7 
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Objective 
Given three of the terms of a proportion 
Qn 


ae the student can find the fourth term. 


PREPARATION 
Materials: Centimetre rulers. 

Once the students have related ratios to frac- 
tions, they should have little difficulty under- 
standing equivalent ratios and proportions. 
Therefore, an important objective for this les- 
son is to help students gain skill in solving 
problems involving proportions. The theorem 


pe Cos si ase EE. ae 
5 q if and only if a d=b-c 


is the basic tool used in solving proportions. 
INVESTIGATION 


There are 27 ratios of 3 in the figure. No student 
should be expected to find them all. 


[RTC CD. FE CD CD AB AB Al 
iwAGe ADA AE AD @BE? AD “BE AG. 
rete iH BC BC DE DE. HG. HG 
IF’ AG IF’ AD’ BE’ AD’ BE’ AG’ IF’ 
GEeGHAIBS IB IB .IB..HOGHC-GD 
WGeiie GD BC CD DE BD CE BE 





























DISCUSSION 

The words “means” and “extremes” are intro- 
duced in Exercise 3. Although these words may 
be new to students, they are related to familiar 
rational number concepts. 

Students have previously solved problems 
such as the example in Exercise 4 when they 
studied rational numbers. Therefore, only the 
language of proportions should be new to the 
students. Provide additional examples as 
needed. 
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Proportions 


Investigating the ideas 
Use a centimetre ruler 


to measure the segments 
shown in the figure. 


How many pairs of segments can you find in which 


the ratio of their lengths, in simplest terms, is 1:3? 










Discussing the Ideas 


1. a What is the length of EF? of AE? 
B What is the ratio of the length EF to AE? 
c What is the ratio in simplest terms? 


2. An equation stating that two ratios are equivalent is called 


a proportion. Each of these is a proportion: 


3=% 1314 2 1to3=4 to 12 


What are some other ratios that could form a proportion 


when g is one of the ratios? 


3. In the proportion at the right, Means Means 
the “end” numbers (1 and 8) are 
called the extremes. The “middle” ee ate ee? 
numbers (2 and 4) are called the ELE (Oy 8) 
means. What do you think is Ext Ext 
the relation between the means ENS pigs 
and the extremes in a proportion? 
4. You can use the fact that EXAMPLE: 
In a proportion, the product of the 2 8 
means equals the product of the extremes. 3 x 
to solve problems involving proportions. 2° x =33) 
Study and complete the example. x= 24+ 2= ll 


1. 


* 5. 


* 6. 


Using the Ideas 


In each proportion, show that the product of the means 
is equal to the product of the extremes. 


A 1:3=3:9 c 4:6=10:15 E 3:5=60:100 

BS =25 o 4=% F 30:90 = 27:81 

. Solve the proportions. 

az=-2 p 4:6=y:15 G 10to20=5tob y 4=% 
Bi-§ E d:12=12:16 H cto 6=5 to 30 k 2-3 
CH= F 10:12=n:6 1 7to10=hto 10 4-3 


. Write and solve a proportion for each problem. 


EXAMPLE: Two of every 5 students in class are boys. There are 
14 boys in the class. How many students are in the class? 


SOLUTION: Let x represent the number of students in the class. 


Boys =P te + 
Students > 5 x eae >. 4 
x= 35 


A Oranges sell at 5 for 39 cents. How much do 15 oranges cost? 
B Ina group, the ratio of girls to boys is 3 to 4. If there are 
15 girls, how many boys are there? 
c¢ On amap, 2 cm represents 50 km. What distance is 
represented by 7 cm? 
pb Two of every 100 people at a concert are over 80 years old. 
If there are 15 people over 80 years old, how many people 
are at the concert? 


. On a map, 0.7 cm represents 14 km. What distance would 


be represented by 1.3 cm? 


Solve the proportions. 














ame x Be 87 gi x 
Solve the proportions. 

= eae X ake n easao5 5 24 = be 3 
peu 12 4 28—n aes b 5 


More practice, page S-19, Set 36 


UTILIZATION 
Before assigning the exercises you may want 
to discuss the methods of solving word prob- 
lems such as those presented in Exercises 3 
and 4. 

Exercises 5 and 6 are more algebraic in 
nature and should be assigned as optional 
problems. 


Solutions, Exercise 6 
The following are algebraic solutions, but en- 
courage other reasoning as well. 








x 2 Se 
3 x+12 
3x =2(% 12) 
She = Dye se 2! 
204 X= 2a a4. 
x = 24 
2A 
D. acs 
3b =5)(24 1p) 
8b — N20 ay 
3b + 5b = 120 
8b = 120 
b=15 
EXTENSION 


To provide practice, make assignments from 
Supplementary Exercise Set 36 on page S-19, 
Workbook page 58, and Duplicator Masters 
page 41. 

Enrichment: Have students choose a ball 
(golfball, tennis ball, handball, etc.) and record 
the height of its bounce when dropped from a 
height of one metre. They may need to do this 
several times to obtain a good measure of 
the height of the bounce. Using the ratio 
height of bounce 

height of drop 
the ball will bounce when dropped from other 
heights. Then, have them experiment to check 
their prediction. 


,they can predict how high 


Assignments 
Minimum 1, 2A-F, 3. Average 1-4. 
Maximum 1, 2G-L, 3-6. 
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Objective 

The student can express two measures with 
a common unit and give the ratio of the 
measures. 


UTILIZATION 

The ability to convert from one unit of measure 
to another is important both in many areas of 
the scientific world and in everyday experi- 
ences. The number of existing units of measure 
is much too large to be considered here. There- 
fore, in planning this section, emphasize the 
general ideas involved in converting from one 
unit to another, so that the units can be applied 
in a wide variety of situations. Do not expect 
the students to remember how many of one unit 
is contained in another or to become skilled at 
particular conversions. They should, however, 
know the more common basic unit relation- 
ships, such as the number of seconds in a 
minute, minutes in an hour, hours in a day, 
centimetres in a metre, grams in a kilogram, 
and so on. 


EXTENSION 

Have students place one foot on a sheet of 
centimetre graph paper (Duplicator Masters, 
page 83) and trace the outline of their foot. 
Then they should try to determine the area of 
their foot by counting the number of squares 
enclosed by the outline. If the students then 
divide their mass in kilograms by the area in 
cm? of their foot, they can determine the pres- 
sure (kg/cm?) exerted on the floor where they 
stand on one foot. 


Assignments 
Minimum 1A-F, 2. Average 1A-L, 2, 3. 
Maximum 1-3. 


Ratio and Units of Measure 


It is often necessary to convert 
measurements to different units. 

For example, a speed in kilometres 
per hour (km/h) must be changed to 
metres per minute or, perhaps, a 
measurement in millilitres must be 





Highest speed by man: 


changed to litres. Ideas of ratio 39 889 km/h by the 
and proportion are helpful in such Apollo X astronauts 
calculations. 


48km_48km__ 48000 m_ 800m _ , 
Thus, “60min 60min he 800 metres per minute 


= vem 5 
and 780 ml = 780 ml - 7.5 = 0.780 ¢ 





1. Find the correct number for each |||. 


A 7m=\lll| cm e |llll cm = 32 mm M ||| m =0.9 km 
B 7g=lll| mg H 36 mo = ||lll year N 0.3 m=|lll| cm 
¢ 19m='llll mm 1 lll mg = 20 g © |l[l| mm = 30 cm 
b 180 min = lll h J lll kg = 4000 g P 600 g = lll kg 
E 48h =llll day Kk 2m=lllll cm @ {ll cm =2m 

F 3000 ¢ = lll k! L_|lll| m = 450 cm R 7h=lllls 


2. Copy the equations and give the numbers for a and b. 
120km _ 120km_ bkm 











A Sere amines: eine 
1400 km _ 1400 km _ bkm _ 

Bo i.wkn 7 1 ad Sie Ceo 
3000 30000 bl _ 

Oh spies rpaeoe ape 


3. Sometimes it is helpful to give the ratio of two measurements 
without giving the units. Both measurements must first be 
expressed with a common unit. 

ZOICinaee OCI Ona 


Thus, Tae] ~ BOONE 300 15: 
and 12 min : UAN20%min = 12 min :\8Olmin|= 12:80 = 3:20. 


Express these ratios without units. 
8 mm 25 min 1cm 40s 680 7 
, cman Samet © 2km ° Tmin40s ee 








SPORTS RATIOS 


a's 


10. 


Jim Plunkett completed 158 passes in 328 attempts 


during one football season. 


A What is the ratio of completed passes to attempts 


in simplest form? 


B Find a decimal to the nearest thousandth for that ratio. 


. Billie Jean King won the Wimbledon Tennis Championship 
five times in eight years. Express this ratio as a 


decimal to the nearest thousandth. 


. George Blanda once completed 37 passes in 68 attempts in 
a single football game. Find a 3-place decimal to express 
the ratio of completed passes to attempts. 


Phil Esposito’s NHL scoring record: 152 points, 78 games. 


What is the ratio of points to games? 


In 1972, Ken Dryden played 54 hockey games, conceding 
119 goals. Express his goals-against average as a decimal of 


three significant digits. 


. In a certain year the Los Angeles Lakers lost only 13 games 
out of 82 games that they played. What is the ratio of the 
games won to the games played? the games lost to the games 


played? 


. The leading scorer in the NBA in a certain year was Kareem 
Abdul-Jabbar. In that year, he made 1159 field goals 
in 2019 attempts. Find the ratio of field goals to attempts 


as a decimal to the nearest thousandth. 


. Steve Carlton was the leading pitcher in the National League 
one year when he won 27 games and lost 10. What part 


of the games did he win? 


. Rod Carew led the American League in hitting with 170 hits 
in 535 times at bat. Find the ratio of hits to times at bat 


as a decimal to the nearest thousandth. 


The Toronto Maple Leafs hockey team had a record of 33 wins, 
31 losses, and 14 ties for a season. What part of their games 


did they win? lose? tie? 











Objective 
The student can interpret and solve word 
problems involving ratios. 


UTILIZATION 

This special set of problems related to various 
sports should prove interesting and motivating 
to many students. Since ratios occurring in 
sports statistics are often given as decimals, 
students are asked to give a decimal for the 
ratio in several of these exercises. 


EXTENSION 

Suitable further practice assignments may be 
made from Workbook page 59 and Duplicator 
Masters page 42. 

Enrichment: Some students might be inter- 
ested in doing some research into current 
sports records which involve ratios. Have the 
students create their own story problems simi- 
lar to the ones on this page. Duplicate the prob- 
lems and distribute them to other students to 
solve. 


Assignments 
Minimum Odd- or even-numbered problems. 
Average 1-8. Maximum |-10. 


Objective 

The student can solve problems involving 
springs and masses by writing and solving 
proportions. 


PREPARATION 

Obtain a spring balance and some standard 
masses before introducing this lesson. Demon- 
strate that when the mass applied to the string 
is doubled, the spring is stretched twice as far; 
when the mass is tripled, the spring is stretched 
3 times as far; and so on. This principle of 
physics is called Hooke’s Law (after Robert 
Hooke, 1635-1703). This law asserts that, if 
a force is applied to an elastic object (such as 
a spring), the amount of stretch of the spring 
is directly proportional to the force applied, 
provided that the elastic limit of the spring is 
not exceeded. (The elastic limit is the maxi- 
mum stretch that the spring can withstand and 
still return to its original state.) 


INVESTIGATION 
To solve the Investigation problem, the stu- 
dents may write the proportion 


3cm_ 10 kg 
xcm 36kg 


Then 10x = 108 and x = 10.8. Thus, the 36 kg 
mass would stretch the spring about 10.8 cm. 





DISCUSSION 

In discussing the exercises, emphasize the 
importance of writing the proportions correctly. 
If masses m, and m, stretch a spring by dis- 
tances d, and d, respectively, then a propor- 


mes, 11 d Bhs é : 
tion is —+=—. Variations of this proportion 
mM, dy» 


; mM, _ Ms 
are possible, such as ah 8 

You may want to introduce the term “‘elas- 
tic limit” when discussing Exercise 4 (see 
Preparation section). You may demonstrate 
this with a rubber band. When a rubber band 
is stretched beyond its elastic limit, it either 
will break or will fail to return to its unstretched 
State. 


Springs and Masses 


Investigating the ideas 


Suppose that a 10-kilogram mass 
stretches a spring 3 centimetres. 
Then a 20-kilogram mass will 
stretch the spring twice as far, 

or 6 centimetres. The stretching 
of the spring is proportional to 





the masses: 
/. gcm __ 10kg 
that is, cen tena GE 


Can you find how far a 36-kilogram mass would stretch 
the same spring? 








Discussing the Ideas 


1. a What proportion involving distance x above can be 
written for the Investigation question? 


B Explain how the proportion can be solved for x. 


2. A Is the ratio cn the 


5 cm 16g 
ion 22 
same as the ratio 40g! 


B What proportion can you 
write to find the mass x? 

c Show how you would solve the 
proportion. 


3. How is a spring scale like the one 
shown at the right related to the 
problems above? 





4. If you were conducting an experiment with a spring 
and some masses, would you need to be careful about 
how large the masses are? Explain. 


For Exercises 1 through 6, find the missing measure. 


7. Acertain spring will stretch 12 cm before nearing its 
breaking point. If a 2-kg mass stretches the spring 5 mm, 


* 8. 





how much will the spring be stretched by 


A 10 kg? c 40 kg? 
B 1 kg? p 12 kg? 
Two masses M, and M, were 


suspended on the same 
rubber band as shown in 
the diagram. How many 
times greater is the 
mass M, than M,? 


Using the Ideas 





UTILIZATION 

Exercises | through 6 provide pictorial repre- 
sentations of spring problems. The proportions 
for the problems can be derived from the pic- 
tures. 


Solution, Exercise 8 
Mass M, stretches the rubber band 2 units 
while mass M, stretches the band 6 units. 
Therefore, 

2a Mina 


6 Mo 





3° 


Hence, M, has a mass three times that of mass 
M,. 


EXTENSION 

A great deal of interest might be generated if 
some spring experiments could be set up in the 
classroom. The science department in your 
school may be able to provide the necessary 
equipment or you may improvise with some 
homemade equipment. Place a metre stick be- 
side a spring to which a cardboard pointer has 
been attached. Attach a hook to the spring and 
load the spring with a known mass. 


LMTIT TTT TT TTT WT 


<< |«— Pointer 
Mass 
MetreStick 


Record the amount of stretch of the spring. 
Then attach an unknown mass to the spring 
and note the amount of stretch. Determine the 
unknown mass by using a proportion. 






Assignments 
Minimum 1-6. Average 1-7. Maximum 1-8. 


F-75 


Objective 
The student can solve problems concerning 
scale drawings. 


Scale Drawings 


Investigating the ideas 


PREPARATION 
Materials: Centimetre rulers. 

As preparation, you might ask your students 
to bring to class examples of scale drawings, 
such as maps, blueprints, dress patterns, or 
science book illustrations. Dictionaries and 
encyclopedias are also sources for scale draw- 
ings. Use the scale drawings brought in by your 
students to introduce the lesson. 


Some scale drawings of several tall man-made structures 
are shown below. A height of 1 cm on the drawings repre- 
sents an actual height of 50 metres. 

Can you find the actual fer | fax 
height of each structure i 

to the nearest ten metres? 





INVESTIGATION 

Since the scale in the Investigation drawings 
is very simple (1 cm = 50 m), students should 
encounter little difficulty in determining the 
actual heights of the objects represented: 





MMMM 
Var 


gpgegs sO0OUGNVANNiAs: 
PAT Cy AAAI 





Great Pyramid 140 m Grand Dixence Dam 
285 m 
Gateway Arch 190 m_ Eiffel Tower 320 m 


1 


n 
® 
L 
= 
oO 
= 
= 
1 
o 
oO 


0 





Some students may be interested in verifying 
their results by checking the heights of these 
objects in encyclopedias or other reference 
books. If so, you may need to caution them 
that such figures may vary somewhat from one 
source to another, depending on different inter- 
pretations of what is considered the “base” and 
the “top” of a given structure. 


Eiffel Tower 
Switzerland Paris 


Great Pyramid Grande Dixence Dam 


of Egypt 


Gateway Arch 
St. Louis 


Discussing the ideas 
1. Pictures of large or small objects are often drawn to scale. 


The scale of a drawing is the ratio of the distance measured 
on the drawing to the corresponding actual distance. What is 


DISCUSSION the scale for the drawings in the Investigation? 
Scale drawings are one of the most important 
uses of ratios that your students will meet in 2. A scale for a drawing might be indicated in several ways. 


everyday life. Students will frequently need to Explain how each way expresses the same scale. 
interpret such things as maps, directions for 14-5000 , _ 50 t = : = 
assembling objects, blueprints for houses, and A 1:5 Ss BIS NESS ae Sa COMERS O EO 
so forth. 





Metres 


The three methods of showing a scale for a 
drawing in Exercise 2 are equivalent. If a 
scale is indicated as |cm=50m, then the 
ratio of the drawing to the actual object is 


Cie Ih 
50m 5000cm | Lecah 





3. The drawing of the ant is four times 


. The drawing of the ant is about 24 mm long. 


as large as an actual ant. Is the scale 
for the drawing 1:4 or 4:1? 


GR 


Explain how to find the actual length of the ant. 


. Ascale on a map is 1 cm = 80 km. What is the actual distance 


between cities whose distance apart on the map measures 2.8 cm? 


Using the Ideas 


. Measure the height of the elephant 
drawing with a centimetre ruler. 
What is the actual height of the 
elephant? 


. Measure the length of the elephant 
from the tip of his tusks to his 

tail. Find the actual length of 

the elephant in metres 





. Use the scale drawing to estimate 
the Statue of Liberty's height in 
metres. The scale is 1: 1000. 


. A Estimate the diameter of a white 
blood cell in millimetres. 

B Estimate the diameter of a red 
blood cell in millimetres. 


Red blood ©) White blood 
cell cell 


SCALE: 1000 to 1 

. On a map, the distance between Paris and Rome measures 4.4 
centimetres. The airline distance between these two cities 

is about 1100 kilometres. What is the scale for this map? 


Statue of 
Liberty 





. Suppose you drew a map of your province using the 

scale 1 cm = 100 km. 

A About how long would the north-south distance be on your 
drawing? 

B About how long would the east-west distance be? 


7. A swimming pool is 50 metres long and 20 metres wide. 


A Make a scale drawing using the scale 1:500. 
B Make a scale drawing using the scale 1 cm = 10 m. 





More practice, page S-20, Set 37 


UTILIZATION 

Students will need centimetre rulers for the 
exercises. Measurements should be made to 
the nearest millimetre. 

If Exercise 6 is assigned, the needed infor- 
mation should be provided by you or appropri- 
ate reference books should be available. If 
possible, bring maps of your state or province 
to class and let students use them to determine 
the distances in question. 


EXTENSION 

Workbook page 60 and Duplicator Masters 
page 43 offer problems that would be suitable 
for extra practice assignments. 

Enrichment: Have your students select some 
object such as a classroom, building, or school 
ground to measure and then draw to scale. 
Such experiences will provide work with mea- 
suring equipment and involves choosing a 
scale such that the drawing will fit on a sheet 
of paper of a given size. 


Think Solution 


Assignments 
Minimum 1-5, 6 optional. 
Average 1-7, 6 optional. Maximum 1-7. 


F-77 


Objective 
The student can use ratios and proportions 
to solve problems related to electrical circuits. 


UTILIZATION 

This is an optional lesson. One of its chief 
purposes is to stimulate interest in mathematics 
and its applications. If this lesson gives stu- 
dents more practice with ratio and proportion 
and, in addition, encourages a few students to 
explore these ideas further, then its purpose 
has been accomplished. Therefore, as you pre- 
sent this section, encourage students to de- 
velop, on their own, special projects related 
to the ideas introduced here. The basic idea 
presented is that the amount of current in a 
given electrical circuit is proportional to the 
voltage. A short exercise set is comprised of 
some simple problems based on this idea. 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-S. 


F-78 


Ratios and Electriaty 


An ordinary dry cell (flashlight) battery produces an 
electromotive force E of about 1.5 volts. Two such 
cells connected as in the figure will produce 3 volts. 
An ammeter measures the rate of flow of current, 

I, in amperes (A). If an electromotive force of 

3 volts produces a current of 5 A in a circuit, then 

an electromotive force of 6 volts in the same circuit will 
produce 10 A, 9 volts will produce 15 A, and so on. 
Notice that we have the proportions: 


SO ge eee 
6 10° 9 15 


1. Hooking up one dry cell (1.5 volts) to a certain electrical circuit 
induces a current of 1.2 A. What will be the current using 
three dry cells (4.5 volts)? 


Ammeter 





Flashlight batteries 


2. An electromotive force of 10 volts in a certain electrical circuit 
induces a current of 3.2 A. Give the current induced in the 
same circuit by an electromotive force of 


A 5 volts B 20 volts c 16 volts p 4.5 volts 


3. For a certain electrical circuit, when E, = 3.6, then I, = 5.4. 


Use the proportion Ft= * to find the amperage /, 
2 #3 
induced by an electromotive force E, = 9.6 volts in 
the circuit. 
0.23 A vs 
4. Figures a and B show the same [a] 
circuit but with different 
electromotive forces. Find 
the amperage x for figure B. 
Be 9 2 9 6 volts 4.5 volts 
5. The model train transformer [a] 0.06 A a 0.18 A 











can vary the electromotive 

force which changes the current 
in the circuit shown. Write 

and solve a proportion to 

find the electromotive force x. 







Model train 
transformer FR 


Model train {game 
transformer 
= —~ \ 


10.5 volts x volts 


It has been found in experiments that a given material 
expands the same amount for each degree of increase 
in temperature. For example, a rod of aluminum will 
increase about 2.4 x 10° cm (0.000024 cm) for each 
centimetre of its length when the temperature is 
raised 1°C. The number 2.4 x 10°‘ is called the 
coefficient of linear expansion. 


EXAMPLE: Find the increase in length of an aluminum rod 100 cm 
long when the temperature is increased 20°C. The flow 
chart below gives instructions for finding the increase 
in length. 


Multiply by 
_ ‘increase in _ 
_ temperature — 


Multiply by 
coefficient 


_ of expansion 





100 x 2.4 x 10-5 20 x 240 x 1075 4800 x 10-5 
=240 x 10-5 = 0.048 cm 


Aluminum 
Gold 


Tungsten AO >Gl Om 





1. A copper wire is 100 metres long 
at 0°C. How much does the length 
increase when the wire is heated 
to 40°C? Express your answer in 
centimetres. 














2.4x 1075 
1.4 x 10°5 
23-1052 














2. At 0°C an aluminum bar is 65 cm 
long. How much will its length 
increase if it is placed in boil- 
ing water (100° C)? 











3. A steel beam is 30 metres in length 
at 0°C. How much longer will it be 
(in cm) when the temperature rises 
to 20°C? 


4. Tungsten does not expand readily. What would be the 
increase in length of a tungsten wire 10 cm long at 0°C 
if the temperature of the wire is raised to 500°C? 


5. The tallest television tower in the world is in Fargo, 
North Dakota. It is about 628.8 metres tall. If the 
tower is made of steel, how many centimetres will it 
expand when the temperature rises from 0°C to 30°C? 


Objective 
The student can solve problems which apply 
ratio concepts to expansion of metals. 


UTILIZATION 
The most familiar application of the relation 
between temperature and expansion or con- 
traction of materials is the thermometer. The 
height of the column of mercury increases a 
constant amount for each 1°C rise in temper- 
ature. More generally, the change in length of 
1 cm of material per 1° C change in temperature 
is called the coefficient of linear expansion of 
the material. The coefficient of linear expansion 
varies with different materials. . 
Have the students read the introductory 
material and study the flow chart and the ac- 
companying example before you assign the 
exercises. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-5. 


Objective 
The student can express a fraction in hun- 
dredths or a decimal as a percent. 


PREPARATION 

Since most students will have had previous 
experiences with percents some of the material 
will be review. You should adjust the time 
spent in reviewing the basic ideas of percent 
according to the ability of your students. 


INVESTIGATION 

The Latin phrase per centum means “out of 
a hundred.” Thus, a percent is always a ratio 
of a number to 100. The Investigation contains 
the gist of this idea in that it poses the problem 
of writing a given ratio with denominator 100. 
Students should be free to use any method they 
choose for this activity. 


DISCUSSION 

It is important not only that students be able 
to find percents for fractions and decimals but 
that they have a good intuitive understanding 
of the meaning of percent. For example, they 
should understand that 1% means | out of 
100, 2% means 2 out of 100, 5% means 5 out 
of 100, and so on. This understanding will 
help them reason correctly about such prob- 
lems as, ‘“What is 6% of 300?” Since 6% means 
6 out of each 100, 6% of 300 means 6 x 3, 
or 18. 

In the example in Exercise 5, the first step 
produces a fraction with a denominator which 
is a multiple of 100. The second and third steps 
change the fraction to a fraction with a denom- 
inator of 100. The next step changes the frac- 
tion to a mixed decimal numeral, and the last 
step shows the percent. 


F-80 


The Language and Symbols of Percent 


Investigating the Ideas 


Each card below contains a symbol for a rational number. 


Can you write a fraction with a denominator of 100 
for each rational number shown on the cards? 





Discussing the ideas 


1. Explain how you found the fraction with denominator 100 
for each numeral shown on the cards. 


2. Rational numbers may be represented by fractions or decimals. 
Another way of representing rational numbers is by percents (%). 
When we use the language of percent we are thinking of hundredths. 


333 
For example, 0.25 = ies = 25%; 2.37 = aa = 237%; 0.335 = ae =333% 


What percent can be written for each of the fractions you 
found in the Investigation? 


3. What percent can be written for each decimal? 
A 0.43 B 1.25 c 0.663 p 0.5 
4. When we say, “The number of objects insetA A= eectecacee 


is seven percent (7%) of the number of objects 
in set B,’’ we mean that there are 7 objects in eoccccccce — 





A for every 100 objects in B. Seccccccce| 
A lf there are 7% as many objects in set A as in set B and ee 
there are 500 objects in set B, how many objects are in set A? 


B 28 out of 400 students are absent from school. How many 
are absent from each 100? What percent were absent? 





5. Explain the steps for representing 1_ 100 100+6_ 163 


74) 2__ 4R2 
the fraction as a percent. 6 600 600=6~ 100 ~ 0163 = 163% 


Using the ideas 


. Write each ratio as a percent. 





A 19 to 100 c 16 to 400 3 to 100 G 13 to 20 
B 13 to 50 pb 150 to 100 F 50 to 50 H 240 to 1000 
ie 
. Express each fraction as a percent. ExamPLe: 2% = 22=% = 08 = fate 
15 
A 300 © 200 E 7300 G@ i500 1 7800 
B 0 D S00 F 600 H i000 J 4400 


. Copy each exercise, replacing a and b by the 
correct number. 








4 A 
A 30 — 300 








Pb? S 5 
“Eee Co p= 300 = = 700 = b% 
D 


2 a 
B 3-300 = 700 = b% 


. Carry out each indicated division to two decimal places and then 
express gue apawer to the Neale ole. percent. 


EXAMPLE: 47 > 31+ 47=0. 6545 = 6545 2% — 66% 

ila 5 se 131 4 
A 42 Cé E 35 G 65 7, 

13 18 ie 7 22 
BiB D 24 F ii H 5 ws 55 


. Each quotient is given to four decimal places. Express each 
fraction to the nearest tenth of a percent. 


A 7 = 0.5833... © sy = 0.2406 . 


B 2; =0.0781 . Sanat F 664000 = 





en a 0.2386 a So8 


0.0065... 


. Carla was absent 9 days out of 180 school 
days during a certain year. What percent 
of the days was she absent? 


. In a free-throw shooting contest, Dick 
made 29 out of 40 free throws. Dick 
said, ‘‘If | make the next free throw, 

| will have made 75% of my shots.” 

a Show that Dick’s statement is incorrect. 
B What is the fewest number of free throws 
that Dick must make in a row after his 
first 40 shots in order to make at least 

75% of his shots? 





UTILIZATION 


Solution, Exercise 7 

A. If Dick makes the next free throw, he will 
have nade 30 out of 41 shots. Since #¢ =~ 
0.73, #2 < 75%. 

B. By increasing the numerator and denomi- 
nator of the Pardon: 33 by | successively, 
the fraction 73 = 75% can be found. Hence 
4 free throws in a row are needed. 

Algebraically, let x = number of consecutive 
free throws needed. 


2S 
ADSO 7 Ome mmIGO 
L008 9F a) I — S40F ee) 
2900 + 100x = 3000 + 75x 
25% = 100 
x—4 





EXTENSION 
Additional practice exercises are provided on 
page 61 of the Workbook. 

Remedial: The following activity will pro- 
vide an intuitive approach to percent ideas. 

Provide each student with graph paper. Have 
the students outline a 10 < 10 square region. 
Since there are 100 small squares in the region, 
each small square represents 1% of the whole 
region. Name a percent such as 23% and then 
have the students shade that portion of the 
10 X 10 square. Ask the students to name the 
percent that is unshaded, also. 


Assignments 


Minimum 1-3, 4A—-F. Average 1-6. 
Maximum 1-7. 


F-8] 


Objective 

The student can express decimals and frac- 
tions as percents and can express percents as 
decimals or fractions. 


PREPARATION 

The basic concept of percent and the percent 
symbols were introduced in the preceding les- 
son. Review these concepts briefly. This lesson 
extends the ideas of that lesson. 


DISCUSSION 

If your students are well prepared, you may 
proceed through the Discussion Exercises 
rapidly on an oral basis. 

Exercise 4 reviews the division method for 
finding a percent for a fraction, that is, finding 
a decimal approximation for a fraction and then 
expressing it as a percent. Provide extra exam- 
ples as needed and have students work them 
out at the chalkboard or at their seats. Such 
additional examples may be selected from Sup- 
plementary Exercise Set 28 on page S-20 or 
from Arithmetic Skill Cards D-7 through D-9 
and D-11 through D-14. 


F-82 


Fractions, Decimals, and Percent 
Discussing the Ideas 


Percent language is useful in presenting information. 
For computing purposes, however, it is usually easier 
to use decimals or fractions for percents. You should 
be able to express decimals and fractions as percents, 
and percents as decimals or fractions. 


1. Study the examples for changing percents to decimals. 
EXAMPLES: [a] 17% = 0.17 23% =0.23 [ce] 3.8% = 0.038 
Change each percent to a decimal. 


A 5% B 44% c 125% D 16.4% E 1% 


2. Give the lowest-terms fraction for each percent. 
| 9 481 wiggle i310 n 3/90 
EXAMPLES: [a] 48% = 10058 ST:S%i Sy oooh A 
A 20% B 4% c 12.5% dp 0.1% E 1000% 


3. You should be able to find the lowest-terms fraction 
for each of these percents mentally. Can you do it? 


A 10% c 50% E 90% G 100% tase 


B 25% Dp 30% F 40% H 80% 3 335% 


4. The example shows how to find 
a percent for a fraction to 
the nearest whole percent. 
What percent is 33 to the 
nearest whole percent? 





5. Round each decimal to the nearest hundredth. 
Then express the rounded decimal as a percent. 


ALO 219093 B 0.36248... ce 2.144 pd 0.009617 


More practice, page S-20, Set 38 
iN oy Nie 
2 ae 


a 


10. 


11. 


* 12. 


Using the ideas 


. About 73.5% of the people in the United States live on 


1.5% of the land. Express each percent as a decimal. 


. Nearly 87% of Quebec’s population speak French. 


Express this percent as a fraction and as a decimal. 


. The diameter d of any circle is 0.3183... Cc 


as long as the circumference C of the circle. 
Express this decimal as a percent to the 
nearest whole percent. 


. The side s of any square is about 0.7071 


as long as the diagonal d of the square. s 
What percent of the length of the diagonal 
is the side of the square? 


. A baseball player's batting average is reported as 0.329. 


What percent of the times at bat are hits according to this 
decimal? 


. In some places you must pay 4¢ sales tax on each dollar of 


sales. What is the sales tax rate as a percent? 


. A picture of an animal in a book is <p the actual size of 


the animal. What percent of the actual size is the picture? 


. If 74 out of every 140 registered voters voted in an election, 


what percent of the registered voters voted, to the nearest 
whole percent? 


. Acarton of milk holds 0.946 litres. What percent of a litre 


is the carton, to the nearest whole percent? 


A student answered 39 out of 48 questions correctly. What 
percent were answered correctly, to the nearest whole percent? 


The inflation rate in the United States in 1973 was 8.5%. 
Express this percent as a decimal. 


The total amount of water on Earth is estimated to be 1.3 x 10° km°. 
About 2.9 x 10’ km? of the water is in ice caps and glaciers. 
About what percent of the Earth’s water is in ice caps and glaciers? 


UTILIZATION 

The exercises provide experiences with a 
variety of applications of percent. Allow time 
for discussing the exercises after students have 
completed them. 


Solution, Exercise 12 


Zoe, WO kme y hey 
13x 10%km? 10 





yf) 
ee 
2 = Ao eee 





EXTENSION 
Workbook page 62 and Duplicator Masters 
page 44 provide further practice exercises. 
Enrichment: Many students carry small pic- 
tures of themselves or their friends. Have stu- 
dents measure the distance from the top of the 
head to the chin on a picture and then measure 
the actual distance on the person from the top 
of the head to the chin. Students can then write 
the ratio of the two measurements and express 
it aS a percent to describe what percent of the 
actual size of the person the photograph is. For 
example, if on the photograph the distance 
measured is 3.8 cm while the actual distance 
is 22 cm, then 37 ~ 17%. Hence, the photo- 
graph is about 17% of the actual size of the 
person. 


Assignments 
Minimum 1-6. Average 1-10. Maximum 1-12. 


F-83 


Objective 
The student can find what percent one num- 
ber is of another number. 


PREPARATION 

Present an oral drill which involves students 
in naming percents for simple fractions such as 
1 


INVESTIGATION 

The Investigation will introduce the student 
to the basic problem of this lesson: finding what 
percent one number is of another. The Investi- 
gation presents a variety of examples of this 
kind of problem. 














8 | SO 
A. 8 out of 16 > = 3 = 799 = 50% 
{ 3. 300 37% 1 
B. 3:8 8 800 > 100 3/2” 
Cais) 100 > 1 = 117% 
f Oo 100 ‘0 
3 27 Di 
— = — = — =) 
Dati 99 100 2G 
: 48 480 20 
9 ee — = 
E. 48 is |llll% of 240 Mi un 


= 20% 


F. 4¢ out of each dollar > a = 4% 


DISCUSSION 
As you work through the Discussion Exer- 
cises, have the problems placed on the board 
and the solutions explained. It will be especially 
helpful for your slower students to watch some 
of these problems being solved. 

Special attention should be given to the sym- 
bol x%, which is used in Exercise 3. It is im- 
portant to stress that in equations we can 


replace this symbol with x - = or ay or 


100 100 
x - (0.01). 
Help students translate sentences like ‘‘48 is 
what percent of 240?” into the algebraic equa- 
tion 48 = x% - 240. 


F-84 


Finding Percents 
Investigating the ideas 


Study the cards below. 





Can you give a percent for the First write the number as a 
number suggested on each card? fraction with denominator 100. 





Discussing the ideas 
1. Explain your method for finding some of the percents. 


2. Each card suggests the problem of finding what percent 
one number is of another number. For example, for 
card D, ++ suggests finding what percent 3 is of 11. 


Jee OX 2 
If 17”: then 11 = 100 (Why ?) 
and 11x = 300 (Why?) 
and x = 274 
Therefore, a = 274, %o 
Use this method to find the percent for card B. 


3. Notice in the example above that x% is written 70. 
We can also represent x% as x -7a9 or x- 0.01. 
Which numerals below represent the same number as 8%? 


A 8-300 c 2 E 8-0.01 G its 
B 0.08 o> Fx H 0.8 
4. Card E suggests the equations 48 = x% of 240 
shown a the right. 48 =x% - 240 
a Explain each step and then 48 
solve the equation for x. 249 7 
B Solve: 8 is what percent of 40? 48 x 


240 +100 


Short Stories... PERCENT Using the Ideas = UTILIZATION 


The problems in this exercise set are presented 


1. Math test: 20 problems. 8. Rent: $150 per month. in short-story form so that reading and inter- 
Had 18 correct. Salary: $600 per month. pretation difficulties are minimized. Most stu- 
What percent correct? What percent for rent? dents will benefit if some of the solutions are 

placed on the chalkboard and discussed. 

2. Class: 30 students. 9. Attendance: 4 of students. 

Today: 24 present. What percent attended? eee aPION 


For further practice exercises, see Workbook 


What percent present? page 63 and Duplicator Masters page 45. 


10. If 16 out of 24 students 


3. Played 10 games. voted for Denise, what Think Solution 
Lost 4 games. percent is this? First, consider the number of movie tickets 
What percent lost? and the numbers whose digits when added 
11. Played 24 games. Won 10 games. equal the number of movie tickets. 
4. True-False quiz: 24 questions. Lost what percent? Tiekets Nupabers 
Had 6 incorrect. 1 Sl 
What percent correct? 12. Test: 50 questions. Had 43 correct. 2 =2, 11, 20 
What percent incorrect? 3 = 3, 12, 21, 30 
5. Regular price: $40. 4 = 4, 13, 22, 31, 40 
Sale price: $10 off. * 13. 60 students. 12 wear glasses. 
What percent off? 4 of those with glasses have 
red hair. 15 = 69, 78, 87, 96 
; 16 = 79, 88, 97 
6. Made 12 out of 16 free throws. A What percent wear glasses? 7 = 89.98 
What percent were made? B What percent wearing glasses j~ Vso 


barn $120 have red hair? 
. Earnings: : 
Tax: $12. c What percent of the students 


wear glasses and have red hair? 


The only ticket numbers which could give 
John the answer are three numbers whose sum 
is unique. Using the table, you might argue 
that the ticket numbers 1, 10, and 99 give a 
unique sum of digits. Note, however, that their 
digit sum (1 + 1 + 18 = 20) is not unique since 
it can also be obtained from the tickets 11, 12, 
and 78 (sum of digits) 2--3-- 15 —20)s ihe 
sum 20 can further be obtained from many 
other groups of ticket numbers. Any other sums 
from 3 to 51 are also not uniquely determined. 

The unique sum must, therefore, be the 
largest sum obtained from the theatre ticket 
numbers. This sum is 52, uniquely determined 
from the ticket numbers 89, 98, and 99 (digit 
sum 17 + 17+ 18 = S52). 


What percent tax? 


Assignments 
Minimum 1-7. Average 1-10. Maximum 1-13. 
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Objective 
The student can solve problems involving 
discount, sale price, and sales tax. 


PREPARATION 

Select some newspaper advertisements of sales 
which show price reductions in percents or 
fractions. Discuss the meaning of these reduc- 
tions. Also discuss the local sales tax rate and 


how sales tax may be computed without using. 


a table. 


INVESTIGATION 

Even though all of the articles pictured have 
prices above $50, when the discount is sub- 
tracted from the original price and the amount 
of sales tax is added, the total amount for the 
dress and the watch will be less than $50 for 
each. (See the table for Exercise 5.) 


DISCUSSION 

Discount rate is usually expressed as a percent 
or a fraction. The discount is the product of the 
original price and the discount rate. The sale 
price is the original price minus the discount. 
When discussing Exercise 4, emphasize that 
sales tax is computed on the sale price, not the 
original price. 
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Discounts and Sale Prices 
Investigating the Ideas 
Suppose a store advertises “25% off” 
the marked price on each article 


pictured. The sales tax rate 
is 6%. 


Which of the articles shown 


could you buy if you had $50? 





Discussing the Ideas 


1. What does ‘25% off’’ the marked price mean? 


2. The percent “‘off’’ is called 
the discount rate. The amount 
that is ‘“‘marked off” is the 
discount. How can you find 
the sale price of this item? 


3. Since 25% =4, how could you 
use this fraction to compute 
the amount of the discount? 


4. Should the original price 
or the sale price be used 
in computing the sales tax? 


ALL ITEMS 





Marked price ———> $60 
_ Discount rate-—————» X 0.25 


300 
120 


Discount —-—————~> $15.00 


Original 
Price > $60 


Tax rate —>X 0.06 
Sales tax —>$3.60 





5. Can you make a chart like this and complete it? 


Dress 


Cassette 
deck 





acs ——> $45 


Tax rate —>xX 0.06 
Sales tax —>$2 70 








Using the ideas 


. An $18 sweater is on sale. It is marked ‘‘25% off.” 
A What is the amount of discount? 
B What is the sale price of the sweater? 


. Dick bought for half price a shirt which was originally 
priced at $11.00. He had to pay a 5% sales tax. 


A What was the sale price of the shirt? 
B What was the total cost of the shirt including sales tax? 


. Maria saw a pair of shoes marked $21.95. 

They were on sale for 10% off the marked 

price. Maria had only $20 with her. 

a Did she have enough money to pay for 
the shoes? 

B If the sales tax rate was 4%, would 
Maria have enough money? 





. A 10-speed bicycle regularly priced $125 is marked down 
15% for a sale. Find the total amount needed to purchase 
the bicycle on sale including a sales tax of 6%. 


. Which is less expensive? 
A A Super 174XC turntable on sale for $69.95. 


B A Super 174XC turntable regularly priced $79.95 
but on sale at 15% off of the regular price. 

. Nicole saw the same brand and style of sweater on sale 

in two different stores. At Erton’s Department Store the 

price was $15 with 20% off. At Sampson’s the 

price was $18 with j off. What is the sale price of 

the sweater at each store? 


. The price of a $180 lounge chair was reduced 20%. Later 
the sale price was reduced by 10%. What was the final 
sale price? 


. Suppose the price of the lounge chair originally marked 
$180 was reduced 30%. 


A What is the sale price of the lounge chair? 


B How much more or less is this price than the final sale 
price of the lounge chair in Exercise 7? 


More practice, page §-21, Set 39 


UTILIZATION 

The exercises present realistic applications 
involving the use of discount and sales tax 
rates. After students have completed the exer- 
cises, have selected students place their solu- 
tions on the chalkboard and explain them to 
the class. 


EXTENSION 
Additional practice assignments may be chosen 
from Supplementary Exercise Set 39 on page 
$-21, Workbook page 64, Duplicator Masters 
page 46, and Arithmetic Skill Card AP-20. 
Enrichment: Have students make up prob- 
lems based on advertisements involving sales 
tax, discounts, and sale prices. Tape the ad- 
vertisement displays to a sheet of paper, then 
have students write related problems below the 
picture. Students can exchange papers and 
solve each other’s problems. 


Assignments 


Minimum Odd-numbered exercises. 
Average 1-6. Maximum 1-8. 
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Objective 

The student can solve problems that involve 
percents either greater than 100% or less 
than 1%. 


PREPARATION 
Materials: Centimetre graph paper (Duplica- 
tor Masters, page 83). 

Prepare a 10 X 10 grid for the overhead 
projector or draw such a grid on the chalk- 
board for use in discussing the Investigation. 


INVESTIGATION 

Students can use graph paper for the Investiga- 
tion, or they can draw a 10 X 10 grid on their 
paper. Since responses to the Investigation 
question will vary, allow several students to 
show their illustrations of percents less than 
1% on the overhead projector or chalkboard. 
Some sample responses are shown below. 





Each small square 
represents yoo 
of the region. 







~ 
ee 
eeeriel | | | |) th 


DISCUSSION 
You may need to demonstrate why +% can be 
written as 0.005. Thus 3% = 3 of 1% =3 Xx 0.01 
= 0.5 x 0.01 = 0.005, or 

es 0,805 

ememtO0) 200-5 
For larger percents, point out that 100% means 
+00 = 1, 200% means 788=2, 357% means 


337 — 3.57, and so on. 
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Large and Small Percents 


Investigating the Ideas 


The large square contains 100 
small squares. Each small 
square is 1% of the large 
square. 


Draw a large square region 
containing 100 small squares 
on a piece of graph paper. 





Can you. shade and label 
three regions within 


your square so that 
each one is less than 1% 
of the large region? 





Discussing the Ideas 


| 


1. A What part of the small square region is shaded? i 
B What fractional percent of the large region is this? = 


2. Study the example. 
Then explain how 
to find the amount 
for each part. 








A 4% of $840 B 1% of $70 000 © 0.1% of $10 000 


3. If you wanted to cut out a region from a sheet of graph 
paper that was 250% the size of the large square region 
shown in the Investigation, how many of the small squares 
should your new region contain? 


4. You can write decimals for 250 


percents greater than 100%. 250% = 400 2.50 
What decimal represents each 

of these percents? 

A 300% B 120% c 1000% 


p 105% 


Using the ideas 


. Write a decimal for each percent. 


A 3% Dp 800% @ 700% J 0.2% 

B 274% E 0.7% H 210% K 0.05% 
3S) il 1 

C io % F 4% § 350% L 3% 


. A piece of material is guaranteed not to shrink more 
than 7% when washed. What is the greatest amount of 
shrinkage expected from a piece one metre long? 


. An aluminum rod 500 centimetres long is found to expand 
0.12% of its length when heated. How many centimetres 
does the rod expand? 


. Fredrick read that the cost of living today is 160% of 
what it was ten years ago. Is this 760 times, 16 times, 
or 1.6 times the cost of living of ten years ago? 


. Joan earned $10 000 last year. 


This year Joan earned 120% of salary EN . 
last year’s salary. How much 


This year’s 
did she earn this year? salary Cee ne 120% 


. The population of Sunnyvale in 1960 was 53 000. 
In 1970, it was 180% of that. What was the 
population in 1970? 


. Ralph borrowed $1200 to buy an automobile. He had 
to pay back 109% of what he had borrowed. How much 
did he have to pay back? 


. Sometimes you may hear this expression: ‘There is 
only one chance in a million!” Express this ratio 
as a percent. 


‘More practice, page S-21, Set 40 


UTILIZATION 

Exercises 2 through 7 involve applications of 
both large and small percents. Students can 
place their solutions on the chalkboard or 
overhead projector and explain them to the 
class. Slower students will especially benefit 
from these explanations. 


EXTENSION 
See Supplementary Exercise Set 40 on page 
S-21 and Workbook page 65 for further prac- 
tice exercises. 

Remedial: Have students write each percent 
as a decimal. 


1. 70% 24470 3. 0.6% 

4. 3% 5. 0.02% 6. 7% 

7. 160% 8. 1000% D 2 TSO. 
10. 101% 11. 500% 12. 10 000% 


Have students express these decimals or frac- 
tions as percents. 


13. 0.002 14. x00 155620 
16. 0.0006 lemon 18. 20 
Answers: 

1. 0.001 2. 0.0075 3. 0.006 
4. 0.008 5. 0.0002 6. 0.00125 
eel -60 8. 10.0 ers 7/5) 
10. 1.01 11. 5.00 12. 100.00 
1S 02% Lis % 15. 600% 
16. 0.06% 17. 70% 18. 2000% 
Assignments 


Minimum 1-5. Average 1-7. Maximum 1-8. 
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Objective 
The student can solve problems involving 
percent of increase or decrease. 


PREPARATION 
Materials: Metric tape measures (Duplicator 
Masters, page 88) or metre sticks and string. 


INVESTIGATION 
If metric measuring tapes are not available, 
supply students with pieces of string about 
one metre long. The string can be wrapped 
around a student’s chest and then laid along 
a metre stick to find the chest measurement. 
As an alternative Investigation, you might 
have students measure their biceps, first with 
the arm outstretched and the muscle relaxed, 
then with the elbow bent and fist clenched so 
that the muscle is flexed. The increase in size 
from one measure to the other could then be 
determined. 


DISCUSSION 

Work through Discussion Exercises | and 2 
with the class, having each student use his or 
her own measurements. If you prefer, you 
might suggest that students round all measure- 
ments to the nearest whole centimetre. This 
will enable students to concentrate on the main 
idea of the lesson by freeing them from the 
burden of unnecessarily awkward ratios and 
harder computations. 

In discussing Exercise 3, note that the per- 
cent of decrease is not the same as the percent 
of increase because the denominators of the 
two ratios are different; the percent of decrease 
is smaller because the change in measurement 
is compared to a larger number. 


F-90 


Percent of Increase or Decrease 


Investigating the Ideas 


Carry out this measurement activity: 


1: 


2: 


Exhale. Then find your chest 
measurement in centimetres. 


Inhale as much as possible. 
Measure your chest again. 





About how much does your chest measurement 
increase when you inhale? 





Discussing the Ideas 


1. 


. If a measurement decreases, you can 


When a measurement increases, it is often convenient 
to compare the increase to the original measurement 
by means of a percent. This is called the percent of 
increase in the measurement. 


A What was your chest measurement 
when you exhaled? 

B How many centimetres did it increase 
when you inhaled? 


c Find the ratio: Increase 


Exhaled measurement 
bp Express the ratio as a percent to 
the nearest tenth. 





find the percent of decrease as follows: : 
A How much did your chest measurement 


decrease when you exhaled? 


B Find the ratio: _____ Decrease 
Inhaled measurement 


c¢ Express the ratio as a percent to 
the nearest tenth. 





Can you explain why the percent of increase (Exercise 1b) 
is slightly different from the percent of decrease (Exercise 2c)? 


Using the Ideas UTILIZATION 
Most students will benefit from a discussion 
1. Copy and complete the table. of the exercises. Have selected students place 
their solutions on the chalkboard and explain 
the problem to the rest of the class. 


EXTENSION 

Additional suitable practice exercises are pro- 

vided on page 47 of the Duplicator Masters. 
Enrichment: Pairs of students can work 

together on this activity which involves finding 


A percent of increase. The students check their 
pulse rate per minute while sitting still. Then 
B they perform | minute of quick exercises such 
as running in place, jumping jacks, or deep- 
Cc knee-bends. Then they check their pulse rate 
again. The pulse rate increases with exercise. 
D The students then can compute the percent of 





increase in pulse rate. For example: 


Pulse rate sitting still—72 beats per minute 
Pulse rate after exercise —90 beats per minute 
Increase — 18 beats per minute 


2. Margaret was 140 centimetres tall on her 13'" birthday. 
% of increase —7s = 4 — 25% 


On her 14*" birthday, she was 146 centimetres tall. 
A What was her increase in height? 


B What was her percent of increase in height to the 
nearest tenth of a percent? 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 


3. On July 12, Mr. Marsh weighed 142 kilograms. Then he 
went on a diet and on December 15, he weighed 110 
kilograms. 

A How much had his weight decreased? 
B What percent had his weight decreased to the 
nearest tenth? 


4. Linda earned $122 per week. She got a raise and now 
earns $130 per week. What percent raise did she get? 





5. In 1960, the population of a B.C. town was 12 230. 
By 1970, the population had increased to 19 366. What 
was the percent of increase in population to the 
nearest whole percent? 


6. In 1960, Bisbee, Arizona, had a population of 9914. 
By 1970, the population had decreased to 8328. What 
was the percent of decrease in the population? 
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Objective 

The student can demonstrate the ability to 
work with the major concepts and skills devel- 
oped in this module. 


UTILIZATION 

Encourage your students to ask questions about 
those exercises with which they have difficulty. 
Students can display solutions and discuss 
their methods of solution for some of the 


problems. 3. 


Workbook page 66 provides further exercises 
suitable for use in reviewing the ideas presented 


in this module. 4. 


10. 


11. 


REVIEWING THE IDEAS 


. Give three ratios equivalent 


1O;2 55! 


. Give the simplest-terms ratio 


for each. 


aA 7:28 Bi1sto4 ec sto? 
What numbers are the means in 
the proportion 6:16 = 9:24? 


Write a proportion which has 4 
and 9 as the means and 3 and 12 
as the extremes. 


. Complete: In any proportion, 


the product of the means 
equals ? ? ? ? 2. 


. Solve each proportion for x. 


Spee Xs EO ame} 
AG>-i2 Di5>*x 
x _ 10 eG ig Xe. 
Bas S16 E 75 — 100 
pe Reee yt SF xa ae 
C 9-36 F 30 —35 


. A distance of 2 cm on a map 


represents 120 km. What distance 
is represented by 1 cm on the map? 


. An enlargement of a photograph of 


an insect shows the insect 100 
times its actual size. If an eye 

of the insect in the photograph 
measures 9 mm, what is the actual 
size of the eye? 


. A mass of 400 grams stretches a 


spring 3.2 cm. How far would a 
mass of 500 grams stretch the 
spring? 


Which is the ratio of 36 mm to 10 cm? 
%* 28 G4 BY 


Express 18 km/h in terms of metres 
per second. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Express each ratio as a percent. 
A 11 to 100 C3225 
B 4:50 pd 8 to 200 


None of the covered squares in the 
figure is shaded. Tell what percent 

of the squares are shaded if each row 
contains 


A 100 squares. c 20 squares. 






B 50 squares. po 800 squares. 
Express as percents. 

az c 3 E 0.002 
B 0.17 wb 1.25 F ¢ 


Barbara got 17 out of 20 problems 
correct. What percent of her 
problems were correct? 


A sport coat regularly priced $55 
is on sale for 20% off. What is the 
sale price? 


A province has a sales tax rate of 
5%. How much tax must be paid 
on a purchase of $19.98? 


1960 population: 4 million. 
1970 population: 5 million. 
What is the percent of increase? 


If you bought a car for $800 and 
later sold it for 120% of what you 
paid for it, what was the selling 
price? 


In a school of 400 students only 12 
were absent one day. What percent 
were present? 


. What ratio compares the number of 
‘elements in set A with be number ‘ 
of elements in oe 


tt r o 
B: {00 CO 00 00 


. What is the simplest-terms ratio — 
for 12:20? 


. Solve the proportions. 
ue 
Ag>x 


. How many kilometres per hour is 
-5m/s2 


. Which is the ratio of | mm to 1dm?__ 
[a] a0 [el [e] t005 [2] reee0 


. Ascale drawing fora room has the _ 
scale 1 cm = 2.5 m. The length of 
the room shown in the drawing is _ 
3.2 cm. What is the actual length 
of the room? : 


RESEARCH PROJECTS 


Look up the topic “The Golden Cc 
Section’ in a mathematics reference 

book. Illustrate this famous ratio with 

posters or drawings. (See Mathe- 

matical Snapshots by H. Steinhaus; 

New York: Oxford University Press, 
1969, pp. 45-51.) 


Follow the Dow Jones Industrial 
Average in a newspaper for a week, 
noting its increases and decreases. 
Make a chart showing each day’s 
change. Express the increase or 
decrease in terms of percent for 
each day. 


. What percent 
of the squares 
are shaded? 


. Express each symbol as a percent. 


a 6:10. B 0.37 c 7 
. a Express 12}% as a fraction. 
e Express 0.3% as a decimal. 


. Solve these short story problems. 
a Regular price: $85. 
Sale price: 20% off. 
What is the sale price? . 
B 1965 population: 450000. 
1970 population: 1.5% less. 
What is the 1970 population? 





Many people have possessed 
extraordinary powers of mental 
calculation. Find out about some 
of the calculating prodigies 

and write a report on them. 

(See Mathematical Recreations 
and Essays by W. Rouse Ball; 
New York; Macmillan, 1960, 

pp. 350-378.) 


TEST YOURSELF 

This self-evaluation test will give students a 
measure of their understanding of the major 
concepts of the module as set forth in the ob- 
jectives listed at the beginning of the module. 
Note that the related objectives are annotated 
beside the individual test items on the student 
test page at the left. 

Encourage students to use the answer key 
on the next page to check their own work and 
to review the lesson pertinent to any test items 
which may have proved troublesome. 


RESEARCH PROJECTS 
The “Golden Section,” the subject of Research 
Project A, is a ratio that can be represented 
as follows: 

Let AC be a segment of unit length and let 
B be a point between A and C such that “(AB) 
=X. 





1 unit —— > 


tikes C 


=== x 





——><«—— ] — y—» 





If point B is located so that 
ZAC) ARAB) al x 
Z(AB) @(AC) -& (ioe) 








then point B divides AC so that either ratio is 
the “golden ratio.” Thus the golden ratio is 
rz 
i. Lie = 1.618. 

Research Project B could be extended into a 
long-range project. Students might begin with 
a specific amount of “imaginary”’ money which 
they invest in stocks. Then, after the stocks 
are “sold,” they could compute the loss or gain 
in the investment. Buying and selling commis- 
sions might also be considered. 

Students of all ability levels might be in- 
trigued by the information they will find if they 
choose to undertake Research Project C. 


Objective 

The student can demonstrate the ability to 
work with the significant concepts and skills 
developed in this unit. 


1 
UTILIZATION 
Since there are a large number of exercises in 
the Cumulative Review, you can assign them 
‘ : : 2 
on a selective basis according to the amount of 
review necessary for your students. The exer- 
cises should provide adequate review in prep- 3 
aration for a unit achievement test. 
Exercises 1-14 are related to the topics 
presented in Module | of this unit; Exercises 
15-25, to Module 2; and Exercises 26-36, to 4. 
Module 3. 
5. 
6 
7 
8 
9. 
10. 
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. What part of 


CUMULATIVE REVIEW 


the rectangle 
is shaded? 





. Name five fractions equivalent 


to@. 


. A What is the opposite of ~3? 


B What is the opposite of ?? 


Give the lowest-terms fraction. 


63 eo 110 
A Bi B °94 C 345 
Solve the equations. 

cy as lls JOE ee tat 
An~t12 © 10 —90 

Lage ale eat 
B 48 — 16 Dev 


. Copy each problem and give the correct 


symbol (<, >, or =) for each il. 


a Sill’ e 3 ills 

8 ill 048 iiss 
. Compute. 

a 83+68 c 27+ 33 

B 83 — 65 P53 


. Give the principle illustrated in each 


problem. 





Give the reciprocal of each number. 
a § B 4 c 3 


pb Does zero have a reciprocal? Explain. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Find the sum or difference. 


A 342 c 1 4 
0 $+ pated 
Find the product or quotient. 

asd ofa 
034 0 +4 


A music store is selling some 
LP records at 3 off the regular 
price. What is the sale price 
of a $4.98 record? 


Mr. Wood bought a house costing 
$26 000. He paid é of the cost 

as a down payment. How much was 
the down payment? 


Express each fraction as a decimal. 


47 2 1 
A 700 Cs E6& 

8 3 2 
B 25 Ds Lh 


Express each decimal as a fraction 
in simplest terms. 


A 0.08 ce 0.33 e 16.11 
B 0.3 Dp 2.4 F 8.35 
Find n. 

A0.2 + 73.7 + 4 + 0.006 =n 
B35 + 0.421 +03 + 81=n” 
Write each number in scientific 
notation. 

A 0.0073 

B 58 000 

ce 0.000082 

p 98 000 000 000 

Solve the equations. 

A 4.76—3.128=d ec 32+a=9.6 
B 3—0.1962=v bp s+2.2=6.1 


20. 


74K 


22. 


23. 


24. 


20: 


26. 


Find the products. 


BROW Tel [2s hal. & Raz 
B 100 - 0.082 E 0.01 - 639 
c 100: 2.16 F 0.001 - 55.4 


Find the products. 
A 6.2 - 14 e314 = 6.17 
B 0.014 - 395 dp 3 - 0.0072 


Find the quotients. 
A 81.4=10 CE96e 010) 
B 6.28 = 0.1 bp 2.83 = 100 


Find the quotients. 
A 38.46 = 0.002 Cm0:26)—~ 0:38 
Bussal2o= 03 D 3.9545 = 55 


Round each number to one significant 
digit. Then estimate the product. 


PY See) 16 c 624 - 0.1934 
B 0.301 - 5.88 p 88947 - 0.29 


Round each number to one significant 
digit. Then estimate the quotient. 


A 0.0842 = 0.0217 
B 17.92 + 3.14 
c 5.36 + 0.00984 


What is the simplest ratio that 
compares the number of circles to 
the number of triangles? 


A®GA@®@ 
@®@@A@A 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


36. 


Solve each proportion. 


714 x _ 28 6 _ 24 
A x =32 Cx a4 E x32 

2 fe XS te) eh Als) 
B 3-27 Dg>-x F x 45 


Which is the larger of the two 
ratios, 3 to 9 or 5 to 16? 


Express each number as a percent. 


33 1 
© 400 E 40 
4 


dp 0.53 F 


A 


IN Sle 


1 
B 2 


= 
fo} 
on 


Ellen got 21 problems correct on a 
test of 25 problems. What percent 
did she have correct? 


Virginia was 150 cm tall. During 
the summer, she grew 3 cm. By 
what percent did her height 
increase? 


A dress was originally marked $14.70. 
If there was a discount of 335%, what 
was the sale price of the dress? 


A province has a 6% sales tax rate. 

A How much tax would be charged 
on a suit costing $75.95? 

B How much would the suit cost 
including the sales tax? 


What percent of 98 is 7 to the 
nearest tenth of a percent? 


. Sam sold a used car for $600. 


He made a profit of 20%. How 
much did he originally pay for 
the car? 


What is 0.4% of 15? 
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MATHEMATICAL RECREATION 

You might encourage some students to make 
more durable models of these puzzles by using 
their tracings as patterns and cutting the pieces _ 


fi board or thin pi f wood. . 
ieee ein pieres ofwor - DISSECTION PUZZLES 


Solutions ’ ; ; 
The pieces in each region can be arranged to make 
a square region which has the same area as the 
Original region. Trace each region, cut it out, 
and cut it into the pieces along the dashed lines. 
Can you make a square from each set of pieces? 
Equilateral Triangle Star of David 
Pieces Pieces 
Greek Cross Letter E Pieces S Star of David 
Pieces (The shaded regions 


are flipped.) 


ZS 


Letter F Pieces 


TEE 


Greek Cross Letter E Letter F 





UNIT G: GEOMETRY 


Module 1: Rigid Motions and Congruence 


General Objectives 


To develop students’ understanding of translations, rotations, and reflec- 


tions in geometry. 


To develop congruence concepts using the properties of the rigid motions. 





ASA) for triangles. 


To focus attention on the basic congruence theorems (SSS, SAS, and 


To review ideas of perpendicularity and parallelism of lines and planes. 


Performance Objectives Pupil Text Reteach-Reinforce Related Activities 
73 RED Given a geometric figure in a co-ordinate plane, the student Gar WB 67 SWM 3 
can find a specified translation image of the figure. G-4, 5 DM 48 164-165 
74 RED Given a geometric figure in a co-ordinate plane, the student G-6, 7 WB 68 SWM 3 
can identify or find a specified rotation image of the figure. DM 49 160-161 
75 RED Given a geometric figure in a co-ordinate plane, the student G-8, 9 WB 69 SWM 3 
can find the reflection image of the figure as well as identify lines DM 50 156-159 
of symmetry in the figure. 
76 RED_ Given two congruent figures, the student can identify cor- Sb 2S WB 70 PD b-2 
responding parts of the figures. G-14, 15 DM 51 
77 RED Given appropriate examples, the student can identify parallel =22 23 WB 74, 75 
and perpendicular lines and planes, and prisms. G-24, 25 DM 53 
78 YELLOW Given appropriate examples, the student can identify G-16 WB 71-3 
and apply the S-S-S, S-A-S, and A-S-A triangle congruence theo- through 21 DM 52 
rems. 
79 GREEN Given a geometric figure in a coordinate plane, the G-10, 11 
student can find its image after a combination of rigid motions. 
Reviewing the Ideas G-26 WB 76 
MATHEMATICS Three rigid motions are studied in the Two geometric figures are congruent if and 


The three rigid motions studied in this module 
are sometimes called isometries because each 
motion is a “distance preserving” function. 
If M denotes one of the rigid motions, we can 
think of M as a function whose domain is the 
set of points in the real plane. Then if A and 
B are any two points in the plane and their 
corresponding images for the rigid motion are 
A' and B’ respectively, we must have 
M(A)=A' A Al 
M(B)=B' 
and ((AB) =¢(A’B’) 


G-ITA 


module: translations, rotations, and reflections. 
A complete study of the isometries would in- 
clude a fourth motion, called a glide-reflection, 
which is a combination of a translation and a 
reflection. These four rigid motions are closed 
with respect to composition (combination). 
That is, a combination of any two of the mo- 
tions is equivalent to one of the four motions. 
In a formal course of transformational geome- 
try, it can be shown that any rigid motion is 
equivalent to a combination of no more than 
three line reflections. The rigid motions are 
used to develop the ideas of congruence. The 
basic definition is as follows: 


only if there is a rigid motion which maps 

one of the figures onto the other. 

This approach to congruence is quite natural 
since students have previously observed that 
the images of geometric figures have the same 
size and shape as their pre-images under any 
of the rigid motions. Furthermore, the neces- 
sary correspondence between the points of a 
figure and its image leads directly to identifying 
corresponding parts of congruent figures. 

In this module the student is also introduced 
to the three congruence theorems for triangles 
(Side-Side-Side, Side-Angle-Side, and Angle- 
Side-Angle). While formal proofs of these 


theorems are omitted, investigations and ac- 
tivities to make the theorems plausible are 
presented. 

The module concludes with a review of 
parallel lines and planes, and perpendicular 
lines and planes. 


TEACHING THE MODULE 


Materials 

Graph paper, scissors, tracing paper, protrac- 
tors, rectangular pieces of clear plastic or 
commercial clear mirrors, rulers, compasses, 
cellophane tape, geometric models of cubes 
and prisms. 


Vocabulary 
Angle-Side-Angle 
Theorem (ASA) 


reflection 
reflection image 


arrow right angle 
congruent rigid motion 
congruent triangles rotation 

image rotation image 
inverse Side-Angle-Side 


Theorem (SAS) 
Side-Side-Side 
Theorem (SSS) 


isosceles triangle 
lateral face- 
line of symmetry 


parallel slide 
parallelepiped symmetry 
perpendicular theorem 
prism translation 


rectangular translation image 

parallelepiped transversal 

Students who have studied from the im- 
mediately preceding book in this series have 
been introduced to the idea of translations, 
rotations, and reflections (see Unit C, Module 
3). However, little background is necessary 
for successful work in this module. If your 
students have not had previous experience 
with the rigid motions, you will want to proceed 
deliberately and allow for considerable experi- 
mentation to enable students to develop their 
intuitive ideas about these motions. Formal 
definitions, terminology, and notation have 
been kept to a minimum in order that students 
may focus their attention on the motions. 


Rigid motions are the tools used to develop 
notions of congruence. The main exphasis in 
this module is upon congruent triangles. Stu- 
dents are expected to be able to recognize a 
pair of congruent triangles given any of these 
three conditions: 


1. Three sides of one triangle congruent to 
three sides of another triangle (Side-Side- 
Side Theorem). 

. Two sides and the included angle of one 
triangle congruent to two sides and the 
included angle of another triangle (Side- 
Angle-Side Theorem). 

3. Two angles and the included side of one 
triangle congruent to two angles and the 
included side of another triangle (Angle- 
Side-Angle Theorem). 
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The rigid motions are also related to per- 
pendicular and parallel lines. If two lines are 
parallel, then each is a translation image of the 
other. If two lines are perpendicular, then one 
line is reflected onto itself by a reflection in 
the other line. 


Lesson Schedule 

You will probably need to allow 10 to 12 days 
for complete coverage of the module. However, 
your schedule should be flexible enough to 
allow more time if you need to move more 
slowly with students who have had little or no 
experience with the rigid motions. 


Evaluation 

There is not a large body of facts and skills 
that students should master in the study of the 
content of this module. Rather, there should 
be an assimilation of ideas and concepts.There- 
fore, your day-to-day contact with your stu- 
dents will be an essential part of your evaluation 
of their progress. 

Use the module review questions and the 
self-evaluation test (Test Yourself) as a guide 
in deciding what points should be emphasized 
and as an aid in developing any evaluative 
devices. 


RESOURCES FOR ACTIVE LEARNING 


Activities 
Aftermath 3 (optics), pp. 24, 25, 61, 88; After- 
math 4, pp. 41, 72, Creative Publications 
Developmental Math Cards, 9, Addison- 
Wesley 

ESS: Mirror Cards; Tangrams, Webster, 
McGraw-Hill 

Experiments in Mathematics, Stage 1, “Optical 
illusions,” p. 52; Stage 2, p. 58, Houghton 
Mifflin 

Geoboard Activity Cards (triangles, polygons, 
congruence, transformations), Geocards 61- 
72, 110-115, 137-140, Cuisenaire Co. 

Geoboards and Motion Geometry, Scott, 
Foresman 

Mira Activities for Junior High, Activities 
21-26, 37-44, 63-68, 101-138, Creative 
Publications 

Nuffield Project: Angles, Courses, Bearings; 
Shape and Size 4, pp. 23-25, 33-44; Sym- 
metry; Problems—Red Set, Nos. 19-21B, 
Wiley 


For map-coloring problems, see Resources 
for Active Learning, Unit H, Module 4 


Manipulative Devices 

Circle Master Compass (Creative Publications) 

Co-ordinate Space Model (Sargent-Welch) 

Geoboards (Addison-Wesley) 

Geometer (Academic Industries) 

Geometric Figures and Solids (Creative Pub- 
lications; Geyer; LaPine; Sigma) 

Mira (Creative Publications; Cuisenaire Co.) 

Prisms (Edmund Scientific) 

Protractors (Geyer; Selective Educational 
Equipment; Sigma) 

Sage Kit (LaPine; Sigma) 


Games and Puzzles 

Euclid (Midwest Publications) 

Perception Games (Edmund Scientific; Selec- 
tive Educational Equipment) 





UNIT G: Geometry 


MODULE 1: 


Rigid Motions and Congruence 


OBJECTIVES: 


wo 





After completing this module, you should be able to: 
We 


Find the translation images of given geometric 
figures. 

Find rotation images of figures. 

Find reflections of figures in a line. 


. Identify corresponding congruent parts in pairs of 


congruent triangles. 


. State which congruence theorem applies for a 


pair of triangles. 


. Identify parallel and perpendicular lines and 


planes. 
Recognize the parts of prisms and parallelepipeds. 


Objective 

Given a geometric region in a plane and a 
specified translation, the student can show 
the translation image. 


PREPARATION 
Materials: Scissors, graph paper (Duplicator 
Masters, page 83). 

Students who have studied earlier books in 
this series may have had previous experience 
with translations; however, this introduction 
assumes little previous student experience. 


INVESTIGATION 

The Investigation provides concrete experi- 
ence with the idea of a translation. The tri- 
angular cut-out can be slid, without turning, 
the same distance and direction as the arrow 
from A to A’. This can be demonstrated effec- 
tively on the overhead projector. 


DISCUSSION 

Exercise | introduces the terms motion, trans- 
lation (or slide), and translation image. The 
phrase “maps A onto A'” means the same 
thing as “the image of point A is point A’.” 
This special language refers to the function 
(or mapping) that pairs each point of the orig- 
inal figure with the corresponding points of the 
translation image. 

The arrow notation in A — JA’ should not be 
confused with the translation arrows. The 
arrow in this notation is simply an alternate 
way of denoting functions. A translation could 
be thought of as a function ¢ such that t(4)= A’. 

When discussing Exercise 2, have some stu- 
dents show their translations on a grid on the 
overhead projector or on the chalkboard. Other 
students can use graph paper and work at their 
desks. 

In Exercise 3, observe that the translation 
image of a given line is another line parallel 
to the original line unless the translation hap- 
pens to be along the line itself. In this case, 
the original line and its image coincide. 


Translations 


Investigating the ideas 


Make a drawing of 
ABCD on graph paper. 
Also, cut out a 
triangular region 

that is the same 

size and shape as 
ABCD. 








Can you use the triangular cut-out 
to show the new location of ABCD 
if all the points of the plane are 





slid the same distance and in the 
same direction as the arrow from 
Ato A’? 


Discussing the ideas 


1. 


2. 


. A Draw a line @ and an arrow for a translation. 


A motion which slides all points of the plane the same 
distance and in the same direction is called a translation 
or simply a slide. In the figure above, point A’ is 
called the translation image of point A. 
We Say that the translation “‘maps A onto A’”’ 
and denote this by writing: A — A’ 
A Label the translation image of ABCD. What points 
do B, C, and D map onto? 
B What relations do you see between ABCD and its 
translation image? 


Arrows such as a and 5 show the distance 

and direction of translations. Draw a b 
geometric figure on graph paper and show 

how to find its image for translations by 


A arrow a. B arrow b. 


Show the translation image of the line. ~ 
B How are the line and its translation image related? 


Can you describe a translation in which the image 
of line ¢@ coincides with the original line? 





Using the ideas UTILIZATION 
Graph paper should be available for students 


. Draw the figures shown on graph to use for the exercises. 

paper. Then show the translation Exercise 5 introduces the idea of an inverse 

image of each figure after the translation; that is, a translation which is oppo- 

translation given by arrow t. site in direction but the same distance as the 
original translation. 

. Using the results of Exercise 1, 

complete each sentence. 

A The translation image of \MNO 
isa ? that has the same size 
and shape as AMNO. 

B The translation image of XY is 
a ? just as long as XY. 


c The translation image of quadri- 
lateral JJKL is a ? with the 
same size and shape as /JKL. 


EXTENSION 
Additional practice with translations is offered 
on Workbook page 67. 


Enrichment: Some unusual designs can be 
constructed based on repeated translations of 
a given figure. The figure below suggests one 
such design based on translations of a triangle. 
Encourage students to make their own designs 
based on other shapes. Shading or coloring 
the designs will make them more attractive. 








XQ 


. A In the figure at the right, 
which triangle is a trans- 
lation image of APQR? 

B Complete this mapping for 
the translation: 


P— Ii Q = Ill. R= Ill 




















. A Using the same grid as for 
Exercise 3, which triangle 
is a translation image of 
AHIJ? 

B Complete this mapping for 
the translation: 


H— Ill, 1 lh 

















\ 
S 
iS 








Assignments 
Minimum 1-4. Average 1-4. Maximum 1-5. 











E J ili 


. The arrow a shows a translation so that 
X — Y. Is there a translation so that 

Y — X? (That is, X is the image of Y.) 
How is this translation related to the 
translation given by arrow a? 


" My 
Kip cea ait 


Objective 

Given a geometric region in a plane and two 
translations, the student can find the trans- 
lation image when one translation is followed 
by the other. 


PREPARATION 
Materials: Scissors, graph paper (Duplicator 
Masters, page 83). 

This lesson extends the ideas of the previous 
lesson. Two translations are performed in suc- 
cession. If one translation maps X onto Y 
(X — Y) and a second translation maps Y 
onto Z (Y — Z), then the combination of the 
two translations has the same effect as a single 
translation that maps X onto Z (X — Z). 


INVESTIGATION 

Many students will be able to show the trans- 
lation images in the Investigation without 
using a cut-out of the triangular region. Be 
certain that students understand that it is the 
image of APQR translated by arrow a (not 
the original APOR) that is to be translated 
by arrow b. 


DISCUSSION 

The description of the translation by arrow 
a as “right 4, up 3” suggests that this trans- 
lation is itself a combination of a horizontal 
translation followed by a vertical translation. 
In Exercise 2, some students may notice that 
the “right 4, up 3” translation followed by a 
“right 1, down 4” translation has the same 
effect as the single translation of “right 5, 
down 1.” 


Combinations of Translations 


Investigating the Ideas 


Draw APQR on graph paper and cut 
out a triangular region that is 
the same size and shape as APQR. 





[1] The translation image of APQR, 
using arrow a. 


The translation image of the image 


Can you use the triangular 


region to show the following 
translation images? 





found in step 1, using arrow b. 


Discussing the Ideas 


1. The translation for arrow a could be described 


as “right 4, up 3.’ How could the translation 


for arrow b be described? 


2. The combination of translations in the Investigation 


is a translation by ‘‘a followed by b.”’ 


A 


Is there a single translation that would produce 
the same final image as ‘‘a followed by b?”’ 


How would you describe the translation? 


Describe the translation that 

maps ABCD onto EFGH;; that is, 
Ac EAB th CG anGibe > nk 
Describe the translation that 

maps EFGH onto /JKL. 


The combination of the translations 
for parts a and B will map ABCD onto 
IJKL. Describe the single translation 
that will give the same final image 

as the combination of the translations 
for parts a ands. 





ot 


Using the Ideas UTILIZATION 
Graph paper should be avilable for students to 
use in doing the exercises. 

The exercises contain the hint of a mathe- 
matical structure: the set of all translations of a 
plane form a mathematical system called a 
group. Thus, the set of all translations has the 
following properties: 

A. The combination of two translations is a 

translation. (Exercise 1) 
B. Translation is an associative operation. 
(Exercise 6) 
C. There is a zero translation. (No motion) 
D. Each translation has an inverse trans- 
lation. (Exercises 3-5) 
Such ideas might be discussed with very cap- 
. A Draw a figure of your choice on graph paper. AION 


B Show the translation image of the figure after 


. A Draw AABC on graph paper. Show 
the image of AABC by translation a. 

B Show the image of AABC for the 
combination ‘‘a followed by b.”’ 


c Show an arrow that gives the same 
translation as ‘‘a followed by b.”’ 


. Draw a square on graph paper. Show the 
final translation image of the square 

for the combination of translations “‘a 
followed by b” where a is “right 5, down 2” 
and b is ‘left 4, up 3.” 
































. A Draw atriangle like AXYZ 
on graph paper. 

B Show the final translation 
image of AXYZ after the 
combination of ‘‘a followed 
by b followed by c.” 

c Try translations a, b, and 
c again but in a different 
order, such as ‘‘c followed 
by a followed by b.”’ Is the 
final translation image in 
a position that is different 
from that for part B? 


the combination of translations ‘left 3, up 5” SNe ee: hoa + Sp 
ae s ee page 48 of the Duplicator Masters for 
followed by “right 3, down 5. a b further exercises involving combinations of 
translations. 

. Two translations are inverses of each other Enrichment: The game of “Translations” 
if the combination of the two translations can provide reinforcement for translation con- 
leaves all points in their original position. cepts. Label the six faces of one cube “right 0,” 
Are the two translations in Exercise 3 inverses “right.1,°... “right 5.” Label thetacesemile 
of each other? other cube “up OF> upl ly 2 Ups see ne 

“same board” consists of a grid like the one 

. The translations ‘right 2, up 1” and “‘left 2, down 1” are inverse translations. shown below. 

Give the inverse translation of each of the following: ye bad 
A left 1, up 1 ec right 2, up 7 E up3 : 
B right 4, down 5 p left 4, down 4 F left 2 : 

4 

| 





























Start + 
Terao) 

The game is played by starting at (0,0) and 
showing the translations obtained by tossing 
the two cubes. The object is to get to a par- 
ticular point on the grid, say (10, 10). To add 
variety, some points might be labeled “Go 
back to start,” “Miss a turn,” or “Throw 
again.” Allow students to develop their own 
rules for the game. 


Assignments 
Minimum 1-3, Average 1-5, Maximum 1|-6. 
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Objective Rotations 


Given a region in a plane, a centre of rota- 
tion, and a specified rotation, the student can 
show or name the rotation image. 


Investigating the Ideas 


Place a piece of tracing paper 
over these figures. Trace AABC 
and point P. Place your pencil 
point at P and turn the tracing 
paper. 


PREPARATION 
Materials: Tracing paper. 

Students who have studied from previous 
books in this series will already have encoun- 


tered the topic of rotations. However, little 
previous knowledge is assumed for this lesson. 
Simple angle measure is used in this lesson. 
You may wish to review the use of the protrac- 
tor in angle measurements. 


INVESTIGATION 

The Investigation provides the student with 
a concrete example of a rotation. Only AJKL 
will align with the rotation of AABC. You 
may find it helpful to demonstrate additional 
rotations on the overhead projector. The stu- 
dents’ understanding of rotations will be 
strengthened if they see the actual motion 
take place. 


DISCUSSION 

The three elements of a rotation are empha- 
sized in Exercise 3—the centre, the direction, 
and the amount of rotation. 

For Exercises 2 and 4, tracing paper can be 
used to show the rotations. The original figure 
is traced and the centre of rotation marked on 
the tracing paper. The tracing is rotated the 
specified amount about the centre and the orig- 
inal figure is traced again. Finally, both tracings 
are appropriately labelled. 





Discussing the Ideas 


. Draw a triangle and a point O. Explain 


Which one of the other three 
triangles will match the tracing 


of AABC when the paper is turned 
around point P? 





1. a Which point of any of the other triangles matched 


point A when you turned the paper around point P? 
B Which other points matched each other? 


. The motion that matched the two triangles is called 


a rotation with centre at P, or a rotation about point P. 

You can think of each point in the plane, except P, rotating 
through the same size angle with point P as the vertex of the 
angle. Draw a figure of your choice and then show a rotation 
of this figure about some point. 


. A rotation is determined by 


[1] its centre, 
[2] a direction (clockwise or counterclockwise), and 


[3] amount of rotation (usually a fractional part of 
a complete rotation or a degree measure). 


The figure at the right shows a A’ 
z-clockwise rotation with centre P. B fracas) 


The rotation image of pointA is Hs ; 
| 4-clockwise 
ry ee a rotation 


A’, and we write A > A’. 
What is the rotation image of point B? P 


how to find the rotation image of the 
triangle for ‘“‘a 60° counterclockwise 
rotation with point O as the centre.” 


0° counter- 
lockwise 
rotation 


oD 





1. Using tracing paper, trace one of the figures and point P. 
Then tell whether the other figure is a rotation image of 





the first figure with centre at P. 
A 


. A rotation with centre O maps 


point A of square ABCD onto 
point E. 
A What is the rotation image 
of point B? C? D? 
B Give the amount and direction 
for this rotation. 


. Use tracing paper to copy each figure. Then find the rotation 





Using the ideas 





image using the amount and direction of rotation shown. Point O 


denotes the centre of rotation for each part. 


ea 


. For the rotation with centre O shown, 
A—B,B—C,C—D,D—E,andE— A. 


Consider another rotation with centre 
at point O so that A — C. What would 
be the rotation image for B2 CRD? E? 








UTILIZATION 
Tracing paper or other thin paper should be 
available for students to use for the exercises. 


EXTENSION 

Page 68 of the Workbook and page 49 of the 
Duplicator Masters provide appropriate addi- 
tional practice exercises. 

Enrichment: Have students cut out a geo- 
metric region from an index card in order to 
use the card as a template to show repeated 
rotations of the region around one of its ver- 
tices as the centre of rotation. The figure below 
illustrates an example of rotations around a 
vertex of a parallelogram. 





Assignments 
Minimum 1-2. Average 1-3. Maximum 1-4. 


Objective 
Given a region and a line in the same plane, 


the student can show the reflection image of 


the region in the line. 


PREPARATION 
Materials: Rectangular pieces of clear plastic 
or rectangular, nonfragile mirrors. 

It is very desirable to have clear plastic 
sheets available for this lesson. Such material 
can be purchased in arts and crafts stores. 
Used X-ray film, which may be obtained free 
from some doctors or hospitals, also will pro- 
vide a satisfactory reflecting surface, espe- 
cially if taped in a cardboard frame to provide 
additional sturdiness. 


INVESTIGATION 

The Investigation introduces reflections by 
means of an interesting problem. Some stu- 
dents will be surprised that the reflection image 
of the word CHOICE appears the same as 
the original word. This effect occurs because 
each of the capital letters in the word choice 
has a horizontal line of symmetry. In the word 
CANDY, however, only the letters C and D 
appear the same, because they are the only 
letters in the word that have a horizontal line 
of symmetry. 


DISCUSSION 

Allow students sufficient time to experiment 
with the plastic mirrors while discussing Exer- 
cises 1, 2, and 3. Exercise 4 contains a formal 
description of a reflection of the point of the 
plane in a line. This definition should simply 
serve to summarize students’ previous obser- 
vations; you should not expect students to 
memorize the definition. 


Reflections 


Investigating the Ideas 
Suppose you saw this box 
of candy lying in front 
of a mirror. 


Can you draw the image 


that you would see in 
the mirror? 





Discussing the Ideas 


1. Which word on the box of candy looks the same 
when you see its reflection in the mirror? 


2. You can use a rectangular piece 
of clear plastic as a mirror to 
help you draw reflections of 
figures. Hold the piece of 
plastic upright on your paper. 
Look through the plastic to 
see the reflection image. 

Draw some figures and then 
use this method to find 
their reflection images. 


Reflection 
image 







Clear plastic 


3. Suppose line m represents a mirror. A 
A Which figure is the reflection 
image of AABC in line m? 


B Which point is the reflection B 
image of A? B? C? 


4. A reflection of the points of the plane in 

a line m can be described as follows: 

[1] If P is not on m, then P > P’ so that m 
is the perpendicular bisector of PP’. 

[2] If Q is on m, then Q is its own image, Q > Q’. 

A Draw some points on one side of a line. Use a clear 
plastic “mirror’’ to find their reflection images. 

B Connect some points to their images. Is the line 
the perpendicular bisector of these segments? 


Using the Ideas UTILIZATION 
fing We y In Exercises 2, 3, and 4, students can make 


1. Which pairs of points are ies : a their own drawings for the exercises or make 
reflection images of each Ss tracings of the drawings in the text. Actually, 
Pinominiinein2 yO it would be preferable to have students draw 

e 6 figures larger than those shown in the text. 

DMP ntor trace figures like g ’ ‘s The term line of symmetry iS introduced in 
“Tory (oS AT B Le ‘ve EXGnCISe) oS: You might prefer to discuss this 
ee eee ecto “mirror to @ term before assigning the exercises. 


draw the reflection image EXTENSION 
of each figure in line n. ae - Additional practice exercises are provided on 


Workbook page 69 and Duplicator Masters 


3. Mark two points P and Q on your paper. page SO. 
Suppose P and Q are reflection images Q Remedial: Have students draw other geo- 
of each other. Use a plastic mirror p e metric shapes and show their reflections in 


given lines using their plastic mirrors. 

Enrichment: Students can try writing or 
printing their names upside down and back- 
ward. Then they can use their mirrors to check 
whether they are correct. Some examples are 
shown below. 


to find and draw the reflecting line. 


4. Draw two parallel lines r and t and 
AJKL as shown. 


A Find the reflection image of AJKL 
in line r. Call it AMNO. 


B Find the reflection image of AMNO 
in line t. Call it APQR. 


c Is there a single reflection in a line so that 
A PQR is the reflection image of AJKL? 


p Is APQR a translation image of AJKL? 








5. Line ¢ is a line of symmetry of the 
square because the reflection images 
of all the points of the square in 
line @ will be on the square. 


A How many different lines of 
symmetry does a square have? 
B How many lines of symmetry 
does a rectangle which is Ascionments 
not a square have? Minimum 1-3. Average 1-5. Maximum 1-6. 





pyoM | Mary 





6. How many lines of symmetry does each figure have? 


A B c D a 
Equilateral The letter H Parallelogram Circle 
triangle 





Objective 

Given a geometric figure in a plane and a 
combination of two motions (reflection, rota- 
tion, or translation), the student can show the 
image for the combination of motions. 


PREPARATION 

Materials: Graph paper (Duplicator Masters, 
page 83), tracing paper, plastic mirrors, 
protractors. 

This lesson is designed to extend the ideas 
related to the various motions studied thus far 
in the module. Use a grid on the overhead pro- 
jector or the chalkboard to review transla- 
tions, rotations, and reflections. 


INVESTIGATION 

Have students draw AABC and lines m and 
n on graph paper. Emphasize that in part B 
of the Investigation the reflection image of 
AABC in line m (part A) is to be reflected in 
line n. 


DISCUSSION 

It will be obvious to most students that there 
is not a single reflection or translation that will 
map AABC onto AA" B" C". However, a 180° 
rotation (3 turn) about point O, the intersec- 
tion of lines m and n, is equivalent to the com- 
bination of reflections. 

Exercise 2 may help students to realize that 
a combination of reflections in a pair of inter- 
secting lines is equivalent to a rotation about 
the point of intersection of the lines. 

Exercise 3 should help students understand 
that a combination of reflections in two parallel 
lines is equivalent to a translation. For example, 
if AXYZ is reflected in line a followed by a 
reflection in line b where a||b, then X" Y" Z" 
is a translation image of AX YZ. 


a b 
X Y ys NE De! yi" 
(p= Sere 
| Ws 
a7, 
[ey 
17 
Vv 
IB, Zs Ze 
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Investigating the Ideas 


Draw AABC and perpendicular 
lines m and rn on a sheet of 
graph paper. 





. Try the Investigation again 


. Try the same combination of reflections again. 


Combinations of Motions 





Can you find the following 


reflection images? 


Find the reflection image 
of AABC in line m. Call 
it AA’ B'C’. 

[p]Find the reflection image 
of AA'B’'C’ in line n. 
Call it AA” B”"C". 








Discussing the Ideas 


1. AA"B"C" is said to be the reflection image of AABC 


after a reflection in line m followed by a reflection 
in line n. 


A Is there a single reflection that will map AABC 
onto AA"B"C"? Use a clear plastic mirror to 
help you. 

B Is there a single translation that will map AABC 
onto AA"B"C"? 


c Is there a rotation that maps AABC onto AA” B"C"? 
Use a piece of tracing paper to help you. 


with lines m and rn intersecting 

but not perpendicular. What A 
conclusions can you draw about 

this combination of reflections? 


This time, have lines m and rn parallel to each 
other. How is this result different from that 
found in Exercise 2? 





Using the Ideas 


For each exercise, draw or trace the figures given. 
Then perform the combination of motions given and 
show the final image. Use a plastic mirror, graph 
paper, or tracing paper to help you find the final 


image. 


1. Translation: 
a followed by b. 





3. Reflection in line r 
followed by a reflection 
in line s. 





5. Reflection in line n 
followed by a reflection 
in line m. 


2. 


4. 


6. 





Clockwise 
rotations: 
120° followed 
by 90° with 
centre O. 
\ 
Ovo n' 
Lea 
| 
90° clockwise rotation 
followed by translation c. 
Ix/00 
| Cc 
| —_—_—_—_—_—_—_————.?, errr 
Reflection in line t 


followed by translation d. 






a 


UTILIZATION 

For the exercises, students can draw enlarged 
versions of the figures shown in the text. En- 
courage students to be reasonably accurate in 
showing the various motions, but strive for 
understanding of the motions involved rather 
than exactness in geometric construction. 
Allow students to display and discuss their 
solutions on the overhead projector or at the 
chalkboard. 


EXTENSION 

Enrichment: Prepare some exercises for stu- 
dents that involve a combination of three mo- 
tions. For example: 


Find the image of AASBC after a translation 
by arrow a, followed by a reflection in line 
¢, followed by a 4-counterclockwise rotation 
about point O. 






























































C 





Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 


G-I1 


Objective 

Given two geometric figures which are 
images of each other for some rigid motion, 
the student can make stat-ments of congru- 
ence about corresponding parts of the figures. 


PREPARATION 
Materials: Tracing paper, plastic mirror, graph 
paper (Duplicator Masters, page 83). 

Review the three motions (reflections, trans- 
lations, and rotations) studied in this module. 
Emphasize tha: the image of any geometric 
figure for anv of these motions appears to have 
the same size and shape as the original figure. 


DISCUSSION 

The term rigid motion is introduced in Exercise 
1 to describe any of the three motions studied 
thus far. Rigid motions are sometimes called 
distance preserving motions because, if P and 
Q are any two points in the plane and P’ and 
QO’ are their respective images for some rigid 
motion, then (PQ) =¢(P'Q’'). 

Exercise 2 introduces the idea of congruence 
in terms of rigid motions. Emphasize that the 
notation used for congruence denotes the cor- 
respondence between congruent parts of two 
geometric figures. 

Exercise 3 suggests how a 5-clockwise rota- 
tion about point O can be used to show that 
vertical angles, ZAOB and ZA' OB’, are con- 
gruent. To show that 2 BOA' = ZB'OA, we 
can observe that the half turn about O gives 
the mappings B ~ B', O — O,A' — A. Hence 
ZBOA' = ZB'OA. 


G-12 


. Draw two intersecting lines m and n 


Rigid Motions and Congruence 
Discussing the Ideas 


1. Each of the motions you have studied (translations, 


reflections, and rotations) is called a rigid motion 
because the image of a given figure after one of the 
motions is the same size and shape as the original figure. 
A Which rigid motion is 
illustrated if AA’ B’'C’ 
is the image of AABC? 


B Could AX'Y’Z’' be the 
image of AXYZ for one 
of the three rigid motions? 
Explain your answer. 





. The image of any geometric figure 


for any rigid motion or combination 

of rigid motions is a figure which 

is congruent to the original figure. 
Thus, if ARST is the image of AJKL 
for some rigid motion, then we say 
that AJKL is congruent to ARST. 

We write this as AJKL = ARST. 

The parts of each figure that match 
each other are called corresponding 
parts and are congruent to each other. 


For example, in the figure, 


KJ = SR because K @ SandJ @R 
ZLJK = ZTRS becauselL @~7,J—R,andkK<S. 


a What other pairs of corresponding parts can you find? 
B What statements of congruence can you write for them? 





and mark points A and B as shown. 

A Find the images of points A and B 
after a 5-clockwise rotation about 
point O. Call the images A’ and B’. 

B ls OB = OB’? Is OA = OA'? Why? 

c Since 2A'OB’ is a rotation image of 2 AOB, 
is ZAOB = 2A'OB'? 








I 


1. AABC is a rotation image 
of ADEF with point O as 
the centre of rotation. 
Complete each statement: 


A AB =| dD 2A =Illll 
B BC =|lll —e 2B =|lll 
c AC = lll F 2C=llll 


2. Suppose the two quadrilaterals 
are reflection images of each 
other in line ft. 


A Write statements of congruence 
for the corresponding pairs of 
segments. 


B Write statements that show which 
pairs of angles are congruent. 


3. Lines ¢ and m intersect at point A. 

Consider a translation of the points 

in the plane by the arrow from A to A’ 

The translation maps B > B',C —C’, 

A—A’',and A’ > A". 

A What is the image of line ¢? 

B ZA"A'C’ is the translation image 
OL 

c Is ZA"A'C’ = ZA'AC? 

pd List other pairs of congruent 
angles in this figure. 


Use the figures on the grid 
for Exercises 4 and 5. 


4. Find two quadrilaterals which are 
A rotation images of each other. 
B reflection images of each other. 
c translation images of each other. 


5. Write a statement of congruence for 
each pair of quadrilaterals named 
in Exercise 4a,B, andc. 


Using the Ideas 


C e iS 
B 
A fa 
D 


/ 


N 








UTILIZATION 
The exercises provide practice in relating the 
rigid motions to pairs of congruent figures and 
identifying corresponding congruent parts. 
Plan to discuss the exercises in detail 
after students have completed them. The 
translation in Exercise 3 not only shows that 
ZLA'AC = ZA"A'C' but also shows that 
ZBAA' = ZB'A'A". If A is the image of A’”’ 
(see figure below), then ZA''’'AB = ZAA'B, 
ZA'"'AC = ZAA'C'. By referring back to 
Discussion Exercise 3 on page G-12, it can 
be shown that pairs of vertical angles such as 
ZAA'B' and ZA''A'C' are congruent. 





EXTENSION 

Remedial: Prepare a duplicated sheet of at 
least 6 pairs of congruent geometric figures. 
Have students decide which pairs of segments 
and angles are congruent, and then write state- 
ments of congruence for these pairs of corres- 
ponding parts. 


Assignments 
Minimum 1-3. Average 1-5. Maximum I-S. 


Objective 
The student can identify the corresponding 
parts of two congruent triangles. 


PREPARATION 
Materials: Tracing paper. 

Review the fact that to be congruent, figures 
must have the same size and shape. Then begin 
the Investigation. 


INVESTIGATION 

The Investigation provides a visual puzzle 
to motivate students. Tracing paper can be 
placed over the drawing and students can 
check for congruence by tracing and compar- 
ing the various triangles. There are two pairs 
of congruent triangles: ACBH = AGFA and 
AJBF = ANMF. It is not necessary for all 
students to find both pairs. 


DISCUSSION 

Two triangles are congruent if there is a cor- 
respondence between the vertices such that 
corresponding sides and corresponding angles 
are congruent. Exercise | presents this defini- 
tion in symbolic form. Point out that an equal 
number of slash marks through the two sides 
of the triangles indicate congruent segments. 
Slash marks are also used on arcs connecting 
the sides of angles to indicate pairs of congruent 
angles in drawings. 

Emphasize that the notation for congruent 
triangles indicates the correspondence between 
the corresponding congruent parts. Thus, if 
Pu@m—A1SU then 2P= ZT wLO= 2S; 
ZLR=ZU,PO =TS,PR=TU, and QR =SU. 

Exercise 3 simply applies the definition of 
congruence. Since there is a correspondence 
between the two triangles such that all the 
corresponding parts are congruent, the two 
triangles are congruent. 





Congruent Triangles 


Investigating the ideas 


Study the drawing 
at the right. 





Discussing the Ideas 


1. 


2. 


Can you locate a pair 
of congruent triangles 


in the drawing? Check 
by tracing the triangles. 





The figure below shows how corresponding segments and 
angles of congruent triangles can be marked. 


A D 


tA=2D AB =DE 
AABC = ADEF => 2B =ZE and BC=EF 
LC=ZF AC = DF 


What statements can you make about the corresponding 
parts of the congruent triangles in the Investigation? 


The statement AJKL = AXYZ means that the vertices 
of the two congruent triangles are matched this way: 
eX Kesey and eZ 
A The correspondence above means that JK = my 
What other pairs of segments must be congruent? 
B The correspondence above also means that ZJ = ZX. 
What other pairs of angles are congruent? 


A Name the pairs of sides 
that are congruent. 

B Name the pairs of angles 
that are congruent. 

c What statement of congruence 
can be written for the two 
triangles? 





. In the figure, ADEF = AD'E'F'. 


a DE = lll D 
B FE = lll E 
c DF = lll F 


. Complete each part. 


a HI = |ll : 
e J = il F 
c HJ = lll c 
> 2H = ill 


. ARST = AXWY. Write statements of congruence 
for the pairs of congruent segments and pairs 


of congruent angles. 


. In each figure, a pair of congruent triangles 
is shown. Decide which vertices correspond, 
then write a statement of congruence about 
the triangles. 


D 





EXAMPLE: 
A ABD = ACBD 


2D =Ilil 
ZE =illl 
ZF =illl 


41 =Illl 
ZJ = ill 
AHId = Ill 





Using the ideas 








UTILIZATION 

The exercises provide practice in determining 
pairs of corresponding parts of congruent tri- 
angles. In discussing Exercise 4 you may have 
students name corresponding segments and 
corresponding angles for each pair of congruent 
triangles. 


EXTENSION 

For appropriate further practice exercises, see 
Workbook page 70 and Duplicator Masters 
page 41. 


Think Solution 

The largest triangle and the 16 smallest tri- 
angles are obvious. Then as illustrated in Fig- 
ures A, B, and C, there are 3, 4, and 3 triangles, 
respectively. Thus, the totalis 1 + 16+3+4+ 
3 = 27. 


B Tn 
A 
AN\\\\\WAA 
3 triangles 


4 triangles 3 triangles 














Assignments 

Minimum 1, 2, 4A-B. 
Average |, 2, 3, 4A-D. 
Maximum 1-4. 


) 


Objective 
The student can apply the Side-Side-Side con- 
congruence theorem to appropriate pairs of 
triangles. 


PREPARATION 
Materials: Centimetre ruler, compass. 

Since the Investigation requires a construc- 
tion, you may want to review construction of a 
triangle, given three sides. Have some students 
demonstrate their construction method on the 
chalkboard. 


INVESTIGATION 

Suggest to your students that they make the 
construction of the triangle as carefully as 
they can because they will later compare their 
constructed triangle to those of their class- 
mates. When all have finished, proceed imme- 
diately to the Discussion Exercises. 


DISCUSSION 

Have the students compare their triangles by 
superposition. If one construction is placed 
on the other and held to the light, it is possible 
to see whether the triangles coincide. When 
the triangles do not seem to be congruent, ask 
the students to remeasure the lengths of the 
sides and review their construction to see 
where inaccuracies have occurred. 

The results of the Investigation should make 
the acceptance of the Side-Side-Side Theorem 
(SSS) quite natural. Point out that we need not 
know anything about the angles of a pair of 
triangles to apply the Theorem. But once we 
can establish that two triangles are congruent 
by the SSS Theorem, then it follows from the 
definition of congruent triangles that the cor- 
responding angles must be congruent. 


G-16 


The Side-Side-Side Theorem 


Investigating the ideas 









Can you make a drawing of a triangle whose 
sides are as long as the segments below? 











Discussing the Ideas 


1. Compare the triangle that you 7] ; 
drew with a triangle drawn by 


one of your classmates. You ; b 19 
may have to rotate, translate, 
or reflect one of the triangles. To ra 


Do the two triangles seem to be 
congruent? 


2. From the result of the Investigation, you may be able 
to see that the following statement or theorem of 
geometry is true. 

a _ The Side-Side-Side Theorem (SSS) 


EIN ides of one triangle are congruent to the pore poreinc 
side of another triangle, then the triangles are congruent. 
















Each pair of triangles below are congruent because of 
the SSS Theorem. Write a statement of congruence for 
each pair of Sele ets angles. 


as, * lim. dil, 


Note: BD = BD WwW 


Using the Ideas 


oO B Pb 


A? =A?. (SSS Theorem) G 
1280 a 
fA NEV ALD 
Avo? A? 
B Which pairs of angles 
are congruent? 


yy 


. The two triangles in each figure are congruent because 

of the SSS Theorem. You will also notice that the two 
triangles in each figure have a common side. Name the 
common side and then write statements of congruence for 
corresponding sides of the triangles. 


D C 
EXAMPLE: few SOLUTION: Common side AC 
AC = AC, AD = CB, AB = CD 


‘ - AABC = ACDA 
SR r p c § D A 
AeA 4 
U 
3 . ‘ N R ie Cc 
. ABCD is a square. Art 


Show that AABD = AACD 
by the SSS Theorem. 





. An isosceles triangle has 

a pair of congruent sides. 

Suppose AABC is isosceles 

and AC = BC. Let M be the 

midpoint of AB so that 

AM = MB. 

A Is AAMC = ABMC? Why? A B 
Bp Is ZA=2ZB? M 


UTILIZATION 
Exercises 1, 2, and 3 provide practice applying 
the SSS Theorem. 

Observe that Exercise 5 contains, essentially, 
the proof that the base angles of an isoceles 
triangle are congruent angles. 


EXTENSION 

Workbook page 71 provides exercises that 

would be suitable for use in extending prac- 

tice with the ideas presented in this lesson. 
Enrichment: Ask students to find and name 

three pairs of congruent triangles in the figure. 


G 


A fe, 


Solution 
AABF = AEDF AABE = AEDA 
AADC = AEBC 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-S. 


G-17 


Objective 
The student can apply the Side-Angle-Side 


congruence theorem to appropriate pairs of 


triangles. 


PREPARATION 
Materials: Tracing paper, rulers. 

Review the SSS congruence theorem. You 
might tell the students that in this lesson they 
will explore another way to determine whether 
or not two triangles are congruent. 


INVESTIGATION 

Have the students trace the two angles and 
draw AC and DF to form two triangles. Then, 
they should cut out the two triangles and use 
superposition to decide whether the two tri- 
angles are congruent. 

We can prove AABC is congruent to ADEF 
in the following way: If one of the figures 1s a 
rigid motion image of the other, we have 
A DO Fe eand 3B <> 2. Then, bye the 
definition of rigid motions, AC = DF. Since 
AB =DE and BC =EF, it follows that 
AABC = ADEF by the SSS theorem. 


DISCUSSION 

Students will generally accept the Side-Angle- 
Side Theorem quite readily. However, if they 
are to use this theorem efficiently, you will 
need to emphasize some techniques for identi- 
fying the “included angle.” Some of the tri- 
angles shown in Exercise 3 can be used to 
reinforce this idea. Provide additional ex- 
amples as needed. 


The Side-Angle-Side Theorem 


Investigating the Ideas 


Suppose a rigid motion maps one D 
figure onto the other so that the A 

pairs of corresponding parts are 

congruent as marked. 

Do you think the two triangles 

with vertices A, B, C and D, E, F B C 


will be congruent? ss 


Can you trace the figures and complete the triangles, 
to check your guess? 


Discussing the Ideas 











1. From the parts marked congruent in the figure above, 


2. From the discussion above, you may see that another 
congruence theorem for triangles is true: 


E 
the correspondence for the rigid motion is A D 
A@-D,B<E,andC<-F. 
a Is AC = DF? 
B Is AABC = ADEF? Why? B C 
F 





in the Investigation picture, 2 B is the “included angle’’ 
for sides AB and BC. What sides form the included angle E? 


3. Each pair of triangles below are congruent. Which 
congruence theorem, SSS or SAS, applies to each pair? 


LZ ee 
‘oe 





PorAc ANGsaee ay 2). 
B Which congruence theorem 
is illustrated? 


GEAR =n A=. 7B 2 


2. Complete each statement. 


A AB= 


? 
(Jee 


BAC=2 


p AACD = A ? because 
of the ? Theorem. D 


Using the Ideas 


a. z 


B 


3. In each pair of triangles, pairs of congruent sides 
or angles are marked. Tell whether each pair of 
triangles illustrates the SSS Theorem or the SAS 


Theorem. 


A 








i 


one 
Sal 


h\ 


UTILIZATION 

Exercises | and 2 apply the SAS theorem di- 
rectly. Both the SAS and the SSS theorems are 
applied in Exercise 3. 


EXTENSION 
Additional suitable practice exercises are pro- 
vided on page 72 of the Workbook. 

Remedial: Have students draw an angle; 
then draw two segments. 


Bee. 


Oe 
——————————————— | 
Using straightedge and compass, construct a 
triangle with two sides and the included angle 
congruent to the segments and angle. Repeat 
the construction. The two triangles should be 
congruent by the SAS congruence theorem. 
Enrichment: Ask students to show that the 
bisector of the apex angle of an isosceles tri- 
angle bisects the base of the triangle. (See 
the figure below.) 


SAG 


Solution: Given AD bisects ZL CAB. AB =AC. 
Therefore, ZCAD = ZBAD, AD = AD. 
ABAD = ACAD by SAS Theorem. BD =CD 
because they are corresponding parts of con- 
gruent triangles. Therefore D must be the mid- 
point of BC, so AD bisects BC. 


Think Solution 
There are 7 pairs of congruent triangles: 


ACGD = AEGD ACFE = KEBG 
DKCGB =2AEGA ACFA = EBA 
WwCGA =AEGA AABG = AAFG 


ACDA = AEDA 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-3. 


G-19 


Objective 

The student can apply the Angle-Side-Angle 
congruence theorem to appropriate pairs of 
triangles. 


PREPARATION 
Materials: Tracing paper, rulers. 

Review the SSS and SAS congruence theo- 
rems, pointing out that these two theorems 
allow us to conclude that two triangles are 
congruent when given a minimum amount of 
information about the triangles. 


INVESTIGATION 

Have the students trace the angles and seg- 
ment and complete the drawing of AABC. 
They can compare their drawing with those of 
their classmates. Note that in some cases 
students may find it necessary to turn one tri- 
angle over in order to get the two triangles to 
coincide. 


DISCUSSION 

In discussing Exercise 1, the term ‘included 
side” should be emphasized and illustrated 
with additional examples, if needed. Exercise 
2 contains the formal statement of the Angle- 
Side-Angle (ASA) congruence theorem sug- 
gested by the Investigation. Exercise 3 pro- 
vides practice in selecting the congruence 
theorem that applies to the given pair of con- 
gruent triangles. Supply additional similar 
examples on the chalkboard if further reinforce- 
ment is needed. 


The Angle-Side-Angle Theorem 


Investigating the Ideas 


Make a drawing or tracing of 1 
a triangle, AABC, in which 
LA=241, 282242 X 7 cm Me 





and AB = XY. 


Can you compare your triangle 


with a classmate’s triangle to 
see whether they are congruent? 





Discussing the Ideas 


1. In AABC of the Investigation, AB is 
said to be the “included side”’ with 
respect to angles A and B. Does the 
Investigation suggest another theorem 
about congruent triangles? Can you 
state it? 





2. The Investigation suggests this congruence theorem: 





A What is the “included side” for AUVW? for AXYZ? 
B Which side is congruent to WV? to UV? 
c Which angle is congruent to 2 V? 


3. Each pair of triangles are congruent. Which congruence 
theorem (SSS, SAS, or ASA) applies to each pair? 


AA 3 


i. fie ai 
» Das a 


Using the Ideas 


1. Complete each statement. 
A APQR = A? because 
of the ? Theorem. 
Ba? Pease 2. 
c RP= 2? andPQ = ? 


2. Complete each statement. 
A AXYZ=A? 
B Ji = ?,H/=?, 
andy Xt5247. 





3. Each part illustrates either the SSS, SAS, or ASA 
congruence theorem. Give the correct theorem. 


A B 
c ; D 
*% 4. Tell which single rigid motion could be used to map 


one of the triangles in each part of Exercise 3 onto 
the other triangle. 


squares long by one square wide. 








1. Fold the strip into a model of a cube. (Some squares will 
be hidden.) 


2. Can you make a Cube using a strip only seven squares long? 





UTILIZATION 

Exercises | and 2 provide application of the 
ASA theorem. Exercise 3 provides practice 
with all three congruence theorems as they 
apply to the pairs of congruent triangles. 


EXTENSION 
Refer to Workbook page 73 and Duplicator 
Masters page 52 for additional suitable prac- 
tice exercises. 


Think Solution 
1. Mark off the strip into 25 centimetre squares 
and follow the illustrations. 





Step 2 


J. 


Poop) & 


Step 3 


2. Mark off the strip into seven squares. 





Step | 
f x Fold 
Fold 





Step ? i 
ni D 


Assignments 
Minimum 1, 2. Average I-3. Maximum 1-4. 





Objective Parallel and Perpendicular Lines 


The student can identify and make drawings 


of parallel lines, perpendicular lines, and right * : 
ae ae ‘i Investigating the Ideas 


angles. 

PREPARATION Trace or copy these figures on your paper. Then use 
Materials: Clear plastic mirrors, rulers, trac- a clear plastic mirror to complete this Investigation. 
ing paper. 


The standard definitions of parallel and per- 
pendicular lines are not stated in this lesson 
because the intent here is that the student be G 
able to see how the concepts of parallelism 
and perpendicularity can be related to the rigid 


motions. However, in case you should want to 3 m m Nb m 


provide the standard definitions, they are as 
follows: Can you find the reflection image in line m | 
j 2 
Line r is parallel to line t (r||1) if r and for each of the lines a, b, and ¢% | 


t are in the same plane and do not intersect. 
Line r is perpendicular to line t(r 1 rt) if 
r and ¢ intersect so that pairs of adjacent 





Discussing the Ideas 


angles are congruent. 1. If lines a and m do not intersect, they are parallel lines 
and we write a||m. Suppose the reflection image of a is a’. 

INVESTIGATION Are lines a and a’ parallel? 
Have students trace the three drawings. If 
clear plastic mirrors (see Preparation on page 2. What kind of lines are b and m, parallel or intersecting? 
G-8) are not available, students can fold their What can you say about line b and its reflection image? 
drawing on the reflecting line and show the 
reflection images. 3. How are line c and its reflection image related? 
DISCUSSION 


4. Since c is reflected onto itself by m, we say that c and m 
are perpendicular lines and write this as c | m. 
What kind of angle do perpendicular lines form? 


Observe that in Exercise 4 perpendicular lines 
are defined in terms of reflections. Each of the 
four non-straight angles formed are called 
right angles, and by reflection are seen to be 


congruent. 5. Suppose a line ¢ is translated by 
In discussing Exercise 5, bring out the fact some arrow a. What is the relation 

that the translation image of a given line by an between line ¢ and its translation 

arrow not along the line is a line parallel to the image? 

given line. This fact will already be familiar to 

students from their work with translations. 6. Lines m and n are parallel. 


Exercise 6 reviews vertical angles and cor- 
responding angles formed by a transversal of 
two parallel lines. 


Line t is a transversal of 

mand n. 

A Is: 27 =.237) (HINTS nink 
about a 3-clockwise rotation 
with centre A.) 

B Is 21 =*252 (HINT ahink 
about a translation from A to B.) 





Using the Ideas 


1. Draw a line @ on your paper. 
Use a translation to show 
a line @’ which is parallel to ¢. 


2. Draw a line m on your paper. 
Use a clear plastic mirror to 
help locate a line n which is 
perpendicular to m. m 


3. Perpendicular lines form 
right angles (SYMBOL: |). 
Are two right angles congruent 
to each other? 


4. Make a drawing of lines ¢, m, and t such that ¢||m and ¢ 1 t. 
What relationship is there between lines m and t? 


5. Make a sketch of lines r, s, and t for these conditions: 


risatpointA 
ritatpointBandA#B 


How are lines s and t related? 


6. Make a sketch of lines a, b, and c such that a||b and b||c. 
How are lines a and c related? 


IauURU 











Two race cars sped two laps around os 
a track. The first car averaged Ce 
200 km/h on the first lap and 240 km/h 2 
on the second lap. The second car — 
averaged 220 km/h for both la 0S. 









cutee 















= Which car won the race, or was it a tie? 


UTILIZATION 
The emphasis in the exercises is on construc- 
tion of parallel and perpendicular lines. Accu- 
racy of construction is not as important as a 
clear understanding and representation of the 
ideas. 

Exercise 5 suggests a way to use reflections 
to construct a pair of perpendicular lines. 


EXTENSION 
Further appropriate practice exercises are 
provided on page 74 of the Workbook. 


Think Solution 
Let d = the distance of one lap. 


= time for first lap 


First car: a 


= time for second lap 


. d.. idle? eae 
Fotalmer 5005 2407 2400 an TOU 


Second car, total time: 
d d 2d Id 


220 220  220ce ie 


nae 
240 

















Since d is the same distance for both cars, we 


can just compare the two fractions 7444 and 745. 
=r = os and FH = aeada - 
Since 7300 > aw. this means that the time for 


the first car was more than the time for the 
second car; the second car was the winner of 
the race. 


Assignments 
Minimum 1-4. Average 1-5. Maximum 1-6. 


Objective | Parallel and Perpendicular Planes 
The student can identify parallel and per- 


Ne : : d ? ‘ 
pendicular planes in parallelepipeds an Investigating the Ideas 


prisms. 

PREPARATION Suppose you cut out 

Materials: Graph paper (Duplicator Masters, this shape from graph 

page 83), scissors, cellophane tape (models of paper and fold it along 

cubes, parallelepipeds and prisms are optional). the dotted segments to 
This lesson extends to planes, the notions form a cube. 


of parallelism and perpendicularity. You may 
want to conduct a brief review of the ideas of 
the previous lesson before beginning this one. 





INVESTIGATION 

Have students study the drawing in the Inves- 
tigation and write their choices of opposite 
faces for the cube on a piece of paper. Students 
who lack good spatial intuition may find this 
problem difficult. Students should construct a ‘ 
model of the cube from the given pattern to Discussing the Ideas 
check their choices. 


Can you decide which pairs of lettered faces 
will be opposite each other on the cube? 





1. The pairs of faces of the cube that are opposite 


DISCUSSION each other lie in parallel planes. How would you 
Use the models that the students have made to define parallel planes? 

illustrate parallel planes and perpendicular 

planes. Emphasize that the faces of the cubes 2. Two of the faces that intersect, 


are only portions of planes. Planes are not 
limited in extent as are the faces of the cubes. 
Encourage students to observe in discussing 
Exercise | that parallel planes are two planes 
that do not intersect. Students may express 
this idea by saying that they are “always the 
same distance apart.” 3. Draw three lines that intersect 
Exercise 3 illustrates the geometric theorem at one point on your paper. 
that, if a line is perpendicular to two intersect- 
ing lines at their point of intersection, then it 
is perpendicular to the plane of the intersecting 


such as A and B, are in perpendicular 
planes. Which other pairs of faces 
of the cube are in perpendicular planes? 


A Can you hold your pencil so 
that it is perpendicular to 





lines. Thus, in part A, the pencil can be held exactly one of the lines? 

so that it is perpendicular to exactly one of the B Can you hold your pencil so 
lines; however, if the pencil is held so that it that it is perpendicular to 

is perpendicular to two of the lines (part B), two of the lines but not the 
it will also be perpendicular to the third line. third line? 


4. What objects in your room suggest parallel planes? 


5. What objects in your room suggest perpendicular planes? 


Le 


. A ‘box’ is a rectangular parallelepiped. 


. Prisms have bases which are 


Using the Ideas 


The figure shows a parallelepiped. 
The opposite faces are congruent 
parallelograms. 


A How many faces does it have? 
B Which face is opposite DFHB? 
c Are the opposite faces parallel? 


A Are the intersecting faces 
perpendicular to each other? 


B What shape is each face? 





congruent polygons in parallel 
planes and lateral faces which A 
are parallelograms. 
A Name the bases in this figure. 
B Quadrilateral ABCD is a lateral 
face. Name the other lateral faces. B 





Triangular Prism 


. Prisms are named according to their kind of base. 


What kind of prism would these patterns make? 
A B 


8cm 





%* 5. Make the models shown in Exercise 4. 


UTILIZATION 

The words parallelepiped, rectangular paral- 
lelepiped, prisms, and lateral faces are intro- 
duced in the exercises. For many students, it 
would be most helpful to treat Exercises 1, 2, 
3, and 4 as discussion questions. Exercise 5 
could be used as a class activity. 


EXTENSION 
The exercises on page 75 of the Workbook 
and page 53 of the Duplicator Masters would 
be suitable for further practice assignments. 
Enrichment: The models constructed for 
Exercise 5 could be used to illustrate Euler’s 
Formula for polyhedrons (see Unit C, page 
C-119): 
If F is the number of faces, V is the number 
of vertices, and E is the number of edges, 
then ae i — oe 
For the triangular prism, F = 5, V = 6, and 
pa), Yo fb Seb SD) = 2. 


ew 


For the hexagonal prism, F = 8, V 
E=18,V+F-E=8+ 12— |18= 


<r, 


Assignments 


Minimum 1-4, oral. Average 1-4, oral; 5. 
Maximum |-4 oral, 5. 


Objective 

The student can demonstrate the ability 
to work with the concepts presented in this 
module. 


UTILIZATION 
Use the review exercises in ways that will 
be most beneficial for your students. If the 
exercises are assigned for individual work, 
most students will benefit from a discussion 
of any problems that gave them difficulty. 

The exercises on page 76 of the Workbook 
provide further review of the major ideas intro- 
duced in this module. 
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REVIEWING THE IDEAS 


1. 


AXYZ is the translation image of 
ARST for arrow s. x 





A What is the image of point T? 
B What is the image of RS? 


> 


Draw a figure on graph paper. 
Show a “right 2, down 3” 
translation of the figure. 

¢ Translate the image of part B 
“left 4, up 1.” 


. The figure shows a rotation with 


centre O. D 


A E 


». 


¢ 


a Sa 
O 


a Which direction is the rotation? 
B What is the image of point B? 
c What is the image of 2 BAC? 


. Draw a square ABCD. A 


Show the rotation 
image of ABCD after 
a ?-counterclockwise 
rotation about point C. 


. Which triangle is the reflection 


image of AABC in line t? 





. How many lines of symmetry does 


a rectangle have? 


. Draw an equilateral triangle. 


Show all its lines of symmetry. 


. A Name the bases 


. True or false? 


The image of any geometric 
figure for any rigid motion 
is a figure congruent to the 
original figure. 


. Write a statement of congruence 


for the triangles in each part 
and tell whether the SSS, SAS, 
or the ASA congruence theorem 
ae 


Ri, Me 
Men, ll 


A B 
c 
D Cc 
. Line p is a translation image 
of line m. 
What is the ee 
relation of a 
m to p? 
p 


. Lines a and 5 are parallel. 


Ke 

4\a a 
5\6 
7\8 b 


a Name all the angles that 
are congruent to 23. 


B Name all the angles that 
are congruent to 22. 


A 


of the prism. 

B What shape are 
the lateral faces D 
of the prism? 












Which tga motion can be 
thought of as a motion that 
moves all points of the plane 
the same distance and in the 
same direction? 







2. Inthe figure, ARST = AXYZ. 
__ What single rigid motion would 
map ARST onto AXYZ? 








x is 
A 
Z. 
3. Point X is the 
| reflection image 
of Yin line m. Ao 


| How is XY related 
to line m? 


“4. Which figure does not have 
a line of oe 





_a square have? © 


RESEARCH PROJECTS 


A_ Investigate the topic of mazes. 


Try constructing some mazes and 


see if your classmates can find 
their way into or out of your 


maze. (See The Second Scientific 


American Book of Puzzles and 
Diversions by Martin Gardner; 


New York: Simon and Schuster, 


1960, pp. 112-118.) 


Aaa 


| 5. How many lines of symmetry does 


6. Suppose AGHI - ARST. 
ok Ale? sO 


in Exercises 7, 8, and 9, some pairs - 


of congruent angles and segments are 
marked. Tell which congruence theorem 


(SSS, SAS, or ASA) can be used to show 
the pair of triangles are congruent. 


«il ap 


10. This figure is 
a rectangular 
parallelepiped. 

a Faces ABCD and ? are 
parallel to each other. 
Bs Faces BGFC and CDEF are ? 
to each other. 


B Mathematicians think that every map 
in a plane can be colored with no 
more than four colors regardless of 
the number of countries on the map. 
However, no one has been able to 
prove this. Obtain some outline maps 
and color the states, provinces, or 
counties on the map with four or 
fewer colors. Try making your own 
maps and coloring them. 








TEST YOURSELF 
This self-evaluation test should provide stu- 
dents with a good measure of their understand- 
ing of the essential concepts introduced in this 
module. Students who demonstrate the ability 
to work effectively with the ideas covered here 
may be expected to perform well on an achieve- 
ment test for the module. 

Note that the correlation between the self- 
test items and the module objectives is indi- 
cated on the annotated student text page. 


RESEARCH PROJECTS 

For students interested in Project A, recom- 
mend the booklet Puzzles and Graphs by John 
N. Fujii; Washington, D.C.: National Council 
of Teachers of Mathematics, 1966, pp. 39-63. 
This book contains some excellent material 
on mazes as well as some challenging “Bonus 
Puzzles.” 

Students interested in Research Project B 
may find Martin Gardner’s story “The Island 
of Five Colors” delightful reading. It can be 
found in Fantasia Mathematica edited bv 
Clifton Fadiman; New York: Simon and 
Schuster, 1961. (Distributed in Canada by 
Musson Book Company, Don Mills, Ontario.) 
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hexominos are shown in the arrangement below 
covering an 11 by 19 rectangle with one square _ 

unit located in the exterior of the rectangle  — wad LHITE XQ LINGDS 
at the center of the long side. It is not possible 

to construct a rectangle using all 35 hexominos. 


MATHEMATICAL RECREATION . ] rc wl mW 
1. There are 35 distinct hexominos. These | }\ ly | ae 


A hexomino is a pattern of six connected squares. 
You can cut out hexominos from graph paper. 


The hexomino in a can be folded along the segments 
to form a cube. 


[A] 





2. There are 11 pieces which can be folded 


to form cubes, The numbers of these pieces are : 7 Hexomino e cannot be foldeditotomnarcoces 
aeoa4,.8, 1 4,183) 20923528, 3053.1, — 


Regions like ¢ and D are not hexominos. 


[o| 


1. How many different hexominos can you show on graph paper? 


2. How many hexominos can be folded to form cubes? 
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UNIT G: GEOMETRY 


Module 2: Measurement 


General Objectives 
To review measurement concepts of length, area, and volume. 
To strengthen understanding of metric units of measurement. 


of polygons. 


Performance Objectives 


80 RED Given a line segment, the student can find the length of the 
segment in terms of metric units. 


81 RED Given a polygon and the lengths of its sides, the student 
can find the perimeter of the polygon. 


82 RED Given a rectangular parallelogram region, the student can 
find the area of the figure. 


83. RED Given a triangular region, the student can find its area. 


84 RED The student can compute sums and differences of angle 
measures using degrees, minutes, and seconds. 


85 RED Given a right triangle and the measures of its legs, the 
student can find the area of the square on the hypotenuse of the 
triangle. 


86 RED Given a rectangular solid, the student can find its volume. 


87 YELLOW Given the measures of some of the angles of a polygon, 
the student can find the sum of the measures of the angles of the 
polygon and the missing angle measure. 


88 YELLOW Given a right triangle and the lengths of two of its 
sides, the student can apply the Pythagorean Theorem to find the 
length of the third side. 


89 YELLOW Given the dimensions of a prism or a pyramid, the 
student can find the volume. 


90 GREEN Given the dimensions of a rectangular container, the 
student can express its capacity and mass using metric units. 


Reviewing the Ideas 
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To review angle measurement and the sum of the measures of the angles 


To emphasize applications of the Pythagorean Theorem. 


To develop various mensuration formulas, namely, areas of rectangles, 
parallelograms, and triangles, and volumes of prisms and pyramids. 


Pupil Text 


G-32 


G-30 
G-32 


G-34, 


G-38, 


G-42, 


G-46 
G-40 


G-44 


G-50 


G-48 


eke) 
oul 


sas) 
35 


Bo 


43 


,47 


,41 


, 45 


5) 


, 49 
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Reteach-Reinforce 


WB 77 
DM 54 


WB 77 
DM 54 


WB 78 
DM 55 


WB 79 
DM 56 


WB 80 


WB 81 


DM 59 
DM 57 


DM 58 


WB 83 
DM 60 


WB 82 


WB 54 


Related Activities 


SP f-2 
DS b-1 


ASC AP-7, 8 
SP f-3 
PD e-2 


ASC AP-9 
SP f-3 
PD e-2 


SP e-1 


ASC AP-12 


SP e-4 
PD g-3, 4 


DS f-3, 4 


ASC AP-12, 13 


SWM 3 118, 
2135) 250259) 


SWM 3 119, 
210-211 


SP f-4 
SWM 3 


224-225 


SWM 3 
304-307 





MATHEMATICS 

The measurement process can be thought of 
as a function. The domain of the function 1s 
a set of points; the range is a non-negative 
real number. The diagram below shows the 
basic steps in the measurement process. 


. Select a unit 
. Divide object 


A number for 
> the measure 
into units of § 
. Count number 
of units 


S stands for 
object to be—> 
measured 





Before an object can be measured, a unit 
must be chosen. The following illustration 
shows the kind of unit used in the four types 
of measurement discussed in this module. 


Measure 


eee RAC ee 
Segment | Square Cube Angle 


Throughout history many different units have 
been used for measurement. In order to avoid 
confusion and to communicate effectively, 
people have come to accept standard units 
of measure. The majority of the people in the 
world use the metric system because it is 
extremely well suited to decimal notation. 








TEACHING THE MODULE 


Materials 

Tracing paper; metre sticks; metric tape; cen- 
timetre rulers; centimetre graph paper; scis- 
sors; string; thumbtacks; tagboard; cardboard 
boxes; models of prisms and pyramids; metric 
scales; scientific balances; plastic food bags; 
cellophane tape; rice, beans, sand, or other 
loose material; decks of playing cards. 


Vocabulary 

angle complementary angles 
apex angle cube 

area degree 

base exterior angle 

base angles gram 


height pyramid 


hypotenuse Pythagorean Theorem 
legs rectangle 

length second 

litre supplementary angles 
mass surface area 

metre trapezoid 

minute triangle 

parallelogram unit 

perimeter vertical angles 

prism volume 


In teaching this module, there are three 
main points of emphasis: 


The concept of measurement 

Practice in using measurement devices 
Developmient and application of the vari- 
ous formulas for perimeter, area, and 
volume. 


Wn — 


Although students are probably familiar 
with the concept of measurement, it should 
be stressed again. Because measurement is a 
very practical skill, some time should be de- 
voted to this aspect of measure. Therefore, it 
is essential that students actively participate 
in carrying out the Investigations and other 
measurement activities. Finally, students are 
expected to know and be able to apply the sim- 
ple area and volume formulas presented in this 
module. 

The metric system of measurement is em- 
phasized in this module. It is expected that 
most students will have had some exposure to 
this system, but little background is assumed. 


Lesson Schedule 

You will need to allow at least 12 days for 
coverage of all lessons in this module, if the 
lessons are covered at the rate of one per day. 
It is quite possible, if you devote some time to 
field work in measurement, special projects, 
or extra time to particular topics, that 4 or 5 
additional days might be used. 


Evaluation 

Paper and pencil tests on the content of this 
module must necessarily emphasize the men- 
suration formulas developed in the module. 


The students’ ability to use measurement 
devices, their ability to use estimation in mea- 
surement, and their understanding of the mea- 
surement process can be evaluated most 
effectively through your direct contact and 
observation of the students in their daily work. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Cloudburst, Vol. 5 (applications of length, 
area, capacity, etc.), 5100-5500 series; 
(Pythagorean Theorem), 6800 series, Mid- 
west Publications 

Creative Geometry Experiments, 
Cube,” No. 16, Midwest Publications 

Cubes, Cuisenaire Co. 

Developmental Math Cards, K17, L1, Addi- 
son-Wesley 

ESS: Senior Balancing, “Extensions,” Prob- 
lem Cards S1-S7, Webster, McGraw-Hill 

Experiments in Mathematics, Stage 2, pp. 40- 
41, Houghton Mifflin 

Geoboard Activity Cards, “Angles,” Geocards 
28-37, Cuisenaire Co. 

Let's Play Games in Metrics (games and ac- 
tivities coded “S’’), National Textbook Co. 

Measure and Find Out, Book 2, “The Metric 
System,” pp. 4-36, Scott, Foresman 

The Metric System, Addison-Wesley 


“Soma 


Manipulative Devices | 

Angle indicator (marker) (LaPine; Selective 
Educational Equipment) 

Calipers (Creative Publications) | 

Cubes —centimetre (1 gram mass) and colored 
(Addison-Wesley) 

Geoboards (Addison-Wesley) 

Geometric figures and solids (Creative Pub- 
lications; Geyer; LaPine; Sigma) 

Isometric geoboards (Selective Educational © 
Equipment) : 

Metric Aids (Addison-Wesley; Balla; Creative _ 
Publications; Dick Blick; Educational Teach- | 
ing Aids) | 





Games and Puzzles | 
| 


UNIT G: Geometry 


MODULE 2: Measurement 





OBJECTIVES: 








After completing this module, you should be able to: 


le 


> 


Find lengths of segments and perimeters of 
polygons using nonstandard units and metric units 
of length. 

Find areas of rectangles, parallelograms, and 
triangles. 

Compute sums and differences of angle measures 
in degrees, minutes, and seconds. 


. Find the sum of the measures of the angles of a 


polygon. 
Find the length of one side of a right triangle when 


the lengths of the other two sides are known. 
Find volumes of prisms and pyramids. 

Find the capacity of rectangular prisms using 
metric units. 
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Objective 


The student can use nonstandard units of 


length to measure segments and find perimeters 
of polygons. 


PREPARATION 
Material: Tracing paper. 

This lesson introduces the idea of linear 
measure with nonstandard units. It would be 
better not to use standard rulers in this lesson 
since the arbitrary choice of units of length is 
a point that should be emphasized here. 


INVESTIGATION 

The Investigation consists of two parts. First, 
the students are asked to determine how far 
it is from X to Y using AB as a unit. Ask stu- 
dents to pretend that they do not have rulers 
to measure either segment and let them devise 
some ways to solve the problem. Tracing paper 
should be supplied for those who want to trace 
XY, then mark off segments congruent to AB 
on XY. Other students may simply mark a seg- 
ment congruent to XY on the edge of a piece of 
paper, then mark off segments congruent to 
AB along XY. 

The second part of the Investigation involves 
using a step or pace as a unit to estimate the 
width or length of the classroom. You can ex- 
pect a variety of estimates and measurements. 


DISCUSSION 

The emphasis in the Discussion should be on 
the measurement process: the choice of a 
unit segment, dividing the segment to be mea- 
sured into segments congruent to the unit 
segment, and then counting the units. Of 
course, when there is not a whole number of 
units, the unit is subdivided into smaller units 
such as halves, tenths, and so on. 


Measurement of Segments 








Investigating the Ideas 


Suppose AB represents one of 
your steps (or paces) when you 
walk. About how many steps 
would you take to walk from 

XK OLYee 


Estimate how many of your actual steps it would take 
to walk across your classroom. Then check your guess. 


Discussing the Ideas 


1. To find the length of a segment, we first choose 
a unit segment. Then we count the number of times 
the unit segment is contained in the segment to be 
measured. If AB is the unit segment in the Investi- 
gation, what is the length of XY? 


2. If one of your steps is the unit, what is the length 
of your classroom? 


3. Why might two students get different numbers for the 
length of the classroom using their steps as units? 


4. The length of XY, to the 
nearest unit, is 3 units. 
We write: 7(XY) = 3 units. 
How can you find the length 
of XY to the nearest half 





unit? 
5. a Use a segment as long as M 
MN as the unit. Measure _—— 
the distance across your 
desk top. 
B Divide MN into ten smaller M 
units. Measure the distance ae Bee ery | 


across your desk top to the 
nearest tenth of a unit. 





Using the Ideas 


. A Give the length of A B 
each segment to the 
nearest unit. 

B Give the length of 
each segment to the 
nearest half unit. 

c Find the sum of the 
lengths for part B. 





. A What is the length of G H 
each segment to the ——— =k a i 
nearest tenth of a ! J 

, eee 
unit? K it | | 
B Find the sum of the a | 


lengths for part a. 
0-02. 4503704 '.05 


EXTRA SPECIAL UNIT RULER 


. The perimeter of a region bounded by segments 
is the sum of the lengths of the segments 
bounding the region. 





: . : Perimeter = 3 + 6 + 4= 13 units 
Find the perimeter of each region. 


3.54 





6.23 


A 


. Give the length and width 
of the rectangle 


A to the nearest unit. 
B to the nearest half unit. 
c to the nearest tenth unit. 


N 
= 


UNITS 





. What is the perimeter of the 
rectangle using the measurements | | 1 2 3 4 
of Exercise 4, part a? B? c? pues 





UTILIZATION 

The exercises involve a review of ideas con- 
cerning measurement of segments and perim- 
eter of regions using nonstandard units. Since 
this is largely review, you will want to proceed 
through this introductory material quite rapidly. 


EXTENSION 
Enrichment: Suggest that the students make 
rulers with units of their own choice. The rulers 
should be constructed from tagboard or heavy 
paper. Students might base their units on hands’ 
width, the length of their feet, or simply choose 
an arbitrary segment as a unit. Have students 
subdivide the units into tenths and measure 
various objects with the rulers. 

This project should help students appreciate 
the need for standard units of measurement. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1I-S. 


Objective 

The student can give lengths of segments 
using metric units and can express a metric 
length in larger or smaller metric units. 


PREPARATION 

Materials: Centimetre rulers, metre sticks or 
metric tape measures (Duplicator Masters, 
page 88). 

Discuss with the students the disadvantages 
of nonstandard units of length. Some students 
might be interested in the history of the metric 
system and could be asked to do some research 
on this topic and report their findings to the 
class. 


INVESTIGATION 

Have the students read through the Investiga- 
tion section. Before carrying out the suggested 
measurement activity, call attention to the 
symbols used for metre (m), decimetre (dm), 
and centimetre (cm). Emphasize that these are 
symbols, not abbreviations, and thus require 
no period. 

Students can use the ruler pictured in the 
text to make the measurement for part A. For 
B and C, metre sticks or metric tape measures 
will be needed. Give students an opportunity 
to record and report their measures. 


DISCUSSION 

Students should strive for mastery of the pre- 
fixes associated with the metric system. The 
prefixes deca- and hecto- are used infrequently 
and need less emphasis. 

When discussing Exercise 3, students can 
use the finger widths in millimetres found in 
part A of the Investigation as examples to be 
expressed in larger units. Thus, if the width 
of a finger is reported as 15 mm, this could be 
expressed as 1.5 cm, 0.15 dm, or 0.015 m. 

If necessary, provide additional practice 
in changing given measures to larger or smaller 


units before assigning the exercises on page 
G-33. 
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Metric Units of Length 


investigating the ideas 


—e eidecinere\(¢ rt 





The metre (m) is 
the standard unit 0 1 2 
for measuring length. 
Smaller or larger units 
are simply related to the 
metre by powers of ten. 


Centimetre (cm) 


10ldimi—slem 
100 cm=1m 
1000 mm =1/m 


Thus, 1 decimetre is 0.1 metre. 
1 centimetre is 0.01 metre. 
1 millimetre is 0.001 metre. 









Can you carry out one or more of the measurement 
activities below and record your results? 








[a] Find the width of each finger on one of your hands in millimetres. 
Find your height to the nearest decimetre. 
[c] Find the length or width of your classroom to the nearest metre. 


Discussing the Ideas 








1. The prefixes in the metric system 
tell the part or multiple of the 
basic unit. Give the missing 
number for each |||. 






: one > thousandth 
one hundredth 


one tenth 





A 1 centimetre (cm) = |i] metre (m 

Reer in a 
B 1 hectometre (hm) = ||ll| m 
¢ 1 decametre (dam) = |] m 
p 1 kilometre (km) = jl m 


2. The most frequently used units of length are the 
metre, kilometre, centimetre, and millimetre. 
Which unit or units would most likely be used 
to measure each of the following: 
A The length of a hockey field. 


B Airline distance between cities. 


c The thickness of a coin. 
p A person's waist. 


3. What would be the width of your middle finger in centimetres 
if it were 19 millimetres wide? 


Using the Ideas 


. Give the length of Ee eee 
each segment to the C D 
nearest ———— ! 
A centimetre. E iP 


B half centimetre. ' 
ec millimetre. 


Centimetre 


2. Express each measure in metres. 


A 500 cm p 2km G 47 dam Uee25.cm 
B 30dm E 1.6km H 15hm Kk 0.001 km 
ec 1200 mm F 227 cm 1 358 dm Lt 0.1 dam 


3. Express the measurement given in each statement in metres. 
A Some Australian earthworms are 152 cm long. 

A giraffe may be 5480 mm in height. 

A large blue whale was 0.0276 km long. 

A large African elephant may be 366 cm tall. 

A large polar bear may be 34 dm in length. 


moo wo 


4. Each measurement is given in metres. Express it in 
millimetres. 


A The world’s smallest antelope is only about 0.25 m tall. 
B The white-tooth shrew is about 0.038 m long. 

c The eye of a giant squid is about 0.3 m in diameter. 

p Asmall hummingbird has a wingspan of about 0.005 m. 


5. Find the perimeter of each region. 
A B c 


2.1 cm 





More practice, page S-22, Set 41 





UTILIZATION 

Assign the exercises as independent work. 
Exercises 3 and 4 concern measurements of 
some very large and some very small creatures 
in the animal kingdom. 


EXTENSION 

For additional practice exercises appropriate 
to this lesson, see Supplementary Exercise 
Set 41 on page S-22, Workbook page 77, and 
Duplicator Masters page 54. 

Remedial and Enrichment: Prepare a work- 
sheet containing a list of objects around the 
classroom or school to be measured using 
metric units. For those students who have had 
little experience with metric measurement 
this can be a valuable experience. A sample 
worksheet is shown below. 





























i Object Unit | Measure 
Pencil thickness mm 
Table height cm 
Chalkboard m 
Penny thickness mm 
Door height cm 
Book thickness mm 
Gymnasium length | m 
zu 
Assignments 
Minimum |, 2, 5. Average 1-5. 
Maximum I-S. 
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Area 
Objective 
The student can find the area of rectangular 
or parallelogram regions by using appropriate 
formulas. 


Investigating the Ideas 


Place your hand on a sheet of 
graph paper and trace around it. 


PREPARATION 
Materials: Centimetre graph paper (Duplicator 
Masters, page 83). 

No special preparation is required before 
students undertake this Investigation. 


INVESTIGATION 

This activity provides an effective way to 
introduce the concept of area. The number of 
unit squares (the squares of the graph paper) 
within the outline of the hand is the area of 
the region inside the outline. To determine the 
total number of squares, the students should 
combine the partial squares that were covered 
by the hand to obtain an approximation of a 
whole number of squares. Students will be in- 
terested in comparing results to determine who 
has the largest hand and who has the smallest 
hand. 


DISCUSSION 

You might use students’ hand outlines to 
motivate the introduction of the area formula 
for rectangles. For example, ask, “What is 
the largest rectangle you can show that is com- 
pletely contained in your hand’s outline?” 
““How many squares are in it?” “How can you 
find the area of this rectangle quickly?” 

It is expected that almost all students will 
be able to recall and use the area formula for 
rectangles: A = Iw. 

Exercise 4 illustrates the concept of “con- 
servation of area.” The total area of the odd- 
shaped region is the same as: the rectangle 
formed by reassembling the two pieces. This 
idea is vital to the development of the formula 
for the area of parallelograms. , 


1. To find the area of a region, we think 


. If the unit square is a square that is 1 cm on each edge, 


. “Cutting apart’ and ‘‘gluing together” 


About how many squares 
does your hand cover? 





Discussing the Ideas 


[1 Unit-square region 
of dividing it into unit-square regions : 
and then counting the number of units. 
Even if the borders are curved, we still 
“think” of counting unit-square regions 
to find the area. What is the area of your 
hand using the square region 

of the graph paper as the unit? 





then the area is expressed in square centimetres (cm?). 


Explain how to find the area of each rectangular region. 


A 4 cm _ 3.5 cm 


B c 





dmcm 


2cm 
2cm 





0.5 cm 


. Complete the sentence. 


The formula for the area A of a rectangle with length @ and width wis ?. 


can sometimes help you to find area. 
Use this figure to explain this idea. 





. Parallelogram ABCD has a base of 


length b and height of length h. D Cc 


A What is the length and width of 
rectangle DEFC? 


B Using the letters b and h, give a 


B 
| woe b ee 
formula for the area of the parallelogram. 


c What is the area if b=3.7 cm and h=1.1 cm? 


> 





Using the ideas UTILIZATION 
Encourage students to use the proper symbols 


1. Find the area of each rectangular region. to denote area. The symbols m*, cm*, mm? 
a ee : represent square metres, square centimetres, 





A B c ae : 
Z a and square millimetres, respectively. 
= 
Z A EXTENSION 
— To provide appropriate further practice, make 
34 ap selective assignments from Supplementary 
Exercise Set 42 on page S-22, Workbook page 
: J 78, Duplicator Masters page 55, and Arith- 
2. A rectangular room is 4.7 metreslong and 4.4 metres wide. ee Sil Carde A Pol andes Pee 
What is the area of the room? Enrichment: Ask students to find how many 
rectangles or squares with different areas they 
3. What would it cost to carpet the floor of the room in can show ona 5 by 5 nail geoboard where the 
Exercise 2 if carpeting costs $11.98 per square metre? unit of area is one of the small geoboard 
squares. 
4. What is the area of each parallelogram? Solution: Areas for each whole number from 
1 to 16 with the exception of 7, 11, 13, 14, and 
£ fe g 15 are possible. Samples are shown below. 


| 
hl= 14 mm 


Jie] 
b=23 mm 





b=6.4 cm b=3.7 cm 


5. Find the area of each region. 
B 





7.2 cm 





6. A house has a rectangular base that is 
22.4 metres long and 18.9 metres wide. 
The house is located on a rectangular 
lot 53.6 metres long by 32.6 metres wide. 
A What is the area of the base of the 
house? 

B What is the area of the lot? 

c What is the area of the part of the 
lot not occupied by the house? 


(Of course, the 16 unit square area consists of 
all the geoboard units.) 


Assignments 
Minimum 1-4. Average 1-5. Maximum 1-6. 





More practice, page S-22, Set 42 G-35 


Objective 

Given the base (b) and height (h) of a tri- 
angle, the student can find the area of the 
triangle by applying the formula A = sbh. 


PREPARATION 
Materials: Paper, scissors, and rulers. 

Review the area formula for rectangles be- 
fore students begin the Investigation. 


INVESTIGATION 

If you prefer, students can draw their triangles 
on graph paper and use the squares on the 
graph paper as unit squares. If other paper 
is used, students will need to measure length 
and width of the rectangle found and use the 
area formula. 

The triangular region should be folded so 
that the first fold brings the vertex of the largest 
angle to the base, with the fold line parallel to 
the base. This will avoid the problem of the 
vertex falling outside the base, even though the 
rectangle can be formed by additional folds 
when this is the case. Clearly the area of 
AABC must be twice the area of rectangle 
GDEF because of the double thickness of the 
paper formed by the folds. 


DISCUSSION 
Exercises | and 2 develop the area formula for 
a triangle based on the results of the Investi- 
gation. Exercise 3 can be used as an alternate 
approach in the development of the formula. 
When discussing Exercise 4, emphasize that 
either leg of a right triangle can be considered 
as the base and the other leg the height. There- 
fore, the area of a right triangle is half the 
product of the lengths of the legs. 


Areas of Triangles 


Investigating the ideas 


Draw a large triangular region 
on a sheet of paper. Let 2C 

be the largest angle of the 
triangle. Let h be the height 

of the triangle to the base b. 

Cut out the region. 

Fold vertex C to base b so that _ 
the fold line DE is parallel to AB. 
Fold vertices A and B to point C. 
Measure rectangle DEFG and 
compute its area. 


Can you determine the area of the original triangle 
by knowing the area of rectangle DEFG? 


Discussing the Ideas 





1. a Explain why the width of rectangle DEFG is 3-h, 
which is the height of AABC. 


B Why is the length of the rectangle 3 - b, where b 
is the base of AABC? 


2. Since the area of rectangle DEFG is (3- b) -(3-h) =4bh, 
why is the formula for the area A of the triangle A =}3bh? 


3. The figure below suggests another way to think about V 
the area of a triangle. Ur 


A What is the area of rectangle RSTU? 


B Find two pairs of congruent triangles 
in the figure. 


c Explain the formula: Area (ARSV)=3-b-h RZ : 





4. In right AABC, ZC is a right angle, B 
a and b are legs, and c is the hypotenuse. 
A |f b is chosen as the base, 


what is the height? 7 : 
B If ais the base, what is the height? 
c What rule can you state for finding A 2 LIC 


the area of a right triangle? 


Using the Ideas UTILIZATION 
The area of a trapezoid is found by using areas 


of triangles in Exercises 3 and 4: the area for- 
mula for trapezoids, A =3 h - (hb, + by), is not 


1. Find the area of each triangular region. 





: Ay 8 e given. However, you may want to show the 
development to some students. 
15 
2. Give the area of each triangular region. : Dae ee 
h 
1+-3.25-> A b, B 
dm 

3. A trapezoid is a quadrilateral with a pair of parallel sides which Area (AABC) = 3b,h; Area (AADC) = 3boh 

are called the bases of the trapezoid. Area (Trapezoid ABCD) = 





A Find the area of AABC 2b,h + tbyh = th(b, + by) 


B Find the area of AADC. 


c Find the area of the 
trapezoid ABCD. 


Exercise 5 defines surface area of space 
figures. This extension of area to space figures 
should present little difficulty for most students. 





29cm 
EXTENSION 


For students who would profit from further 
practice with the concepts of this lesson, pro- 
vide assignments from Supplementary Exercise 


: ; Set 43 on page S-23, Workbook page 79, 
5. The surface area of a space figure is the sum of Duplicator Masters page 56, or Arithmetic 


the areas of each face of the figure. Sl Gar APS. 
Find the surface area of each figure. 


A B 


4. Use the method suggested in 
Exercise 3 to find the area of the 15 cm 
trapezoid shown at the right. 





42 cm 


Think Solution 
The results of the operations given can easily 
be shown algebraically: 
Let n = the original number (not zero) 
(aio) Ol A 
(n — 3)? is to be subtracted from A and the 
result divided by n. Thus, 





103 cm 


17 cm 





15 cm 48cm 


[(n+ 5)? — 16] — (n—3)2 
n 
a (==> 10m. 25 — 16) i= oi) 
nN 





_ ow 
n 


16 


Assignments 
Minimum 1, 2. Average 1, 2, 5. Maximum 1-5. 





More practice, page S-23, Set 43 G37 


Objective 

The student can find sums and differences 
of angle measures which are expressed in 
degrees, minutes, and seconds. 


PREPARATION 
Materials: String, thumbtacks, tape. 

Prepare a model that illustrates an angle 
whose measure is | degree (1°) by following 
these steps: 


A. Cut a piece of string or thread so that it is 
114.6 cm long. 

B. Find the middle of the string. Use a thumb- 
tack to fasten the middle of the string to a 
piece of cardboard. 

C. Pull the ends of string tight and place them 
1 cm apart. Tape the ends of the string to 
the cardboard. The size of the angle is very 
close to | degree. 





DISCUSSION 

In this lesson, the student is given an oppor- 
tunity to review the basic meaning of angle 
measure using whole numbers and then to 
extend it to include the idea of measuring in 
minutes and seconds. Note that the degree is 
defined in terms of a right angle, not vice versa. 
The model suggested in the preparation section 
can be effectively used to help students vis- 
ualize an angle of 1°. To emphasize the small- 
ness of | minute, you might point out that a 
model of a I|-minute angle would have to have 
sides about 34.4 metres long in order for its 
opening to be | cm. A model of a l-second 
angle would have to have sides a little more 
than 2 kilometres long in order to have a sep- 
aration of | cm. 

Exercises 4 and 5 provide examples of addi- 
tion and subtraction of angle measures. You 
may need to supply additional examples for 
student practice before assigning the exer- 
cises on page G-39. 


G-38 


1. To measure an angle, first choose a 


Angle Measurement 


Discussing the Ideas 


unit angle. Then, on the given angle, Be ea 


“stack up” adjacent angles congruent Unit angle 
to the unit angle. Finally, count 
the number of units. 





Using the given unit angle, what 


is the measure of ZA? mZA=|llll units 


. Although a unit angle of any size may be 


used, the standard unit is the angle 
of one degree (1°). The size of a 


degree is such that the measure of y 

a right angle is 90 degrees. 

Estimate the measure of each angle 

below in degrees. R 

A B Cc mz R —= 90° 
a 


. When units smaller than one degree 


are needed, the unit angle of 1° is 
divided into 60 congruent angles, 
each called a minute (1’), and each 
angle of 1’ is divided into 60 con- 
gruent subunits called seconds (1”). 





What part of a degree is each of the following? 


A 30’ B 15’ c 10’ D 6’ Ee 1’ F 30” G 15” 
. The example shows how sums of EXAMPLE: 
angle measures are found. 37° 48’ 35" 
Explain how 52° 105’ 81” was 1507 462 
rewritten as 53° 46’ 21”. 52°105’ 81” = 52°106' 21” = 53°46’ 21” 


5. Explain each step in the subtraction example below. 


EXAMPLE: 37° 48'35" 37°47'95" 36°107'95”" 
15° 57' 46” — 15° 57’ 46" — 15° 57) 46" 
21°- 50°49" 


Using the Ideas 


. If ZAOB is a straight angle, what is the measure 
of each of the following angles? 


A ZCOB B ZCOA c¢ ZAOD 





. TWo angles are complementary if the sum of 

their measures is 90°. What is the measure of 

an angle which is complementary to an angle 70° 19° 
whose measure is 70° 19’? 


. Two angles which are supplementary must have the sum of their 
measures equal to 180°. What is the measure of an angle which 
is supplementary to an angle whose measure is 125° 38’ 15”? 


. Angles 1 and 2 are vertical angles. Angles 3 3 


and 4 are also vertical angles. The mZ1 is 30°. ear 
Ap VWhiatisin A227" SB What ism 414m 23? 4 

c What is m23? bp What ism2Z4? 

E Is it true that vertical angles have the same measure? 

. A ray of light striking a mirror is reflected 

so that the ray makes congruent angles with the 
mirror. Thus, ZAPC = Z BPD. lf mZAPC is 

23° 40’, what is mZ APB? 


. Amachinist must grind the angle on a dovetail 
piece as shown in the figure. 


A What is the greatest measure the angle may have? 
B What is the smallest measure the angle may have? 





. Find the sums of the angle measures. 


A 72°49’ 31” B 64°57’ 26” CeloZe DO mOn D 35°17’ 43” 
Som Omioe 82-1483500 Pie e950 4 91° 22' 30” 
. Find the differences of the angle measures. 
A 84°53’ 46” B 90° Calan tality Dp 142°19’ 25” 
Play SE SME” 38° 17' 40” Coucepees 106° 34' 17” 


More practice, page S-23, Set 44 


UTILIZATION | 

Complementary and supplementary angles are 
discussed in terms of angle measure in Exer- 
cises 2 and 3. When finding measures of com- 
plements or supplements of angles involving 
degrees, minutes, and seconds, students should 
rewrite 90° as 89° 59’ 60” and should rewrite 
180° as 179° 59’ 60”. 

When discussing Exercise 4, you will want 
to emphasize that vertical angles exist in pairs 
and that a given pair of vertical angles must 
have the same measure. 


EXTENSION 
Suitable additional practice assignments may 
be made from Supplementary Exercise Set 44 
on page S-23 and Workbook page 80. 
Enrichment: Some students may be inter- 
ested in doing some research on the geometry 
of a billiard table. See Mathematics, A Human 
Endeavor by Harold R. Jacobs; San Francisco: 
W.H. Freeman and Company, 1970, pp. 2-16. 


Assignments 
Minimum 7, 8. Average I|-3, 7, 8. 
Maximum 1-8. 


Objective Sums of Angle Measures of Polygons 


The student can compute the sum of the 
angle measures of a convex polygon. 


Investigating the ideas 


PREPARATION Draw a triangle on a piece C 7 

Materials: Heavy paper or tagboard, rulers, of cardboard and cut out the 

moa : triangular region. 

Draw parallel lines / and m with transversal A 

t. Have students identify the pairs of congruent Mark a point O on your paper. B B 

angles. In particular, encourage students to Then use the triangular region 

@bserve that 23 0125 and\24=-26, to copy each of its three angles ety 
side-by-side so that each of the ON, 


vertices is at point O. 


Can you try the Investigation with 


several triangles of different shapes? 





Discussing the ideas 


INVESTIGATION 1. What does the Investigation suggest about the 

If students copy the angles of the triangle care- three angles of any triangle? 

fully, side by side with the same vertex, they B 

will observe that regardless of the shape of the 2. Suppose that n|| AG 7 D n 


triangle, the two outside, nonadjacent rays i 9 

will fall along a line. (See student page annota- Alsc1= 24% 

tion.) This suggests the theorem that the sum B Is 22=5? 

of the angle measures of any triangle is 180°. c What is the sum A C 
Me Sens 2S nae 


DISCUSSION bp Explain why mZ23+m24+mZ5= 180°? 


Exercise 2 suggests a proof of the angle-sum 
theorem for triangles. Most students should be 


able to understand the reasoning of this prob- 3. Complete: The sum of the measures of the 


lem but should not be expected to reproduce it. angles of every triangle is ? . 
Exercise 4 has useful applications. If the 

measures of two angles of a triangle are known, 4. Explain how to find 

the measure of the third angle can be found by mZX in AXYZ. 

subtracting the sum of the measures of the other 

two angles from 180°. — 5. a What is the sum of the measures of 
EXEncises. 5 and 6 illustrate how convex the angles of AABC? 

polygons can be divided into triangles by arbi- ; 

trary segments drawn from one vertex to B What is the sum of the measures of 

another. Since a polygon having n sides can the angles of AACD? 

be divided into (7 — 2) triangles by this method, c What is the sum of the measures of the 

the sum of the angle measures of any convex angles in any convex quadrilateral? 


polygon must be (n — 2) - 180°. 


6. Explain how to find the sum of the angle 
measures of a pentagon. 





G-40 


Using the Ideas UTILIZATION 

Exercise 4 introduces the term apex angle. 
. Give the measure for x in each triangle. This is the angle included by the congruent 
sides of an isosceles triangle. In discussing 


A B c D 
Ca : x Exercise 5, encourage students to observe that 
7 the measure of the exterior angle at any vertex 
60° x 67° Xx 90° 45° of a triangle is the sum of the measures of the 


other two angles. An exterior angle of a poly- 





. The measures of two angles of a triangle are given. gon is formed by extending one side of the 
Find the measure of the third angle polygon through a vertex and the other side 
: aap ae aaa of the polygon containing that vertex. 
APS 2745" c 438°, 63° Ee2i 251.09 8. G 15°28’, 69° 28 i 
B £5077 50° Da o7..20- Fa4700'7.98> 15) H 60° 4'5”", 36° 25” ea 
Exterior angle 
. What is the measure of each angle of an equilateral triangle? 
R 
. The apex angle, 2A, of an isosceles “as Solution, Exercise 10 
triangle has a measure of 96°. What K x 10. Since the other Viernes are core 
are the measures of the base angles? Te Ss with 2G, letm2G =n. ThenmZH = 3p 
B mZ/l=n-+S. 
O stp 27 eet it tt SO 
. An exterior angle at vertex A of AABC yee tain Me ia Ws. 
is 2 BAD. What is mZ BAD? Asa? es n= 43°45" 
e ae 2n = 87° 30’ (ZH) 
. What is mZP of and n+5=48° 45. Koay 
quadrilateral MPQN? 
N EXTENSION 
. A What is the sum of the measures of Additional practice exercises are provided on 
the five angles of a regular pentagon? Duplicator Masters page 57. 


j 2 
B What is the measure of each angle? Tifton 


An object like a match or toothpick can be used 
to find this solution. Start at the side of any 
angle, rotate the match through the angle, and 
then slide the match along this terminal side to 
the next angle. Continue this process until all 
angles have been covered. The match will ro- 
tate through a total of 180°. 

Another solution involves a knowledge of the 
fact that the sum of the measures of the angles 
of a pentagon (figure formed inside the star) is 
540°. Working from this fact to the sets of sup- 
plementary angles formed between the penta- 
gon angles and triangle angles, the angle sum 
can be found to be 180°. 


. A What is the sum of the measures of the angles 
of a regular hexagon? 


B What is the measure of each angle? 


. A What is the sum of the measures 
of the angles of a regular decagon? 


B What is the measure of each angle? 


. In AGHI, mZH is twice MZG, 
and mZ!/ is 5° more than mZG. 
What are the measures of the 
angles? 


Assignments 
Minimum 1-4. Average 1-8. Maximum 1-10. 





G-41 


Objective 

The student can find the area of the square 
on the hypotenuse of a right triangle given the 
lengths of the legs of the triangle. 


PREPARATION 
Materials: Graph paper (Duplicator Masters, 
page 83). 

On the overhead projector or chalkboard, 
show some square regions like the one pictured 
below. Discuss ways of finding the area of these 
squares. 


© by oe» 


INVESTIGATION 

Have students read the Investigation, and make 
sure that everyone understands the activity to 
be carried out. Call attention to Discussion Ex- 
ercise | and suggest that students make a chart 
like this and complete it for the Investigation. 


DISCUSSION 

Students should discover from the Investiga- 
tion that only in the case of-a right triangle did 
the area of the square on AB (side opposite 
ZC) equal the sum of the areas of the squares 
on the other two sides. If possible, have the stu- 
dents repeat the Investigation with obtuse, 
right, and acute triangles of their own choice. 
They should observe that for an obtuse triangle 
the sum of the areas of the squares on the two 
shorter sides is /ess than the area of the square 
on the other two sides. For the acute triangle, 
the sum of the areas on the two shorter sides is 
greater than the area of the square on the long- 
est side. The Pythagorean Theorem deals with 
the case of equality, which exists when the tri- 
angle is a right triangle. 

In this lesson and the next the legs of right tri- 
angles will be labeled a and b consistently, 
while the hypotenuse will be labeled c, so the 
formula for Pythagorean Theorem can always 
be written as a? + 6? = c?. 


G-42 


The Pythagorean Theorem 


Investigating the Ideas 


In the figures below, squares have been constructed 
on the three sides of obtuse, right, and acute triangles. 


Obtuse AABC Right AABC Acute AABC 













The dotted segments may help 
you count the unit squares. 


Can you find and record the area of 
each square in each of the figures? 





Discussing the Ideas 


1. Copy and complete the table. 





2. The Investigation suggests a generalization for 
right triangles called the Pythagorean Theorem. 


In any right triangle, the sum of the areas 
of the squares on the legs is equal to the 


area of the square on the hypotenuse. 





What equation does the statement above suggest if a right triangle 
has legs of length a and b and hypotenuse of length c? 


1. Find the area of each square in each figure. 


Unit squares are indicated by the grid. 


A 





For Exercises 2 through 10, find the area of the square 


Using the ideas 





on the hypotenuse of each right triangle with legs of b 


length a and b. Study the flow chart. 


a7 Di—5 
2a 10m DiS 5.a=3 b=4 
3.a—1 b=1 6.a=06 b=08 
4.a=4 b=5 7.a=10 b=10 


* 11. The area of the square on the hypotenuse 


ofa right triangle is 85 square units. 

What are the possible lengths of legs a 
and b if both a and b are whole numbers? 
(HINT: There is more than one possibility.) 


a 


a? + b?=c? 








5?= 25 9+ 25= 34 c* = 34 


8.a=15 b=2 
9.a=54 b=65 
10.a=125 b=82 





UTILIZATION 

When students have completed the exercises, 
have selected students place their solutions for 
Exercises 2 through 10 on the chalkboard. 


EXTENSION 
Workbook page 81 offers exercises that may be 
used for extra practice assignments. 
Enrichment: Challenge students to solve this 
dissection problem, which is based on the Py- 
thagorean Theorem. 
Draw a 4-cm square and a 3-cm square side 
by side. Cut along the lines and boundaries 
shown in the figure. 


AZ 


bk I+ 


1. Use the five regions to reconstruct the two 
squares. 

Use all five regions to form one square 5 
cm on each side. (See solution below.) 


in) 





Assignments 
Minimum 1-7. Average I-10. Maximum 2-11 


G-43 


Objective Using the Pythagorean Theorem 


Given the lengths of two sides of a right tri- 
angle, the student can find the length of the 


third side. Investigating the Ideas 
PREPARATION : 
Review the Pythagorem Theorem and the for- What is the area of each 
mula a? + b? = c?. of the squares on legs 

a and b? 
INVESTIGATION 
The Investigation takes the ideas of the pre- What is the area of 
vious lesson one step farther. Since the sum of the square on 
the areas of the squares on legs a and b is 100, hypotenuse c? 


the area of the square on side c is 100 square 
units; therefore the length of hypotenuse c is 
10 units. 


DISCUSSION 

Exercise 2 illustrates how the formula for the 
Pythagorean Theorem may be applied to find 
the length of the hypotenuse. Exercise 3 shows 


Can you find 
the length of 
the hypotenuse 








how the formula may be applied to determine of this right 

the length of a leg of a right triangle. Give other triangle? 
examples if needed, but use care that lengths of 

all sides are whole numbers or simple rational 

numbers such as %, =, and % so that (3)? + F ‘ 

(3)? = (%)2. Avoid examples which would in- Discussing the Ideas 


troduce irrational numbers. 
1. Explain how you found the length of the hypotenuse 


of the right triangle in the Investigation. 


2. Study and complete c?=a’+ b? 
the solution for ys 
= 42 — 2 tn 3 
finding the length 5 y b=3 
of the hypotenuse c?=16+9 
of the right C205 a4 
triangle. 
c =llll 
3. Study and complete c?=a’+ b? 
the solution for 3 P 
=> o2 
finding the length tren eo 
of leg a of this 169 =a’*+ 144 Hi pee 
right triangle. 169 -—144=a2 
lll = a? 
lll = a , | a=? 


Using the ideas 


. Find the length of hypotenuse c for each right triangle. 


A B Cc 
c Ss c 
a aa 
a=6 a=12 


. Find the length of leg a or b of each right triangle. 


A x B ee Cc 
Da Guy Do y, 
a 
a 


. How long is the diagonal of a rectangle 
if the length is 8 cm and the width is 


=8 


c 
b 
a=15 
o 
Wi 
© b 
a=9 


6 cm? 
; : 3 
. What is the height h of 
this triangle? 
e-10-+| 


. Point C is chosen so that ACB is a 
right angle. How far is it across the 
lake from A to B if the lengths of AC 
and BC are 300 m and 400 m respectively? 





. Find the area of each region. (HINT: You must first 
use the Pythagorean Theorem to find the third side of 
a triangle in each figure.) 

B c 


5 10 


}+-3->}~—_—_— 7 ——+| |+-3->-|~_— 6 —+| 
. Find the length of the third side of each right triangle. 

Aa=12 b=16 ca=7 b=24 E b=30 c=34 
Ba=12 c=1.3 dp a=40 c= 41 F a=24 c=26 


More practice, page S-24, Set 45 


UTILIZATION 

Assign the exercises according to the needs of 
your students. It will be helpful to have a num- 
ber of them demonstrated at the chalkboard. 


EXTENSION 

For additional appropriate practice, see Supple- 
mentary Exercise Set 45 on page S-24 and Du- 
plicator Masters page 58. 

Enrichment: Some students might be inter- 
ested in further explorations related to the 
Pythagorean Theorem. 

1. The converse of the Pythagorean The- 
Orem is true and is stated as follows: 

If a triangle has sides of lengths a, b, and c 

and a’ + b> =’, then the triangle is a right 

triangle with c as the hypotenuse. 
Which of the following are possible lengths for 
the sides for a right triangle? (Answers: A, C, 











D; B) 

Nee 3D ACS 

By. =A, b= 5, e0=]0 

(C, G=6, B= Bs C= 10 
DE Mi IO = 25 
Ie, = We. b= SE S18 





B. The figure below can be used to give a 
proof of the Pythagorean Theorem. Each small 
triangle in the figure is a right triangle with legs 
a and b and hypotenuse c. 





Area of square RSTU = 
(a+ b)? =a> + 2ab-+ b> 
The area of square RSTU is also the sum of the 
areas of square ABCD and the four right tri- 
angles around this square. 
Area of square RSTU = 
c?2+4(¢ab) =c?+ 2ab 
Therefore, a* + 2ab + b> = c? + 2ab 


or i tS Oa Ce 
Assignments 
Minimum 1-5. Average 1-6. Maximum I-7. 


G-45 


Objective Volume 
Given the length, width, and height of a rec- 


tangular parallelepiped, the student can find Investigating the Ideas 
the volume by applying the formula V = lwh or 


ie To find the volume of a space region, you can 
S acer tt oe r G 1cm 

PREPARATION think of Sea it into unit-cube regions 
Materials: Metre sticks; centimetre rulers; and counting the number of cubes it 1 1m 
shoe boxes or other models of rectangular takes to fill the space. 

: cm 
solids. A cubic centimetre (cm) is a unit of volume. 

The concept of volume will be review for | 
most of the students, and you should plan your A cubic decimetre (dm) contains 1000 cubic centimetres. 


lesson accordingly. You might find it helpful, 
however, to discuss the concept and discuss 
standard units of volume before beginning the 
Investigation. | Can you estimate the volume of some of the space 
regions below and find a way to check your estimate? 


A cubic metre (m%) contains 1000 cubic decimetres. 


INVESTIGATION 
All students should be encouraged to try part | 
of the Investigation. If you have a supply of 





[1] The volume of your math book in cubic centimetres. 


plastic or wooden centimetre cubes, you might [2] The volume of a shoe box or a grocery bag in cubic decimetres. 
have some students stack up enough of the 
cubes to represent the volume of their math [3] The volume of your classroom in cubic metres. 
book. 
For parts 2 and 3 of the Investigation, stu- Discussing the Ideas 
dents should make estimates individually and 


then work in small groups to measure the ob- 1. a Count the cubes along the edge 7. 
jects and check their estimates. Count the cubes along the edge w. 
DISCUSSION How many cubes in the bottom layer? 


Cc 
The Discussion Exercises will help students to pb How many layers in height h? 
understand why the volume formula for rectan- & How many cubes in the solid box? 
gular solids (more simply known as boxes) is 
V =lwh or V = Bh. A thorough understanding 2. Explain why the volume V of the 


of the ideas presented in this lesson is essential rectangular solid (box) isy = /- w-h 
to prepare students for the later extension of 


volume concepts to prisms and pyramids. 








3. A What is the area B of the base of 
the box in terms of @ and w? 


B Explain why the volume of the box 


is given by the formulaV = B- h Area of base = B 


4. What is the volume of each solid? 





Using the Ideas UTILIZATION 
If students have difficulty visualizing the larger 
1. Find the volume of the shaded portion of each solid. figure described in Exercise 4, use cubes to 
show how the volume increases by 8 times (2") 


A B when each dimension is doubled. 


lL’ = 24 cubi¢ units 





If all of the dimensions are tripled (see Exer- 
cise 5), the volume increases by 27 times (3%). 


EXTENSION 

More practice exercises could be assigned from 
Supplementary Exercise Set 46 on page S-24, 
Duplicator Masters page 59, and Arithmetic 
Skill Card AP-12. 

Enrichment: An ancient problem was known 
as “Doubling the Cube,” that is, constructing a 
cube whose volume was double that of a given 
cube. The ancient mathematicians could not 
solve this problem using the standard geometric 
tools of compass and unmarked straightedge. 

Present the students with a cube that is ten 
centimeters on each edge (1000 cm®*). Chal- 
lenge them to construct a cube which has twice 
the volume, or 2000 cm*. The length of one 
edge of the cube is 2000 cm. Students can 
find, by trial and error, a number whose cube ts 
about 2000. It is about 12.6. 





Think Solution 
The problem can be solved by trying cubes 


3. Use the dimensions on the container at 


the right to complete each part. 
a Find the volume. whose sides have lengths 1, 2, 3, 


B How many litres of water will the Length of side: | 2 als 3: A 5 6 


container hold? (1_ = 1000 cm%) 18 cm Volume: 1,8. 27; 640 Re saeene 
Surface area: 67 24999547 SO Gua S OMG 





% 4. This L-shaped piece has 


a volume of 3 cm?. What 
is the volume of a similar 


Algebraically, we have 
Volume = s° and area = 6s”, where s =length 


of one edge. 
L-shaped piece that is twice If s* = 6s*, divide both members by s° to get 
as long, twice as wide, and s= 6. 
twice as high? 
Assignments 


Minimum 1, 2A-E. Average 1|-3. 


*% 5. What is the volume of the L-shaped 
Maximum 1-5. 


piece if every dimension is tripled? 








practice, page S-24, Set 46 
More practice, page Gu47 


Objective 

The student can give the capacity of a rec- 
tangular parallelepiped in metric cubic units 
and also in terms of litres (or millilitres). 


PREPARATION 

Materials: Empty milk or other watertight car- 
tons, scissors, rulers, metric scales or scientific 
balance, plastic food bags. 

Several days in advance of this lesson, ask 
students to bring in clean empty milk cartons. 
If one carton per student is not available, some 
students can work in pairs in the Investigation. 


INVESTIGATION 

The purpose of the Investigation is to provide a 
physical model of a container whose capacity is 
one litre. Students having little experience with 
this unit of capacity will benefit greatly from 
this activity. If cartons are not available, have 
the students make a model of an open box that 
will contain 1000 cm*. 


DISCUSSION 

The Discussion should emphasize the relation- 
ship of the centimetre, gram, and millilitre. 
1 cm* of water is one millilitre (0.001 litre) and 
has a mass of | gram. 1000 cm? (1 cubic deci- 
metre) has a capacity of | litre, and | litre of 
water has a mass of | kilogram. 

If possible, obtain metric scales and demon- 
strate that 1 litre of water has a mass of | kilo- 
gram. Place a plastic bag inside one of the liter 
cartons and fill the box with water. Then show 
that this mass balances a standard kilogram 
mass. Discussion Exercise 4 will help to pre- 
pare students for the written exercises. 
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Metric Capacity 


Investigating the ideas 


Obtain a large empty milk carton. 
Find the interior length and width 
of the carton in centimetres. 


Can you cut off the top of the 


carton so that the bottom part 
will have a volume of 1000 cm?? 





Discussing the ideas 


1. If you fill the bottom part of the 


carton with water, it would have a 
capacity of 1 litre (/) of water. 
What part of a litre of water is 

1 cm? of water? 


. One cubic centimetre of water is 


0.001 litre or 1 millilitre (mi). 
A What part of a litre is 500 ml? 
B What part of a litre is 10 ml? 


. The mass of one litre of water under 


standard conditions is 1 kilogram (kg), 
or 1000 grams. What is the mass of only 
one millilitre of water? 


. A What is the volume of the box 


in cubic centimetres? 

B What is the capacity of the 
box in millilitres? 

c What is the capacity of the 
box in litres? 

p What is the mass of water that 
the box would contain? 


. Find the capacity of some common containers 


in litres or millilitres. Then give the mass 
of water that each container will hold. 





Using the ideas 


1. Give the capacity of each container in millilitres. 





2. Give the capacity of each container in litres. 


e a 
10.5 cm 


0 cm 12.2 cm 


20 cm 17 cm 






15.8 cm 





16.2 cm 


3. Give the mass of water in grams that each container 
in Exercise 1 will hold. 


4. Give the mass of water in kilograms that each container 
in Exercise 2 will hold. 


5. A kilolitre (kl) is 1000 litres. What is the capacity 
of a tank in kilolitres if the tank is a cube one metre 
on each edge? 


6. Which container is large enough to hold 680 grams of water? 


A 
5 cm 
10 cm 14 cm 


7. How much larger in volume must the two other containers 
in Exercise 6 be in order to hold 680 grams of water? 


JURA 








“| 





When the open-top cube is one twelfth full of paint, 
there is just enough paint to cover the five faces of 
the open-top cube. How thick will the paint be on the 
box if you could use all of the paint in the cube? 





UTILIZATION 

Plan to allow time for discussion of the exer- 
cises. It is important that measures of capacity 
can be given in standard cubic units, but when 
liquid measurement is involved, capacity is 
often given in litres. Therefore students should 
be able to convert efficiently from cubic centi- 
metres to millilitres or from litres to cubic 
centimetres. 


EXTENSION 
Page 82 of the Workbook provides exercises 
that would be suitable for use as extra practice 
assignments. 

Enrichment: Some students may work to- 
ther to make a collection of common boxes, car- 
tons, bottles, and other containers. Make a 
display of the containers with labels stating the 
capacity in cubic centimetres and also in milli- 
litres or litres. 

This would also be an opportune time to en- 
courage some students to undertake Research 
Project C on page G-53. 


Think Solution 

An interesting way to solve this problem is to 
think of slicing the paint in the box into 5 
equally-thick slices, each of which will just 
cover one face of the box. Since the paint in the 
box is 7: of 6 cm or 5 mm high, each slice will 
be | mm thick. 


Assignments 
Minimum 1-4. Average !—-5. Maximum 1-7. 
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Objective 

The student can find the volume of a prism 
or a pyramid, given the appropriate dimen- 
sions or areas. 


PREPARATION 
Materials: Tagboard or cardboard; scissors; 
tape; rulers; sand, rice, beans, or other loose 
material; 2 decks of playing cards, or other 
packets of cards that are all the same size and 
shape. 

Have students begin immediately on the con- 
struction of the models for the Investigation. 


INVESTIGATION 

Some time and material will be saved if the 
Investigation is carried out by pairs or small 
groups of students. If the models are carefully 
made, students will discover that three “pyr- 
amidsful”’ must be used to fill the prism. Thus, 
the volume of the pyramid is only 3 the volume 
of the prism. 


DISCUSSION 

When discussing Exercise |, use decks of play- 
ing cards, sheets of paper, magazines, or books, 
stacking them to demonstrate the fact that the 
volume of the stack remains the same even 
when it is pushed over or twisted into a variety 
of shapes. From this, students should conclude 
that the volume formula for a prism must be 
area of the base times height. 

Relate Discussion Exercise 2 to the Investi- 
gation. Since it takes 3 pyramids to fill a prism 
whose base and height are equal to the base 
and height of the pyramid, the volume of the 
pyramid is 3 that of the prism, or V = 3Bh. 

Exercises | and 3 illustrate Cavalieri’s Prin- 
ciple, which can be stated as follows: 


If two solids lie between two parallel planes and 
if the two cross sections cut by any plane paral- 
lel to the including planes have equal areas, 
then the volumes of the two solids are equal. 


Thus, if you think of stacking equal-area cross 
sections, h layers high, for each pyramid, then 
the volumes must be the same. 
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Investigating the Ideas 


2. Explain why the formula for the volume of a pyramid 


Make copies of the patterns 

on cardboard, cut them out, 

and form models for an open- 

top prism and a pyramid with 

its base removed. Both models % 
will have the same dimensions 
for the base and height. 





Can you find how many ‘‘pyramidsful’”’ of sand, rice, 


or other fine material it takes to fill the prism? 





Discussing the Ideas 


1. The prism constructed for the Investigation is a 


right prism because the lateral edges are perpendicular 
to the base. Imagine a right prism (figure A) made of 

a large number of thin sheets of steel and then slid to 
form figures Band C. Gross 





A Is the height of each figure the same? 

B Are the cross sections of each figure the same? 

c Is the volume of each figure the same? 
D Explain the formula V = B- h h 


with base B and height his V=3:B-h 


. Do you think that an oblique pyramid has the same 


volume as a right pyramid with the same base and height? 
What do these figures suggest? The shaded cross 
sections are all at the same distance from their bases. 





Using the Ideas 


. Find the volumes of these prisms. 


A ‘ c D i 
Gs 72 
( i B= 14.2 Log 


. Use the formula V =}- B-h, where B is the area of the base 
and h is the height, to find the volume of each pyramid. 








B= 60 sq units 


. The Great Pyramid of Egypt had a square base of 230.4 metres 
on each side. Originally, the pyramid had a height of 146.5 
metres. What was the volume of the pyramid? 


. Aconcrete sidewalk is to be constructed that is 22 metres 
in length, 1.5 metres wide, and an average thickness of 

15 centimetres. 

A About how many cubic metres of concrete are needed? 


B Concrete has a mass of about 2300 kilograms per cubic 
metre. About how many kilograms of concrete are needed? 


. When an irregular object is submerged 

in water, it displaces a volume of 

water equal to its own volume. If 

a submerged object causes the water level 
in the tank shown to rise 2.5 centimetres, 
what is the volume of the object? 


. Asolid cube 12 centimetres on each edge 
has a square hole cut completely through 
the centres of the faces of the cube. 


A What is the volume of the part of 
the cube that was removed? 

B What is the volume of the remaining 
part of the cube? 





More practice, page S-25, Set 47 


UTILIZATION 

For convenience, we allow a shortcut in the 
language of volumes, just as we did in the lan- 
guage of areas; that is, we say “area of a 
square” when we really mean “area of a square 
region.” Also, we speak of the “volume of a 
polyhedron” when we really mean “volume of 
the region of space bounded by and including 
the polyhedron.” Accept this usage by stu- 
dents, but occasionally ask a question to remind 
them of the exact meaning of “volume of a 
polyhedron.” 


EXTENSION 
To provide additional practice, make selective 
assignments from Supplementary Exercise Set 
47 on page S-25, Workbook page 83, Dupli- 
cator Masters page 60, and Arithmetic Skill 
Cards AP-12 and AP-13. 

Enrichment: Ask students to find the volume 
of these polyhedrons. (Answers are given in 
parentheses.) 





(174% 
1 
93 units?) 


C Were 
5 


Ci — 
(40 units*) 


This would be a good time to encourage in- 
terested students to explore Research Project 
B on page G-S3. 





45 (3643 units") 


Assignments 
Minimum 1-2. Average 1-4. Maximum 1-6. 


Objective 

The student can demonstrate the ability to 
work with the major concepts presented in this 
module. 


UTILIZATION 
There were several formulas developed in this 
module which should be mastered by the stu- 
dent. These are summarized below. 
Area Formulas 
Rectangles: A = ' - 
and / is the length. 
Parallelograms: A=hb- h, 
base and A is the height. 
Triangles: d = 3 - b+ h, where b is the base 
and h is the corresponding height (altitude), 


/, where w is the width 


Where 6 is the 


The Pythagorean Theorem states that for 
every right triangle, the sum of the areas of 
the squares on the legs is equal to the area 
of the square on the hypotenuse. The for- 
mula associated with the theorem is a2 + 
b* = c*, where a and b are the lengths of 
the legs and c the length of the hypotenuse. 


Volume Formulas 

V oltimetofa box a) — ina 
the length, 
height. 

Volume of a prism: V = B - h, where B is the 
base and h is the altitude. 

Volume of a pyramid: V=i- B 
h is the altitude. 


-h, where / is 
w 1s the width, and fh is the 


-h, where 


Additional exercises that may be useful in 
reviewing the major concepts of this module are 
provided on’page 84 of the Workbook. 


REVIEWING THE IDEAS 


1. What is the length of AB in 
A B 


¢ (AB) = 37 mm 
A centimetres? 


B decimetres? 
Cc metres? 


2. Find the SO ee of each region. 
A 25m 


%S 
“7 
5m 
2200 


3. Find the area of each ie 
A 12.5 cm 





os 


eS 


(9) 

Mh 

i oO 

ae 
ae 


4. lf a piece of adding machine 
tape 6 centimetres wide has an 
area of one square metre, how 
long is it? 


5. What is the area of each region? 
A B 





meer) | (PRET 

6. Find the sum and difference. 
A 29°38' 7” Bee Zoe oa20! 
+ 42°51' 29" —_53* 40’ 38" 


7. What is the measure of the comple- 
ment of an angle measuring 37°15’? 


10. 


11. 


12. 


13. 


14. 


15. 


. How large is 107° 


the third angle? 50° ? 


. What is the sum C 


of the measures 
of angles A, B, 
C, and D? 


What is the 
area of the 
large square 
if@isa 

unit square? 





Find the third 4am 
side of the 
triangle. 12m 


Find the 
volume. 





25 cm 


A What is the mass of 200 
millilitres of water? 

B What size container will 
hold 1000 grams of water? 


What is the capacity in litres 
of an aquarium 40 cm by 20 cm 
by 18 cm? 


The base of each solid below has 
an area of 40 square units. The 
height of each solid is 12 units. 
Find the volume of each solid. 





ne What is ihe perimeter. of a rectangular : . 


_ plot of ground 120.8 metres ong 
m a0 eles bet 


2 A seciang var room is 6.1 metres : 
long and 4.3 metres wide. How 
-many square metres of carpet are 
_ needed to cover the floor from 
wall to wall? 


3. What . the area of the 
parallelogram? 


4. What is the area 
of the shaded 
region? 





b—8 oo 


5. Find the sum and differcace. 
soe oe 44! 34” ees : B 90° = 
* 481° 29! 30" : 


RESEARCH PROJECTS 


A Make a model that will demonstrate 
the Pythagorean Theorem. (See 
Instructional Aids in Mathematics, 
34' Yearbook; Washington, D.C.: 
National Council of Teachers of 
Mathematics, 1973, pp. 378-379.) 


B Investigate Plateau’s Problem, the 
problem of determining the least 
area that will span a given shape. (See 
What is Mathematics? by R. Courant 
and H. Robbins; New York: Oxford 
University Press, 1941, pp. 385-397.) 


. What is the 
measure 





What is the area 
of square Aon 
_ the leg of the 
right triangle? 





”) 
of ZA? A 


What is the length of each 
edge of a cube that will contain 
one litre of water? 


The area B of the 
base of the prism 
is 66 cm?. What 
is the volume of 


the prism? 


What is the volume of a pyramid 


~ 18 cm high and with a square 
_ base 10 cm on each edge? 





Find out how the volume of irregular 
objects can be found by finding the 
amount of water they displace when 
they are submerged. Find the volume 
of several irregular-shaped solids 
whose volume determined by other 
methods would be different. (See 
Mathematics: Man's Key to Progress 
by Richard A. Denholm; Pasadena, 


California: Franklin Publications, 1968, 


pp. 84-85; available from Grolier Ltd.) 


TEST YOURSELF 

Students’ performance on this self-evaluation 
test should serve as a good measure of their 
ability to work with the major concepts pre- 
sented in this module. Encourage them to check 
their work against the answer key provided 
on page G-54 and to review the lessons re- 
lated to any topics that proved troublesome. 
This should be effective preparation for an 
achievement test covering this module. You 
might wish to design such a test yourself, or 
you might prefer to administer the appropriate 
Module Achievement Test that is available 
from the publisher as part of the evaluation 
program designed for use with this series. 


RESEARCH PROJECTS 

There are probably more proofs of the Pythag- 
orean Theorem (Research Project A) than of 
any other theorem in mathematics. Students 
may also be interested in examining the book 
The Pythagorean Proposition by Elisha Scott 
Loomis, 2nd Edition; Washington, .D.C.: Na- 
tional Council of Teachers of Mathematics, 
1968. 

The investigation proposed in Project B is an 
extension of the problem presented in Exercise 
5 on page G-51. A small rectangular aquarium 
with a centimetre ruler taped along a vertical 
edge of the aquarium can be used for experi- 
ments related to this project. 

Research Project C will be attractive to many 
students, especially after they have seen a 
demonstration of it. This would be an excellent 
project for a mathematics fair or exhibit. 


MATHEMATICAL RECREATION 

The cycloid has two interesting properties. It 
is a tautochrone which means that, disregarding 
resistance or friction, a ball moving under the 
force of gravity of a cycloid with its arch down- 
ward will execute simple harmonic motion. In 
other words, the ball will travel paths of equal 
amplitude in equal times. 

The second property is that the cycloid in the 
same position as above, is also a brachisto- 
chrone, which means that a ball will travel along 
the curve from a higher point to a lower point 
under the force of gravity in the shortest pos- 
sible time. 

Some students may be interested in making 
more permanent models of the cycloid by cut- 
ting the curve from plywood or hardboard. (For 
suggestions, see Mathematical Models by H. 
Martyn Cundy and A. P. Rollett; New York: 
Oxford University Press, 1954, pp. 185-186. 
Distributed in Canada by Oxford University 
Press, Don Mills, Ontario.) 







SATICAL RECREAT 





Cut out copies of two cusps of 


Glue a third piece of card- 
board between them to forma 
cycloid track. 


Try this experiment: 


TEST 1. 3556m 2. 26.23 m? 
YOURSELF 5. a 118°44' 4": B 72°21’ 26” 
Answers 7. 35° 8. 10cm 
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If a circular disk is rolled along a line, 
the path of a point P on the circle is called 
a cycloid (the curve in color). The cycloid 
has some interesting properties. 


a cycloid from heavy cardboard. 


Cycloid track 





Place two marbles on the track on opposite sides 

of point M (the midpoint and lowest part of the cusp). 
If the marbles are released at the same time, they 

will reach point M at the same time even though the 
distances along the curve are not the same. Further- 
more, a marble released at point C will roll along 

the curve to point M more quickly than a marble which 
rolls along a straight line from C to M. 


6. 7, square units 
9. 409.2cm*% —_ 10. 600 cm® 
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UNIT G: GEOMETRY 


Module 3: Similar Triangles and Trigonometry 


General Objectives 


To introduce similar polygons, with particular emphasis on similar 


triangles. 
To relate ideas of ratio and proportion to similar polygons. 


To focus attention on relationships in similar right triangles. 
To introduce the trigonometric ratios in terms of right triangles. 


Reteach-Reinforce 


Related Activities 


Performance Objectives Pupil Text 
91 RED Given a series of parallel lines that cut off congruent seg- G-56, 57 
ments on one transversal, the student can find the lengths of the 
segments cut off on other transversals. 
92 RED Given similar polygons, the student can identify correspond- G-58, 59 
ing angles and write proportions for corresponding sides. 
93 RED Given similar triangles, the student can write and solve G-60, 61 
proportions for the triangles in order to find the length of a specified 
side of one of the triangles. 
94 YELLOW Given proportion problems involving similar right G-62, 63 
triangles, the student can solve them. G-64, 65 
95 GREEN Given a right triangle, the student can give the trigono- G-66, 67 
metric ratio (sine, cosine, or tangent) for a specified angle. 
96 GREEN Given problems involving trigonometric ratios, the G-68, 69 
student can solve them. 
Reviewing the Ideas G-70 


MATHEMATICS 
Quite a few new mathematical concepts are 
introduced in this module. 

The first section introduces the theorem 
that, if a series of parallel lines cut off con- 
gruent segments on one transversal of the lines, 
then congruent segments will be cut off on any 
other transversal of the parallel lines. This 
basic theorem is applied in the case of divid- 
ing two sides of a triangle into congruent seg- 
ments and thus provides background for work 
with similar triangles in the later sections. 

Similar polygons are defined on page G-S8. 
The Angle-Angle-Angle Similarity Theorem 
and the Side-Side-Side Similarity Theorem are 
applied to triangles on pages G-60 and G-61. 
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Formal proofs of these theorems are not given, 
but the truth of these theorems is made 
plausible to the students through appropriate 
activities. 

Similar right triangles are introduced in 
order to prepare the student for the introduc- 
tion to right triangle trigonometry and the 
trigonometric ratios. 


TEACHING THE MODULE 


Materials 

Centimetre rulers, compasses, graph paper, 
index file cards, lined notebook or tablet paper, 
compasses. 


WB 85 DS b-3 
DS b-1, 4 SWM 3 
170-173 
WB 86 DS b-1 SWM 3 
DM 61 268-269 
WB 87 
WB 88 
WB 89 DS h-1 
DM 62 DS h-1 
WB 90 
Vocabulary 


proportional 
similar polygons 
similar triangles 
sine (sin) 
tangent (tan) 


adjacent sides 
congruent polygons 
corresponding angles 
corresponding sides 
cosine (cos) 


hypotenuse transversals 
opposite side(s) trigonometric 
parallel lines ratios 


The lessons in this module offer a good op- 
portunity to review and strengthen student 
understanding of ratio and proportion and to 
further improve computational skills. You 
should not expect students to demonstrate 
great computational skills or problem-solving 
ability with respect to the material on tri- 


gonometry. Rather, regard this material as 
an extension of the work with similar triangles 
and point out to your students that they will 
have other opportunities to study trigonometry 
in their later work in mathematics. 


Lesson Schedule 

Although there are only seven lessons in this 
module, it is quite likely that you will want to 
spend more than one day on some lessons. 
Therefore you should plan to allow 8 to 10 
days if all the material is covered, with addi- 
tional time reserved for projects, reinforce- 
ment, and evaluation. 


Evaluation 

Since nearly all of the material in this module 
will be new to the students, you should not 
expect great proficiency in problem solving, 
especially in the work on trigonometry. Unless 
you spend extra time in developing such skills, 
it is unlikely that students will be very efficient. 
Keep in mind that the main purpose of the 
material in the module is to provide the stu- 
dent with some background in these topics, 


which will be studied in greater depth in high 
school mathematics. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Cloudburst, Vol 5S (linkages), Nos. 5777-87, 
8878, Midwest Publications 

Developmental Math Cards, K17, L20, Addi- 
son-Wesley 

Experiments in Mathematics, Stage 2, pp. 
10-13; Stage 3, pp. 12-13, 24-25, Houghton 
Mifflin 

Geoboard Activity Cards (Triangles and simi- 
larity), Geocards 9-18, 73-76, 99-106, 
Cuisenaire Co. 

Math Experiments with the Geo Strips, HR 
experiments, Midwest Publications 

Mathematics: Man’s Key to Progress, Book 
A, pp. 54-55; Book B, pp. 88, Rand McNally 

Mira Activities for Junior High, Activities 
45-80, Creative Publications 

Nuffield Project: Problems—Red Set, Nos. 
16, 18; Shape and Size 4 “Similarity,” pp. 
26-33, Wiley 


Manipulative Devices 

Centimetre rulers (Addison-Wesley) i 

Circle Master Compass (Creative Publications) | 

Clinometer (Selective Educational Equipment; 
Sigma) 

Geoboards (Addison-Wesley) 

GeoStrips (Mind/Matter; Selective Educational 
Equipment) 

Hypsometer (Yoder Instruments) 

Logarithm and Trigonometric Function Chart | 
(LaPine; Sargent-Welch) 

Mira (Creative Publications; Cuisenaire Co.) 

Multi-model Geometric Construction Set 
(Yoder Instruments) 

Pantograph (Yoder Instruments) 

Pattern Blocks and stickers (Webster, McGraw- | 





Hill) 
Protractors (Geyer; Selective Educational | 
Equipment) 


Shadow Stick (General Learning Corp.) 
Transit (Mind/Matter; Yoder Instruments) 


Games and Puzzles 
Configurations (Wff’N Proof) 
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UNIT G: Geometry 


MODULE 3: Similar Triangles and Trigonometry 





OBJECTIVES: 

After completing this module, you should be able to: 

1. Apply the theorem of congruent segments on 
transversals of parallel lines. 

2. State the relationships that exist between a pair of 
similar triangles. 

Bree 3. Use proportions to find lengths of sides of similar 
triangles. 

4. Find trigonometric ratios of the sides of a right 
triangle. 

5. Use trigonometric ratios to find the lengths of sides 

of right triangles. 
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Objective 

The student can demonstrate an understand- 
ing of the theorem that, if a series of parallel 
lines cut off congruent segments on one trans- 
versal, then they cut off congruent segments on 
all transversals. 


PREPARATION 
Materials: Index file cards (one per student), 
lined notebook or tablet paper. 

Review the definition of parallel lines and a 
transversal of parallel lines. (See Unit G, Mod- 
ule 1, page G-22.) 


INVESTIGATION 

Students are not likely to be familiar with the 
method presented in the Investigation for divid- 
ing a segment into congruent parts. To extend 
the activity, suggest that the students try divid- 
ing other edges of the card into 3, 4, or 6 con- 
gruent parts. If you wish, students might check 
the accuracy of this construction by measuring 
the segments to see whether they are about the 
same length. 


DISCUSSION 

It is important that students understand the 
statement of the theorem given in Exercise | 
and can apply it in appropriate cases. You 
might point out that the vertical edge of a piece 
of notebook paper acts as a transversal of the 
parallel lines of the paper. Since the segments 
along this edge (transversal) are congruent 
(with the possible exceptions of those at the 
very top or bottom of the page), then the paral- 
lel lines will cut off congruent segments on any 
other transversals of the lines. 

Exercise 2 contains the essential steps in the 
proof of the theorem. You may have to rely on 
your more able students to carry the burden of 
the discussion of the proof, but all students can 
benefit from the reasoning. 


G-56 


Parallel Lines and Transversals 


Investigating the Ideas 


Suppose that you want to divide 
one edge of a small unlined card 
into five pieces of equal length 
but do not have a ruler. The 
figure shows how you can use a 
sheet of lined notebook paper 
to do this. 


Can you use this method to divide a segment 
into seven pieces of equal length? 


Discussing the Ideas 








1. The Investigation illustrates a 
geometric theorem which can be 
stated as follows: 





If parallel lines cut off congruent 
segments on one transversal, then 
they cut off congruent segments on 
all transversals. 





it BR then 


2. The following exercise may help you understand why the 
theorem above is true. 


Explain how this theorem justifies 
the results of the Investigation. 


Suppose thatk, m, and rn are parallel, and AB = BC. t 

A How does 21 compare with 2 2? 
Explain your answer. 

p Suppose that we draw AD and BE so 
that 23 = 24. Are AD and BE parallel? 

c What can you say about AABD and 
A BCE? Explain your answer. 

p Is it true that AD = BE? Explain. 

—E Suppose that FH is a transversal 
parallel to AD and BE. What kind of 
figures are ADGF and BEHG? 


F Do you think FG is congruent to GH? Explain your answer. 





Using the Ideas 


1. In the figure, a || b || c and e||f||g. The i 
segments on line m are congruent. fg p 
A Are the segments on line n a 
congruent? Why? b 
B Are the segments on line p 
congruent? Why? e 


2. Find the length x. The horizontal lines are parallel. 


= Eee 











. ae 
Gi Zz 


5. Sometimes it is helpful to sketch parallels as shown in 
parts a,B, andc. Assume that the horizontal lines are parallel and 
find the length a. 





UTILIZATION 

Exercises 2, 3, 4, and 5 are carefully pro- 
grammed to help the student apply the theorem 
presented in the Discussion. Note the gradual 
omission of various parts of the drawing until, 
in parts of Exercises 4 and 5, only triangles are 
left. 


EXTENSION 
Additional appropriate exercises are provided 
on page 85 of the Workbook. 

Enrichment: Show students a ruler-and-com- 
pass construction method for dividing a given 
segment into any number of congruent 
segments: 


Draw any segment AB. Then suppose that we 
wish to divide it into thirds, for example. 
1. Draw any ray AC. 
2. On AC mark off any three congruent seg- 
ments: AD = DE = EF. 
3. Draw FB. 
4. Construct DG and EH parallel to FB. 








A G H B 


Assignments 
Minimum 2-4. Average 1-4. Maximum 1-5. 


Objective 
The student can apply the definition of simi- 
lar polygons to appropriate pairs of polygons. 


PREPARATION 
Materials: Graph paper (Duplicator Masters, 
page 83). 

Review the fact that congruent figures have 
the same size and shape. Then tell the students 
that in this lesson they will study the properties 
of figures that have the same shape but are not 
necessarily the same size. 


INVESTIGATION 

Suggest that students reproduce the triangle, 
quadrilateral, and pentagon on their graph 
paper. Then allow time for them to draw larger 
or smaller figures that have the same shape. 


DISCUSSION 
The definition of similar polygons in Exercise 
1 contains three conditions which must be met: 


1. There must be a one-to-one correspondence 
between the vertices of the pair of triangles 
such that 

. corresponding angles are congruent and 

3. the lengths of corresponding sides are pro- 

portional. 


in) 


To emphasize the definition, you might pre- 
sent some nonsimilar figures such as these. 
Bi H 
A D D 
Corresponding angles are congruent, but corre- 
sponding sides are not proportional. 


M P 
/ L 
dj K 
3 N os 6 O 3. 


Corresponding sides are proportional, but cor- 
responding angles are not congruent. 


G-58 


Similar Polygons 


investigating the ideas 


ABC and ADEF have the same 
shape but not the same size. 


Draw the other three polygons 
on a sheet of graph paper. 


Discussing the Ideas 


Ue 


2: 





Can you draw polygons 
that have the same shape 
as these three, but not 
the same size? 








Similar polygons have the same shape but not necessarily 
the same size. The formal definition follows. 





For AABC and ADEF above, we say: 
“A ABC is similar to ADEF” and we write AABC  ADEF. 





This means: ZA = 2D, 2B = ZE, 2C = ZFand§=2=§. 
Label the vertices and sides of the other polygons 
you drew. Show which pairs of angles are congruent 
and which pairs of sides have the same ratio. 

r 
If ARST ~ AUVW, 
A which vertices must correspond? s 
B which pairs of angles are congruent? 
c what is the ratio of t to w? s to v? a t Ww 


a lf AABC ~ ADEF and mZC = 62°, C 
what is m ZF? Why? F 


B If the ratio of the length of FE to the 
length of CB is 5 to 6, what is the 
ratio of the length of DF to the 
length of AC? A B D E 


1. AABC ~ ADEF. The length of EF is 
three times the length of BC. 
What are the lengths of the sides 
Ore. DEFe 


D 





2. In the figure, MN || ST, M is the 
midpoint of RS, and N is the 
midpoint of AT. 








A Is 21 = 22? Why? 
B Is 23 = 24? Why? 
c Is ARMN ~ ARST? 


3. If two triangles are equilateral, 
are they similar to each other? 
Why? 


4. Suppose you know that AGHI is an 
equilateral triangle. You also know 
that AXYZ ~ AGHI. What is the 
measure of 2X? 


5. Suppose AJKL ~ APQR and 
mZJ= 27° and mZL = 63°. What 
are the measures of each of the 
angles of APQR? 


Using the ideas 


6. Aretha made a scale drawing of 


her mathematics classroom using 
a scale of 1 to 300. Her drawing 
was 4.7 centumetres long and 3.2 
centimetres wide. What were the 
actual dimensions of the classroom 
in metres? 





. A photograph of the surface of the 


planet Mars shows a crater 8 milli- 
metres in diameter. If the photo- 
graph is 795000 actual size, about 
how many kilometres in diameter is 
the crater? 


. AABC ~ ADEF, but the perimeter 
of ADEF is only 2 of the perimeter 
of AABC. What is the length of 
each side of ADEF? What is the 
ratio of the lengths of any two 
corresponding sides? 









Arrange nine dots in 
1. eight rows of three each. 
2. nine rows of three each. 
3. ten rows of three each. 





UTILIZATION 


Solution, Exercise 2 
te 


A. Yes. SR is a transversal of MN and ST. 
Since MN||ST, 21 = 22. 

B. Yes. RT is a transversal of MN and ST. 
Since MN||ST, 23 = 24. 

C. Yes. ARMN ~ ARST, because ZR = ZR, 
ZLRMN = ZRST, ZRNM = ZRTS, and 
the ratio of any pair of corresponding sides 
1Sis. 

EXTENSION 


Enrichment: You may extend the idea of Exer- 
cise 4 by having students make scale drawings 


of 


the floor plan of the classroom or other ob- 


jects. The amount of detail, such as doors, win- 
dows, blackboards, etc., that should be included 
can be left to the students’ discretion. When 
correctly drawn, a scale drawing is, of course, 
similar to the object represented. 


This would also be an opportune time to rec- 


ommend that interested students undertake 
Research Project C on page G-71, which con- 
cerns construction and use of a pantograph. 


Think Solution 


If. a) 


3. A possible solution is shown. 





Assignments 


Minimum 1-5. Average 1-6. Maximum 1-8. 


Objective 

Given a pair of similar triangles, the student 
can write and solve a proportion to find an un- 
known Side. 


PREPARATION 
Materials: Centimetre rulers, compass, pro- 
tractor. 

Review the ruler-and-compass method of 
constructing triangles given the length of three 
sides. This construction is required for the 
Investigation. 


INVESTIGATION 

The Investigation serves to introduce the stu- 
dent to a theorem that is sometimes called the 
Side-Side-Side Similarity Theorem. This theo- 
rem states that if the lengths of the correspond- 
ing sides of two triangles are proportional, then 
the triangles are similar. This theorem ts usually 
proved in high school geometry courses, but 
will be accepted here without formal proof. If 
some students finish the construction quickly, 
you might suggest that they construct a triangle 
whose sides are only half as long or one third as 
long as the sides of the given triangle. 


DISCUSSION 

Exercise 2 suggests another construction activ- 
ity to illustrate a second similarity theorem for 
triangles. This theorem, sometimes referred to 
as the Angle-Angle-Angle Similarity Theorem, 
is stated as follows: 


If the corresponding angles of two triangles 
are congruent, then the triangles are similar. 


Use Exercise 3 to reinforce the idea that, if 
two triangles meet either of the stated condi- 
tions, one can conclude that the two triangles 
are similar. 

Exercise 4 should be discussed in detail and 
extra examples provided, if necessary, before 
the exercises on page G-61 are assigned. 


G-60 


Conditions for Similar Triangles 


Investigating the ideas 


Make a copy of AABC 
on your paper. 


Can you draw another triangle whose sides are 
twice as long as the sides of AABC? 


Discussing the ideas 








1. Do you think that the two triangles are similar 
to each other? Give your reasons. 


2. Measure each angle of AABC with a protractor. 
Draw a triangle whose angles have the same measure 
as the angles of AABC but whose sides are different 
in length from AABC. Is this triangle similar to AABC ? 


3. If two triangles are similar, then 
[4] corresponding angles are congruent. 
[2] corresponding sides are proportional. 
In later geometry courses, you will be able to prove 


that the existence of either condition a/one is 
sufficient to prove that the triangles are similar. 


Als AXYZ ~ ATSR? Why? B Is AJKL ~ AMPN? Why? 





T 





4. Suppose ARST ~ AWXY. 
The proportion below can 





be used to find length w. T 
W385 
Ota 2 
12w = 72 
w=6 


Write and solve a proportion to find length x. 


1. Suppose that AMNP ~ ARST. Give 


the measure of each angle of ARST. 


Ss Ti 


2. Suppose that AABC ~ AEDF. lf 
length AB = 2, length BC = 3, and 
DE is twice as long as AB, how long 
is DF? D 

B 


Mr. 


In Exercises 3 through 11, 

Pe Aia 7) a Bese 7 E, and: 2 Cy= ZF; 
The letters a, b, c, d, e, and f 
represent the lengths of the sides. 


GC F 
A > B D ; E 
EXAMPLE: Finda ifb=3, d=4,e=12 
ae oa. 3: 
SOLUTION: Geel als i 
12a=12, hence a=1 
Se eindiialta ord — 155c— 2: 








4. Finde ifb=5, c=2, f=3. 

5. Finda ifd=4,b=2,e=7. 
6. Find cif f=43,d=5,a=6. 
7. Find aif b=e, d= 1.32. 

8. Find b ifd=3,a=2,e=1. 
9. Find dif c= 2, a= 2.1, f=3.4. 


10. Find a ifd=2$, c= 34, f= 4). 
More practice, page S-25, Set 48 


Using the Ideas 


11. A woman 1.8 metres tall casts a 
shadow 1.2 metres long at the 
same time that a building casts 
a shadow 10 metres long. 

What is the 
approximate i 
height of the / 
building? i 






1.2m 10m 


12. To measure the distance between 
points A and B on opposite sides 
of a river, Jose went downstream 
100 m to a point C. Then he 
measured ZA and ZC and drew 
AA'B'C’' similar to AABC, making 
the distance of A’C’ 10 cm. 

Then he measured A’B’ and found 
it to be 19.2 cm. What was the 
distance from A to B? 





Jose’s drawing: 








13. A ladder 3.6 m long was 
leaning against a wall. 
When a painter was § of 
the way up the ladder, 
he dropped his brush. = 
If the brush hit the ~% 
ground 0.3 m from 
the wall, about 
how far was the 
base of the ladder 03 
from the wall? al ma 


UTILIZATION 

Allow time for solutions of selected exercises 
to be placed on the chalkboard and discussed. 
The work with proportions in similar triangles 
provides an opportunity to review arithmetic 
and algebraic skills. 


EXTENSION 

To provide suitable additional practice, make 
selective assignments from Supplementary Ex- 
ercise Set 48 on page S-25, Workbook page 86, 
and Duplicator Masters page 61. 

Enrichment: This would be an appropriate 
time to call students’ attention to Research 
Project A on page G-71. 

Some students might enjoy working on these 
challenge problems: 


1. The scale of a map is | to 1 000 000. What 
distance in kilometres does | cm on the 
map represent? (Answer: 10 km) 

. Aman 1.6 m tall casts a shadow 60 cm long. 
At the same time, a house casts a shadow 
4.2 m long. How tall is the house? (Answer: 
11.2 m) 

3. Solve this problem by making a suitable 
scale drawing. From point A, the angle 
formed by the ground and a line to the top 
of a radio tower is 21°. When the line its 
moved 50 m closer to the tower, the angle 
is 35°. What is the approximate height of 
the tower? (Answer: approximately 42.5 m) 


im) 





A <—5S0m—>B 


Assignments 
Minimum I-S. Average 1-10. Maximum I-13. 


G-61 


Objective 
The student can solve problems involving 
pairs of similar right triangles. 


PREPARATION 

Review the two conditions for similar triangles 
(Discussion Exercise 3, page G-60). In this 
lesson these ideas will be extended to similar 
right triangles. 


INVESTIGATION 

The Investigation should be worked on inde- 
pendently by each student. Some students may 
feel that the given information pertaining to the 
triangles is insufficient. 


DISCUSSION 

The chief function of the Discussion Exercises 
is to convince students that the ratio of a leg of 
a right triangle to the hypotenuse depends on 
the size of the angle opposite that leg and not 
on the size of the triangle involved. In Dis- 
observe that “t= a and, 


Oo Gp 


cussion Exercise 3, 


(ly. 5. @s 

hence, that — will be equal to the ratio —= The 
Ca Cy 

same result is found for a different set of simi- 

lar triangles in Discussion Exercise 5. 


Solution, Discussion Exercise 1 

AABC ~ AONM because corresponding an- 
gles are congruent (the two right angles are 
congruent). 

AGHI ~ AJLK. These two triangles are 
isosceles right triangles. Hence, both base 
angles in each triangle must have measures 
of 45°. Therefore corresponding angles are 
congruent. 

ADEF ~ APRO. mZR = mZE = 90°; 
mae — 304 since mZO = 602: and mZ Fr = 
60°, since mZ D = 30°. Therefore correspond- 
ing angles are congruent. 


G-62 


Similar Right Triangles 


Investigating the ideas 





ind‘ . lea; 
Discussing the ideas H 


1 


. Explain why you can be 


. Explain why you can be sure that 


. Complete the following proportion, 


. A Are the triangles similar? 


Several right triangles 
are shown. 





How many pairs 
of similar right 


triangles can G 
you find? 


D 





Explain how you found the pairs of similar right 
triangles. 


sure that the two 
triangles are 
similar. 





. Since the two triangles above are similar, complete the proportions 


ac a_i 
a, Cz Cc, Il 





and explain why they are true. 


AAB,C, ee AAB, Cy. 


constructed from the figure in 
Exercise 4. a, ili 


c, ill 





Why? 
B Complete the statement. 
A XYZ Awe 





Using the Ideas UTILIZATION 
M You may find it helpful to work through and 


1. Complete the statement. B 6. What is the ratio a discuss some of these exercises with your stu- 







dents. They constitute important background 
for the material in the lessons that follow. 


AABC ~ A? 


S EXTENSION — 











CN 
; Supplementary Exercise Set 49 on page S-26 
2. Complete the proportion. and Workbook page 87 would be suitable for 
willl extra practice assignments. 
yy, iil Remedial: Ask students to give the length 
if x for each drawing. 
» A 
W. 
7. Measure the lengths a, b, c, and : 
d in the figure to the nearest 28 ce. 
millimetre. Then use proportions 1.4 ee 
to compute a, b, c, and d. Did you peat 
3. Give the missing get the same numbers in each pas ; 
(= 5.2) 
G ay D 
so 


proportions. case? B 
a_b_ii_ il { 
ei i” i a 


(x = 30.4) 





Assignments 

Minimum 1-3, oral: 4; S. 
Average 1-3, oral; 4-7. 
Maximum 1-3, oral; 4-8. 


4. Suppose you know that Stee 
: s Can2 
Give the ratio. 





az 
A S. . 
8. How tall is the 
ig ek flagpole in 
C3 


the drawing? 





a 4 

5. Suppose you know that ," =<. 
: P bid 
Give the ratio. 





At; 


b, =| 
b, | feos OA ce m———>| 


More practice, page S-26, Set 49 G-63 


Objective 


Given a right triangle and the measure of 


an acute angle of the triangle, the student can 
find the lengths of the sides of the triangle by 
using ratios. 


PREPARATION 
Materials: Compass, protractor, graph paper 
(Duplicator Masters, page 83). 

The previous lesson should have prepared 
the student to accept the fact that the ratio of 
the lengths of two sides of a right triangle de- 
pends upon the measure of one of its acute 
angles, rather than upon the lengths of the side 
of the triangle. You may want to review this 
idea before beginning the Investigation. 


INVESTIGATION 

You may need to give considerable guidance 
in getting students started on the Investigation. 
If the angles are carefully drawn and lengths 
are estimated to the nearest tenth, you can 
expect abgut 2-digit accuracy in the ratio. 


DISCUSSION 
Before assigning the exercises on page G-65, 
you may want to have students correct their 


’ TD f ; ; 
charts for the ratios = = and # This will en- 
sure that all students will be using the same 
ratios for the exercises. (See the annotated 
chart in the Investigation.) 

Solution, Discussion Exercises 1 and 2B 


Ih te = 0.42, b= 12 
Cc 
12 
Therefore, ae 0.42 


F ae 
an C= 949 ~ 28.6 


2B. Since c= leo Se—ale3e mized =~ 52° accond= 


ing to the table. 


G-64 


Discussing the Ideas 


Ratios for Right Triangles 


Investigating the ideas 


Right AABC has hypotenuse c= 10 units and mZA = 30°. 
The lengths of sides a and b can be estimated as a ~ 5.0 and b~ 8.7. 
Then the ratios shown in the table can be found. 





On graph paper, draw seven more right triangles with c = 10 units 
but with angles at A having the other measures shown in the table. 


Can you find the ratios for each of the angles in the table? 








B 





1. For mZA= 65°, the ratio ? ~ 2.1. 
For AABC at the right, 
we have 75 = 2.1. 
Hence, a=12-2.1 
a= 25.2 


Show how the ratio 2 for 65° can 
be used to find length c in AABC. A 








b=12 





2. a Find the ratio § to the nearest hundredth. 


B How can this ratio and the table above help 
you give the approximate measure of 2 A? 


Using the Ideas 


For these problems, you can use the table completed in 
the Investigation on the opposite page. 


1. A What is §? 6. Use the ratio 2 


What is AP for 45° to find 
What is 2? length b. 
Fst 





Oo B PP 





2. a What is 2? 


B What is 


mZA? 7. Find the length a for 


the triangle. 





3. A What is 2? 


B What is 


re %* 8. A ladder 4.4 metres long is leaned 


against a wall so that the base of 
the ladder is 1.5 metres from the 
| 4 wall. 
A What is the measure 

of the angle the 

ladder makes with 

the ground (m ZA)? 








4. Give each ratio. 


A 2 B How high up on 
p the wall will the 
c ladder reach? 

a 
© b 









iS 
A 5 Cc y 
5. Use the ratio $ for 30° 
from the table to Aw1.5m>C 


find length a in A 
the triangle. b 


UTILIZATION 

Students will need the tables completed in the 
Investigation for reference as they do the exer- 
cises. Note that each right triangle has been 
consistently labelled so that ZC is the right 
angle. 


EXTENSION 
Appropriate additional practice exercises are 
provided on page 88 of the Workbook. 
Enrichment: Some students may be inter- 
ested in extending the table of ratios completed 
in the Investigation to include angle measures 
at 5° intervals from 5° to 85°. Then, when the 
table of trigonometric ratios is studied, they can 
compare their ratios with the more precise 
ratios given in the table. 


Assignments 
Minimum 1-5. Average 1-7. Maximum 1-8. 


G-65 


Objectives 

Given an appropriate trigonometric ratio 
and the length of one of the sides of a right 
triangle, the student can compute the length 
of another side of the triangle. 

Given the lengths of the sides of a right 
triangle, the student can compute the sine, 
cosine, and tangent ratios for an acute angle 
of the triangle. 


PREPARATION 
Materials: Centimetre rulers. 

The previous lesson should have provided 
adequate preparation for this lesson. 


INVESTIGATION 
Have the students read the material in the 
Investigation. Point out that, because the spe- 
cial ratios “, a and . have many practical and 
mathematical applications, they are given spe- 
cial names. Encourage your students to remem- 
ber these ratios, their names, and the symbols 
used to denote them. 

The Investigation gives the student an oppor- 
tunity to compute the sine, cosine, and tangent 
ratios for a given acute angle. 


DISCUSSION 

Exercise 2 introduces the terms adjacent side, 
opposite side, and hypotenuse in reference to 
ZA. This agreement on language may make 
the trigonometric ratios easier for some stu- 
dents to remember. 

Work through Exercise 3 with the class to 
show how the trigonometric ratios may be 
applied to particular triangles. You can extend 
this exercise by supposing that cos A ~ 0.92 
is given and then showing how the hypotenuse 
c may be found. 

Solution: b= 40, cosA =~ 0.92 = Z 


p 
Therefore, a = ()). SY 


40 
W92c=40 and ¢= 74, ~ 43.5 


G-66 


Trigonometric Ratios 


Investigating the Ideas 


In AABC, if ZC is a right angle, 
the ratio ¢ is called the sine 
(pronounced like ‘‘sign’’) of ZA. 
We abbreviate and write: sin A = 2 





Aa C 


b 


The other ratios b and * are called cosine and tangent respectively. 


cosA=® 


We abbreviate these and write: -  tanA=% 


Measure each side of AABC to the nearest millimetre. 


Can you compute sinA, cosA, and tanA 


to the nearest hundredth for AABC? 





Discussing the Ideas 


1. 


. It will be helpful to give names to the sides 


The sine, cosine, and tangent ratios are called 
trigonometric ratios and can be computed with great 
accuracy by advanced mathematical methods. Using the 
table in the previous lesson, what is the approximate 
measure of ZA? 


of the right triangle relative to 2A. The 
following abbreviations may help you 
remember the ratios: 

opp adj 


sinA=—& cosA=— tanA=2P 
hyp hyp adj 


__| Side opposite 
' to ZA 





Side adjacent to ZA 


A Which ratio (sin, cos, or tan) can you find if you 
know the lengths of the opposite side and the hypotenuse? 


B Which ratio can you find if you know the lengths of the 
- adjacent side and the opposite side? 





If tan A ~ 0.43 and b= 40, 
_ Opp_a 
then tanA = adj |B 
ees 
and 0.43 = 75- 


Complete the solution to find a. 


. In right AABC, c= 15, sin 35° = 0.57, 


. A right triangle has sides of lengths 3 units, 


Using the Ideas 


B 


and cos 35° = 0.82. Complete the 
solution to find a and b. 





A Sinise, B CoS 35°= 45, 
therefore 7 ~ 0.57, therefore & ~ 0.82, 
and a ~ |[llj. and b ~ ||. 


. In the right triangle, a = 30, tan 58° = 1.6, 


and sin 58° ~ 0.85. Complete the solution 
to find b and c. 


A tan 58°=2, B sin 58°= 2, 
therefore} ~ 1.6, therefore 0.85 ~ &, et: 
and b ~ ||. and ¢ ~ |lll. 





. Use the figure at the right to compute the 


ratios for 7A to the nearest hundredth. 
A tanA B siInA c cosA 





. In right AXYZ, ZY is the right angle 


and the sides are designated as shown. 

a Compute tan xX if XY has a length of 
40 cm and YZ has a length of 9 cm. 

B Compute sin X if the length of the 
hypotenuse is 41 cm. 





4 units, and 5 units. 
A Which side is the hypotenuse? 


B Let the side that is 3 units long be the side 
opposite 2A. What is sin A? 


c What is cosA? 
pb What is tan A? 





More practice, page S-26, Set 50 


UTILIZATION 

Note that Exercises | and 2 are arranged so 
that the students will need to solve only the 
equation given. In discussing these exercises, 
you should discuss how the equation was 
written from the given information. 

Exercise 4 illustrates a departure from the 
standard labelling of a right triangle and thus 
uses the adjacent-opposite-hypotenuse termi- 
nology. 


EXTENSION 
Supplementary Exercise Set 50 on page S-26 
and Workbook page 89 are suitable for use as 
further practice assignments. 

Now would also be an appropriate time to 
call the students’ attention to Research Project 
B on page G-71. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-5. 


G-67 


Objective 
The student can interpret and apply a table 
of trigonometric ratios. 


PREPARATION 

If the students have retained the tables of 
ratios they constructed in the Investigation on 
page G-64, have them compare their ratios 
with the appropriate ones in this table. 


DISCUSSION 

Plan to devote some time to a discussion of 
the table, giving students the opportunity to | 
locate ratios for various measures of angles. 
Have the students notice that the sine and 
cosine ratios are always numbers from 0 to 1. 
The tangent ratio becomes very large as the 
measure of the acute angle approaches 90°. 
The tangent ratio is not defined for a 90° angle, 
because the denominator of the tangent ratio 
would be 0 for 90°. 


G-68 





Using the Trigonometric Table 


The table on the opposite page gives the sine, cosine, and 
tangent for angles whose measures are a whole number of 
degrees from 0° through 90°. The numbers in the table are 
rounded to nearest thousandth. Thus, when you read that 
“sin 27° ~ 0.454,” this means 0.4535 < sin 27° < 0.4545. 
The trigonometric ratios are useful in solving problems 
concerning right triangles. As you continue your study 

of mathematics, you will learn to use these ratios in 

many other situations. 


ie 


Use the table of ratios to find the 


following: 

A sin 24° E tan81° 
B tan 46° F sin 27° 
c cos 55° G cos 88° 
D sin37° H sin 35° 


. Use the table to find the 


degree measures for x in each 
equation. 


AmSiinlom— COS XauC #COS/20 2—isin Xe 
B sin63°=cosx° pb sin86°=cosx° 


. Complete this sentence. 


If sin y° = cos x°, then x + y=|[lll. 


. Find the length x. 


Cee a httuae 
x A a 


10 x 


. In each triangle, find mZA 


to the nearest degree. 


A a B rae 
C 


> 


° 
w 
ine) 
oO 
ine) 
_— 
> 
o 
w 
\ 
oF BOG 


6. 


In traveling one kilometre 
along a road, suppose a person 
goes up a gradual incline of 

50 metres. 





What is the approximate degree 
measure of the upward slope of 
the road? 


. A satellite was sighted in 


Chicago at the time that it 
was directly over Montreal. 
The angle determined by the 
line of sight from 

Chicago and the 

ground was about 

63°. The distance se 
between Chicago hi 
and Montreal is fas 
1200 km. Ignoring eae 
the curvature of vik 
the earth,compute  / 
the approximate i 
altitude of the dh 
satellite. Bak 


G 1200 km M 


UTILIZATION 
Exercises 1, 2, and 3 involve reading of the 
Table of Trigonometric Ratios. Students may 
find Exercise 3 a surprise. If the sine of a given 
angle (ZX) is found, then there is a corres- 
ponding angle (ZY) such that sin ¥ = cos Y 
and, furthermore, ZX and ZY are always com- 
plementary. This can be explained as follows: 
If X and Y are the two acute angles in a right 
triangle, they are complementary angles. 
LetmZX=x°andmZY=y’*. sin xo OPP _ 
hyp 


cos y°. 





adj 


Solution, Exercise 6 

Let ZA be the angle opposite the 50-m side 
5077 aes am 
1km 1000 m 
0.050. Using the table, mZA = 3°. 








of the triangle. Then sin A = 


Solution, Exercise 7 
Let 4 = height of satellite. 
h 
1200 km 
h = 1.963 X 1200 km 
h =~ 2355.6 km 


= tan 63° = 1.963 


EXTENSION 
Appropriate additional practice exercises are 
provided on page 62 of the Duplicator Masters. 
Enrichment: As a follow-up to this lesson, 
you may find it useful to do some field work, 
such as finding the height of a building or a 
tree. To do this, you will need some type of 
instrument to measure the angle of inclination. 
A number of these instruments are available 
commercially and would prove a great asset in 
this lesson. You will also need a tape measure 
in order to measure the distance from the vertex 
of the angle to the base of the object being 
measured. 


Assignments 
Minimum |, 2, 4. Average 1-5. Maximum 1-7. 
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Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 
The review questions are arranged in the same 
sequence as the lessons of the module. This 
will help you in making assignments of the 
review exercises. Exercises 1 and 2 review 
parallel lines and transversals. Exercises 3 
through 7 cover the work on similar triangles. 
Exercises 8 through 12 cover material pre- 
sented in the trigonometry lessons. 

Page 90 of the Workbook provides additional 
exercises that would be suitable for use in re- 
viewing the ideas presented in this module. 


REVIEWING THE IDEAS 


1. In each figure, the horizontal lines 
are parallel. Find length x. 





2. Find x. The horizontal lines are parallel. 


x 


Se 


oN Ki NPOR 
A What pairs of angles are congruent? 


B What pairs of sides must 
correspond? 


4. AABC ~ ADEF. What is the measure x? 





5. If ABAD ~ ARSV, then ZA is 
congruent to what angle of ARSV? 


6. AABC ~ ATRS. What is the ratio? 


Cc S 





length RS 
length RT 





7. Which pairs of triangles are similar? 


10. 


11. 


12. 


The figures are not necessarily drawn 
to scale. 





. Using the 3-4-5 right triangle, give the 


name (sin, cos, or tan) for each ratio. 


A 2? A=5 B 

B ?A=? : | 
BES i 5 3 
? =-+ 

year a<——ic 


. For the triangle in Exercise 8, use the 


table of trigonometric ratios to 
estimate the measure of ZA to 
the nearest degree. 


Use the table of trigonometric ratios 
on page G-68 to find each of these. 


A sin27° ce tan 19° E tan 48° 
B cos 38° D cos71° F sin 83° 


Use the table of trigonometric ratios 
to give the degree measure of ZA. 


A sinA=0.940 e¢ sinA=0.500 
B cosA = 0.988 pb cosA= 0.500 






Suppose that sin A = 0.485, 
cos A = 0.875, and 
tan A = 0.554. 


y 


Findxandy. 4 nara 


TEST YOURSELF 


ak Find length x. The horizontal 
_ lines are parallel. 


2. If APQR ~ AJKL, what angle is 
- congruent to 2 R? 


oe AABC ~ ADEF > ll ie 
- D 


A What is the ratio 2? 
_ B Find length d. 


4. Which triangle is similar to ARST? 
R 


oO 
s 86 


5. In the figure, § = 0.35. 
What is §? 


RESEARCH PROJECTS 


A_ Find how you can use similar tri- 
angles to determine the heights of 
trees, buildings, and so on, by 
measuring their shadows. (See 
Mathematics: A Man’s Key to Progress 
by Richard A. Denholm; Pasadena, 
California: Franklin Publications, 

1968, pp. 53-55; Grolier Ltd.) 


B_ Find out about the origins of trig-, 
onometry. (See The Wonderful World 
of Mathematics by Lancelot Hogben; 
Garden City, New York: Doubleday, 
1955.) 


. Give the name (sinA, cos A, 


or tan A) for each of the 
following: 
Opp sg: OPP 


* “adj hyp 


hyp 
adj 


Cc anemioe: Os 
hyp A a 


. Give the following ratios: 


A sinA gis 39 
B cosA 15 
c tanA A 

36 


. In the drawing, 


sin A = 0.500 

and a=6.18 cm. 

What is Be 
length c? 


. Using the triangle in Exercise 8, 


find b if tanA=0. S77. 


. Find bif sinA = 0.515, c 
cos A = 0.857, and 
tan A = 0.601. 





A pantograph is a mechanical linkage 
that can be used to produce drawings 
that are similar to a given drawing. 


Pantograph Ly 


Find out how pantographs are made. 
Try making your own model of a 
pantograph and demonstrate its use. 
(See The World Book Encyclopedia; 
Chicago: Field Enterprises Educational 
Corporation, 1974, vol. 15, p. 112.) 


TEST YOURSELF 
You may need to adjust the assignment of these 
exercises to conform to your coverage of the 
topics in this module. For example, if you did 
not cover any of the lessons on trigonometry, 
the students should not be expected to answer 
questions 6 through 10. 

Note that the annotated student text page at 
the left indicates the correlations between the 
test items and module objectives. 


RESEARCH PROJECTS 

Each of these projects has been suggested for 
use in the commentary for specific lessons of 
this module; however, if the students have not 
yet had the time or the materials to complete 
their work, encourage them to do so at this time. 





MATHEMATICAL RECREATION 
Solutions 


epikyvae 
Re Th 


Wior M) 


as Ih 3 ~y | 


6. Answers will vary. Among the many possi- 
bilities: LIT, PIN, TIN, ICY, WIN, DIP, 
PUN, CITY. 


; ese) 
esse 



















PENTOMINOS 


Pentominos are regions formed by five squares connected 
edge to ae There are sees 12 different a 


a 














Cut out the 12 wa es from graph paper. Then try the 
problems below. The pieces may be turned over or rotated. 


1. Make a square using pieces E, F, G, H, and J. 


(n 


. Form a3 by 5 rectangle using pieces F, G, and H. 





2 
3. Form another 3 by 5 rectangle using pieces B, C, and QD. 
4 


. Each of the 12 pieces has the approximate shape of one 
or more letters of the alphabet. What are they? 











on 


. Form a Roman numeral for 1066 using the appropriate pieces. 











6. How many words can you spell with the pieces? 





nae oer ONE 





7. All 12 pieces can be used to form the following rectangles: 
A 3 by 20 B 4by 15 c 6 by 10 D 5by 12 
How many of these can you form? 


8. Cover all of an 8 by 8 square except the four corner 
squares with the pentominos. 











SAL 


9. Choose one of the pentominos. Then use nine other pentominos 
to form a region whose dimensions are three times those of 
the pentomino selected. 


( 


9. Triplication of the V pentomino and the X 
pentomino: 


= 
YY gh 


128 square units. (For a solution, see Mar- 


10. Determine the size of the largest ‘field ’ you can enclose 


with the 12 pieces. Any two pieces must touch along an 
entire side of a square. 


ELV INESINO IV 4d D3: 








tin Gardner’s “Mathematical Games,” TEST oe. Ai x=12 2. al 3. ade d=5 3 
Scientific American, June 1973. YOURSELF 6 A tan A; B si A; c cosA 1 as 38. 
Answers sg. b= 10.71 10. b= 4.99 








UNIT G: GEOMETRY 


Module 4: Circles, Cylinders, Cones, and Spheres 


General Objectives 

To review the definitions and terminology associated with circles, cylin- 
ders, cones, and spheres. 

To provide intuitive proofs of the circumference and area formulas for 
circles. 


Performance Objectives Pupil Text 
97 RED Given appropriate examples, the student can identify basic G-74, 75 
parts of circles and spheres, such as radius, chord, great circle, G-76, 77 
and so on. 
98 RED Given appropriate examples, the student can identify right G-78, 79 
and oblique cylinders and cones and their respective parts. 
99 RED Given the radius or diameter of a circle, the student can G-82, 83 
find its circumference. (G-86) 
100 RED Given the radius or diameter of a circle, the student can G-84, 85 
find its area. (G-86) 
101 YELLOW Given the dimensions of a cylinder or a cone, the stu- G-88, 89 
dent can find the volume and surface area of the figure. 
102 GREEN Given the radius of a sphere, the student can find its G-90, 91 
surface area and volume. 
Reviewing the Ideas G-92 
MATHEMATICS geometry. Formulas for surface area and 


Rigorous proofs of the formulas presented in 
the module are beyond the range of most stu- 
dents, but sufficient intuitive experience is 
provided to secure student acceptance of the 
formulas. 

Circumference of a circle is defined to be 
the limit of the perimeters of the inscribed 
regular polygons in the circle. Area of circles 
is defined as the limit of the areas of the regular 
inscribed polygons. 

Particular emphasis is given to understand- 
ing the definition of 7 as the ratio of the cir- 
cumference of a circle to its diameter. 

The work with circles is extended to space 


| G-73TA 


volume of circular cylinders and cones are 
developed based on previous work with prisms 
and pyramids, in Module 2 of this unit. 
Finally, formulas for volume and surface 
areas of spheres are presented without proofs. 


TEACHING THE MODULE 


Materials 
Rulers, compasses, balls or other models of 
spheres, tagboard or cardboard, scissors, cello- 
phane tape, models of cones and cylinders, 
string, metre sticks or metric tapes, model- 
ing clay. 


Reteach-Reinforce 


To provide applications of circumference and area of circles. 
To present volume and lateral area formulas for cylinders and cones. 
To offer applications of volume and surface area of spheres. 





Related Activities 


WB 91, 92 SWM 3 38-39 
DM 63 
WB 93, 94 ASC AP-5 
DM 64 PD b-3 
WB 95 ASC AP-6 SWM 3 289 
DM 65 PD e-3 
WB 96 ASC AP-14, 15 SWM 3 
DM 66 PD e-4 308-309 
WB 97 ASC AP-16 
DM 67 
WB 98 
Vocabulary 
arc interior of a circle 
cardioid lateral surface 
chord limacgon 
circle major arc 
circular cone minor arc 
circular cylinder nephroid 


circumference 
deltoid 

diameter 

exterior of a circle 
geodesy 

great circle 

height 

hemisphere 


oblique circular cone 

oblique circular 
cylinder 

perimeter 

pi (77) 

radius 

right circular cone 


right circular spherical cap 


cylinder spherical triangle 
semicircle spiral 
small circle tangent line 
sphere tangent plane 


The material on circles will not be new to 
most students, but the development of the cir- 
cumference and area formulas will be slightly 
more sophisticated than they have encountered 
before. Therefore you should proceed slowly 
through this material. As many students as 
possible should be involved in the construction 
and measurement activities inasmuch as these 
activities are essential to the development of an 
intuitive understanding of the mathematical 
formulas. 

The work on cylinders, cones, and spheres 
will probably be new material for most stu- 
dents. It is not expected that all students will 
master this material or memorize the formulas 
presented in the lessons. The degree of mastery 
should be determined by the ability of your 
students. 


Lesson Schedule 

Your lesson schedule will depend on the em- 
phasis you give to the various topics. Almost 
all of the lessons could be extended for more 
than one class period if you wish to pursue 
the topic in depth. 

A minimum of 10 days should be allowed 
for complete coverage of the module, but with 
extension work, projects, and evaluation, a 
few additional days might be consumed. 


Evaluation 
Evaluation of the student’s work in this module 
should include concepts, terminology, and the 


ability to use the various formulas that have 
been developed for circumference, area, and 
volume. Most students should be expected to 
remember the formulas for circumference and 
area of circles, but other formulas need not 
be committed to memory. Rather, the empha- 
sis should be placed on applying the formulas 
to problem-solving situations. The Reviewing 
the Ideas page and the Test Yourself questions 
can serve as models for teacher-made tests 
covering the module. Note also that the Cumu- 
lative Review exercises cover all the modules 
of this learning unit and should be completed 
before a unit test is administered. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Aftermath 4, p. 76, Creative Publications 

Circles, Cuisenaire Co. 

Cloudburst, Vol 5 (shapes), Nos. 6100 series, 
Nos. 7100 series, Midwest Publications 

Creative Geometry Experiments, “The Nine- 
point Circle,” No. 26, Midwest Publications 

Developmental Math Cards (cycloid), K18, 
20, Addison-Wesley 

Experiments in Mathematics, Stage | (curves) 
pp. 30-41; Stage 2 (envelopes), pp. 34-37; 
Stage 3, pp. 28-31, 44-47, Houghton Mifflin 

Geoboard Activity Cards (circles), Geocards 
120-125, 129-233,Cuisenaire Co. 

Mathematics: Man’s Key to Progress, Book 
A, pp. 29-35, 88-91, Rand McNally 

Mira Activities for Junior High, Activities 
103-105, Creative Publications 

Paper Folding, “Circle Relationships .. ., 
pp. 8-10; “Conic Sections,” pp. 20-22, 
NCTM 


” 


Sourcebook for Substitutes, p. 84, Addison- 
Wesley 


Manipulative Devices 

Circle Geoboards (Scott Resources; Selective 
Educational Equipment) 

Circle Master Compass (Creative Publications) 

Curve stitching (LaPine; Selective Educational 
Equipment) 

Ellipses template (Yoder Instruments) 

French Curves template (Sargent-Welch; 
Yoder Instruments) 

Geoboards (Addison-Wesley) 

Geodesic Dome Kit (Cuisenaire Co.; Edmund 
Scientific) 

Geometric figures and solids (Creative Pub- 
lications; Geyer; LaPine; Sigma) 

Metric Aids (Addison-Wesley; Balla; Dick 
Blick; Creative Publications; Educational 
Teaching Aids) 

Mira (Creative Publications; Cuisenaire Co.) 

Multi-model Geometric Construction Set 
(Yoder Instruments) 

Orbit Material for Mathematics (Webster, 
McGraw-Hill) 

Perspectograph template (Yoder Instruments) 

Protractor (Geyer; Selective Educational 
Equipment; Sigma) 

Sage Kit (LaPine: Sigma) 

Space Spider (Geyer; Mind/Matter) 

Spheres, cones, and conic sections (Geyer; 
LaPine) 

Thread Sculpture (LaPine: Selective Educa- 
tional Equipment) 


Games and Puzzles 
Polyhedron Rummy (Scott, Foresman) 
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UNIT G: Geometry 


MODULE 4: Circles, Cylinders, Cones, and Spheres 


OBJECTIVES: 


2: 





After completing this module, you should be able to: 
i} 


Identify the parts and terminology associated 
with circles, cylinders, cones, and spheres. 
Compute the circumference of a circle using the 
formulas C= 2mr and C= 7rd. 


. Compute the area of a circle using the formula 


A= ar’. 


. Find the volume and lateral surface area of a 


right circular cylinder. 

Determine the volume and lateral surface area of 
a right circular cone. 

Find the volume and surface area of a sphere. 


Objective Circles 


The student can identify the following terms 
associated with circles: radius, diameter, chord, 
arc, tangent, interior, exterior. 


PREPARATION Draw a circle with centre O 
Materials: Rulers and compasses. and mark a point P on the circle. 
See that students have paper, rulers, and 


compasses; then have them begin work on the 
Investigation. Can you draw the circles 


Investigating the ideas 


described below? 





INVESTIGATION 

Suggest that students draw the circle with cen- 

tre 0 with a radius of about 3 cm. It should be Each of the circles must have its centre on the circle 
located centrally on the paper so that the other and must also pass through point P. 


circles that are to be drawn will fit on the paper. 


PIES ire that the centres of all the other-ck: [a] A circle that is the same [ec] A circle larger than the 


cles drawn must lie on the circle and that the size as the given circle. given circle. 

circles must contain point P. A circle smaller than the [p] The largest of all such 
For part A, there are two circles that can be given circle. circles. 

drawn. The centres of these circles lie on oppo- ° 

Medes or OF. Discussing the Ideas 
Many circles that meet the requirements for 

parts B and C can be drawn. 1. The curve encompassing all the circles which have centres 
The largest of all the circles (part D) is the on the given circle and pass through point P is called a 

circle whose centre is diametrically opposite cardioid. 

point P and therefore has a radius twice that of a Draw several more circles of that type. 


ee Cle. B Look up the word cardioid in a dictionary to see why 


this curve has this name. 





DISCUSSION 

Allow students sufficient time to construct the ge 

additional circles suggested in Exercise 1. A 2. Give your own definition of circle. 

careful drawing will result in a family of circles 

whose envelope is a cardivid (see Exercise 4, 3. The figures below may help A 

page G-87). It is not necessary to emphasize you to review some terms 

this word at this time. associated with circles. 8 
For Exercise 2, encourage students to ex- D Cc 

press in their own words the idea that a circle 

is the set of all points in a plane that are at a 

fixed distance from a given point. A Give a definition of chord, radius, and diameter. 
Exercises 3 and 4 review terms associated B The set of points on the circle shown in color is 

ee Oe cel gcciininion sommthese minor arc ABC (SYMBOL: ABC). Why is it a minor arc? 

terms are given, but students should be able to hat pointstonithevcirclelcourdis : 9 

identify various parts of circles in drawings. wi ane 2 Ae bal bed HAS 
A chord is a line segment with its endpoints c Line t is tangent to the circle. How are t and the 

on the circle. A radius is any segment from the circle related? 

centre of a circle to a point on the circle. A dia- 

meter is any chord of a circle that contains the 4. a What is meant by the interior of a circle? 

EIS B What is the exterior of a circle? 
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* 5. 


. The circle with centre O has a 


diameter of 2 centimetres. 
A How long is a radius? 
B What is CD called? 


c Which is a minor arc of the 
circle, ABD or ACD? 


. Acircle has a radius of 5 centimetres with centre at 
point P. Which word (interior, exterior, or on) describes 
the location of each of the following points of the circle? 


A Point X is 3.7 centimetres from P. 
B Point Y is 50 millimetres from P. 
c Point Z is 6.09 centimetres from P. 


. Extend the table at 


the right up through 
10 points on a circle. 


. Suppose that a line n is perpendicular 


to the radius OA at point A. Let B be 

any other point on line n. 

a Which is longer, OB or OA? 

B Does line rn touch the circle in more 
than one point? 

c Is line n tangent to the circle? 


A Draw acircle with centre O anda 
radius of 2 centimetres. Mark a 
point P in the exterior of the 
circle 3 centimetres from O. 


B Draw at least 10 circles whose centres are on the circle 
and which pass through point P. The curve encompassing 
all such circles (the envelope of the circles) is called 
a limagon (pronounced ‘‘lee’ ma-son’’). 





eu 





Using the Ideas 





UTILIZATION 

Exercises | through 4 can be assigned to all 
students. In completing Exercise 3, students 
are likely to discover a pattern in the sequence 
of the number of chords in a circle. They can 
check this pattern by actually constructing the 


a — J) 


= chords determined 


chords. There are 


by n distinct points in a circle. 

Encourage as many students as possible to 
try the construction activity suggested in Exer- 
cise 5. Some beautiful designs can be formed by 
shading or coloring the regions formed by the 
intersecting circles. 


EXTENSION 
See Workbook page 91 for additional practice 
eXercises. 

Enrichment: A cardioid may be constructed 
in the following manner. Obtain two circular 
disks, A and B, of equal diameter. Mark a point 
P on the periphery of disk A. Keeping disk B 
fixed, mark the path of point P as disk A is 
rolled, without slipping, around disk B. The 
path of point P will be a cardioid. 





Assignments 
Minimum 1-4. Average 1-4. Maximum 1-5. 
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Objective Spheres 


The student can identify the significant terms 
associated with spheres. 


investigating the Ideas 


PREPARATION 
Materials: Several balls (or models of spheres) Choose a small ball such as a marble, 


of different sizes, cardboard or tagboard, scis- golf ball, tennis ball, baseball, or 
sors, rulers, compasses. handball. 





It would be desirable for students to work in 
pairs or small groups on this Investigation. This 
would reduce the quantity of materials needed 
for the activity. 


INVESTIGATION 

The Investigation will require that the student 
devise some method for determining the dia- 
meter of the sphere (ball) he is using. Allow 
students to choose and use their own methods. 
Students who cut the hole too large should re- 
peat the activity. You might have students 
move from station to station, repeating the 
activity with balls of different sizes. 


DISCUSSION 

Use the balls and the cardboard with holes that 
students have made to illustrate the terms asso- 
ciated with a sphere. 

In discussing Exercise 1, ask some students 
to give a definition of a sphere. Try to elicit the 
idea that a sphere is the set of all points, in 
space, at a fixed distance from a given point. 
Point out that this definition is analogous to 
that of a circle except that we are now con- 
sidering points in space rather than in a plane. 
Other related definitions are presented for your 
convenience: 

A chord is a line segment with its endpoints 
on the sphere. A radius is any segment from the 
centre of a sphere to a point on the sphere. A 
diameter is any chord of a sphere that contains 
the centre. A small circle is a circle formed by 
the intersection of a sphere and a plane that 
does not contain the centre of the sphere. A 
great circle is a circle formed by the intersec- 
tion of a sphere and a plane that contains the 
centre of the sphere. A hemisphere is one of the 
two portions of a sphere divided by a great 
cieles 
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1. A ball is a model of a sphere. If the ball 


3. A plane cuts from a sphere a 


Can you cut a circular hole in a piece 
of cardboard so that the ball you 


chose will just slip through the hole? 





Discussing the Ideas 


Small circle 





just slips through the circle that you cut 
in the cardboard, then the circle is the 
size of the great circle on the sphere. 


A What is the diameter of the sphere that 
you chose? 


B If the ball is too big for the hole, is Great circle 
the circle a small circle on the sphere? 
. A How many points of intersection do two 
great circles on a sphere have? 
B How are the points of intersection YS 
related? ge 


spherical cap. When is a 
spherical cap a hemisphere 
(half a sphere)? 


Spherical cap Hemisphere 


. If a plane and a sphere have only one point 


in common, then the plane is tangent to the 

sphere. 

A What physical examples of a plane tangent 
to a sphere can you find? 

B If a plane intersects a sphere in more than 
one point, what is their intersection? 


1. In the figure, plane n contains point O, the 


. Three arcs of great circles on 


A What is the intersection of plane n 
and the sphere? 

B What is OB called? 

c If Pis a point such that OB = OP, 
where is point P? 


pb What is the set of points on the 
spnere on one side of plane n called? 


. Point A is on the sphere with centre O. 


Using the Ideas 


centre of the sphere. 


A 


. Can three points on a sphere all lie on one line? Explain. 


What is the set of all points B such that OB < OA? 


. A What part of a sphere is related to a whole sphere 


as a semicircle is related to a whole circle? 


B An arc is related to a circle in the same way as 
what part of a sphere is related to a sphere? 


. Suppose that a plane is perpendicular 


to the radius OA of a sphere at point A. 
A Which is longer, OB or OA? 


B Does the plane touch the sphere at 
more than one point? 


c Is the plane tangent to the sphere? 


a sphere form what is called a 
spherical triangle. The second 
figure shows a special spherical 
triangle. It encloses one eighth 

of the sphere’s surface. Suppose 
you define the measure of an angle 
of a spherical triangle as the 
measure of the angle between the 
tangents of the circles at the 

great circle intersections. 





Spherical 
triangle 
a 


a 
< 


ZN 
-7 tangents 
a y 





A What would be the measure of each angle of this 


special triangle? 


B What is true for the sum of the angles of a plane 
triangle that is not true for a spherical triangle? 


UTILIZATION 

If the exercises are assigned as independent 
work, plan to allow time afterwards for dis- 
cussion of student answers. You may wish to 
discuss these exercises rather than make a 
written assignment. 


EXTENSION 

To provide appropriate further practice, make 
assignments from Workbook page 92 and Du- 
plicator Masters page 63. 

Enrichment: A spherometer is the device for 
measuring the diameter of a sphere. Students 
might be interested in making a model of one 
from a plastic margarine cup. Cut a slot in the 
bottom of a margarine cup that will accommo- 
date a small plastic centimetre ruler. 


Bottom Cay 
}3 
roles 

Place the inverted cup on a flat surface with the 
ruler in the slot and with a felt pen mark the 
point on the ruler that is even with the bottom 
of the cup. Carefully measure the radius r of the 
open top of the cup. 

Place the cup on a sphere whose radius is 


unknown. Determine the distance d between 
the mark on the ruler and the bottom of the cup. 





The radius R of the sphere can then be com- 
r+ d? 

ouaae 

Since r is a constant for a given cup, it is also 
possible to devise a scale on the ruler that will 
give R directly. 





puted by the formula R = 


Assignments 
Minimum 1-4. Average 1-5. Maximum 1-6. 


ie 
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Fe. Cylinders and Cones 
Objective 


The student can identify the following terms 


associated with cylinders and cones: radius, investigating the Ideas 


height, axis, base, apex, slant height. B Cc 
Suppose a label from a 
PREPARATION cylindrical food can is 
Materials: Scissors, paper, cellophane tape, the size and shape of this 
models of cylinders and cones. parallelogram. Cut out 
Display a variety of cylindrical food con- two parallelograms like A A 
tainers. Show that the labels are, ordinarily, this one. 18 cm 


rectangles which are wrapped around the 
containers. Then refer students to the 
Investigation. Can you show that the label above. will fit around 


two differently-shaped cylindrical cans? 





INVESTIGATION 

The Investigation presents students with a a A 

challenging construction problem. Some stu- Discussing the Ideas 

dents may recall seeing labels from canned 

biscuits or cookies which are in the shape of 1. The parallelograms in the Investigation were eter 
parallelograms. Large sheets of paper will be used to form models of right circular cylinders. Axis Height 
needed for the parallelograms, or students can Which of the two cylinders you made do you think = 
make the parallelograms by taping together has the greater capacity? 


1 i ight ci | 
two right triangles whose legs are 18 cm and night cine iit 


: : cylinder 
16 cm respectively. Two different shapes of 
cylinders can be made from the Parallelograms. 
As shown below, AD and BC can form the EXD 
bases or AB and DC can form the bases. Have 2. What is the difference between an Aes tar 
students tape the two parallelograms to show oblique cylinder and a right cylinder? rea 
both possibilities. Height 


Oblique circular cylinder 


3. A portion of a circular region 
can be used to make 






27 





1'6| cm a model of a cone. Slant height 
Height 
\ Make a model of a cana, 
D CRIME SME UL IERS Right circular cone 


slant height of 


DISCUSSION 10 centimetres. 


Use the models that students made in the In- 
vestigation to illustrate the parts of a cylinder. 
Allow time for students to construct a model 


of a circular cone in Exercise 3. Point out that 4. What do you think is the difference 
the radius of the circular sector becomes the between an oblique circular cone 
slant height of the cone. and a right circular cone? 


Oblique circular cone 


1. The rectangular sheet of paper 
was used to form a model of a 
right circular cylinder. 

A What is the height of the 
cylinder? 

B Give the height of another 
cylinder that could be formed 
from this rectangular sheet 
of paper. 


2. Patterns for models of right circular cones are shown below. 


28 cm 





22 cm 





Using the Ideas 





‘ en 
fa : ex 
6 cm 6 cm 6 cm 6 cm 


A What is the slant height of each cone? 


B Which cone will have the greatest height? 


c¢ Which cone’s base will have the greatest diameter? 


3. Three planes intersect this cone. 
Match each planea,B, and ¢ with 
the correct intersection D,£, ore. 


pes OC 
lel a 
apa 


4. a Sketch the intersection of plane a 
and the circular cylinder. 


B Sketch the intersection 


of plane b and the 2 
circular cylinder. Ga) 





UTILIZATION 
If the exercises are assigned as independent 
work, time should be allowed for discussion 
afterward. Models of cones made from the 
patterns in Exercise 2 will aid the discussion. 
You may want to give the technical names 
for the curves in Exercise 3. The curve for 
plane A is an ellipse and for plane C a para- 
bola. Students need not memorize these names. 


EXTENSION 

Enrichment: The illustration below shows a 
method of constructing an ellipse that students 
might enjoy trying. The string loop should be 
kept taut while the pencil is moved around the 
nails to form the ellipse. 






Nails, tacks, 


} 





Plywood 


—--— 


Think Solution 
A solid which will pass through the holes is 
illustrated below. 


AY 


yo 


You can easily see the square shape in the 
illustration. To see the circular’ shape, you 
must view the solid from direction A. To see 
the triangular shape, you must view the solid 
from direction B. 


Assignments 
Minimum 1-3. Average 1-4. Maximum |-4. 
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Objective 

The student can demonstrate an understand- 
ing of the fact that the perimeters of the in- 
scribed regular polygons in circles approach 


the circumference of the circles as the number 


of sides of the polygons increase. 


PREPARATION 
Materials: Centimetre rulers and compasses. 
Some time and effort could be saved if dupli- 
cated copies of the four inscribed polygons 
were available for student use in the Investiga- 
tion. This Investigation will require somewhat 
more time than most Investigations, so have 
students begin work on it immediately. 


INVESTIGATION 

You may need to give students some guidance 
in the construction of the inscribed regular poly- 
gons. Since students will use their construc- 
tions for measurement purposes, encourage 
careful work. 


DISCUSSION 

The main objective in this section is for stu- 
dents to gain an understanding of the fact that 
as the number of sides increases, the perimeters 


of inscribed polygons approach some number 


which represents the distance around the circle. 
Since length has generally been used in refer- 
ence to linear measure, some special definition 
must be made in order to discuss the distance 
around a circle. Therefore the limit of the peri- 
meters of inscribed regular polygons in a circle 
is defined to be the circumference of the circle. 

In discussing Exercise 1, you may expect 
slight variations in the measurement of lengths 
and perimeters of the polygons. This should 
not detract from the main objective of the 
discussion. 
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Circumference 
investigating the Ideas 


Draw four circles each with a radius of 10 centimetres. 


OO 


Can you inscribe regular polygons of 3, 4, 6, and 8 sides in the circles? 


Discussing the Ideas 





1. Find the measure of the 
sides of each inscribed 
polygon to the nearest 
tenth of a centimetre. 
Then record the length 
of one side and the 
perimeter of each polygon. 


2. A Which inscribed polygon 
has the longest sides? 


B Which inscribed polygon 
has the greatest perimeter? 

c Do the perimeters of the 
inscribed polygons increase 
as the number of sides 
increase? 





3. Consider regular inscribed polygons with a large 
number of sides. 


A What happens to the length of the sides 
as more sides are added? 


B What happens to the perimeter as more 
sides are added? 


It is possible to prove that as the number 
of sides of the regular polygons increase, their 
perimeters approach a definite number. This _ 
number is the circumference of the circle. : 










Using the ideas UTILIZATION 
The exercises have a definite purpose: as stu- 


dents carry out the suggested constructions and 

measurements, they are expected to discover 

that the ratio of the perimeter of inscribed regu- 

B Inscribe squares in each circle. lar polygons to the diameter increases as the 
Measure the sides of each square number of sides of the polygons increase. This 
to the nearest tenth of a centi- sequence of ratios has a limit which is the ra- 
metre and find the perimeter of tio of the circumference of the circle to its 
each square. diameter. 


; f You might assign Exercise | to one group of 
Db Compute the ratio F when P is : gine 


; students, Exercise 2 to another group, and 
the perimeter of the a TEMS and Exercise 3 to a third group. Each group could 
d is the diameter of the circle. 


report their findings, and the results could be 

E What do you notice about the summarized when discussing Exercises 4 and 
ratios ‘ for the circles? 5. In discussing Exercise 5, some students will 
probably mention 7, which is the topic of the 


next lesson. 


1. a Draw circles with diameters 
of 4, 6, and 8 centimetres 











2. Repeat Exercise 1, but inscribe regular 
hexagons in the circles. EXTENSION 

Appropriate additional practice exercises are 

provided on page 93 of the Workbook. 





za 


3. Repeat Exercise 1, inscribing regular // Think Solution 


y Remove the 4 toothpicks represented by the 
dotted segments in the drawing below. 


octagons in the circles. 


Se 


4. Compare the ratios § found in Exercises 1, 2, and 3. ee ie 
Does the ratio f increase as the number of sides of ee 


the inscribed polygons increase? Bl. 








5. It can be proved that as the number of sides Assignments 
of the regular inscribed polygons increase, Minimum |, 2, 5. Average 1-3, 5. 
the ratios § approach a definite number. ) = = iil Maximum 1-5. 


This number is the ratio of the circumference 
of a circle to its diameter. What is your 
estimate of this number? 


IRUUFU 


The eight small equilateral triangles can be formed es 


using 16 toothpicks. Can you remove four of the <| 














toothpicks so that only four small equilateral 
triangles will remain? No partial triangles allowed! 
f - 
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Objective 

The student will be able to find the circum- 
ference of a circle by using the formula C = 
md or C = 2rr. 


PREPARATION 
Materials: Several cylindrical objects (such as 
cans or paper rolls), string, metric tapes or 
metre sticks. 

You may find it helpful to establish four to 
six stations in the classroom with materials 
available for carrying out the Investigation. 


INVESTIGATION 

If feasible, arrange for students to work to- 
gether in small groups on the Investigation. Ask 
students to take special care to see that the 
measurements are sufficiently accurate to yield 
reasonable numbers for the ratioS. Record var- 


: ; baat 
ious students’ results for the ratio d on the 


chalkboard for use in the Discussion. 


DISCUSSION 
It should be interesting to students to see how 
near the average of their Investigation findings 


for the ratio is to the commonly used approxi- 
mation for 7 (3.14). 
Students should know and be able to use 


either the formula C = awd or C = 27r to find 
circumferences of circles. 


The Number 7 
Investigating the ideas 


Choose several cylindrical objects 
with different diameters. The 
illustration below suggests a 

way of using a string to find 

the circumference of a circle. 








Can you complete a table 


like the one at the right 
for the circles you chose? 





Discussing the Ideas 


1. a Is the last column in the table 
approximately the same number 
for all the circular objects? 


B Find the average of the numbers 
in the last column. 


2. The ratio § , which is the same for 
all circles, is given a special 
name, z (pronounced ‘‘pie’’). The 
table at the right gives various 
approximations for z. 

A What is z to the nearest 
hundredth? 


B What is z to the nearest 
thousandth? 





oe circumference a 











Babylonia, 2000 B.c.,z7=3 
Egypt, 1700 .c., 7 = (48) 
China, 1000 8.c.,7=3 
100 A.D., 7= V10 
300 A.D., 7 = 34 
500 A.D., 7 computed to six 
decimal places 
Greece, Archimedes, 
250 B.C., 339 < 7 < 35 
Europe, Middle Ages, = = 3, 33, V10_ 
Today, with digital computers, 7 has been 
computed to 100 000 decimal places. 
m7 = 3.141592653589 ... 





3. Since g = 7, you Can find the circumference of any circle 
by the formula C = wd. What is the approximate circumference 
of a circle whose diameter is 10 centimetres? (Use 7 = 3.14.) 


4. If ris the radius of a circle, then the diameter d = 2r. 
Therefore, C= 7-d=7- 2r= 2zr. What is the approximate 
circumference of a circle whose radius is 4 centimetres? 


. Suppose a model of a cone is 


Using the Ideas 


. Find the circumference of each circle with the 


given diameter. The flow chart may help you. 


d 7:d c=7d 
A d=8cm GEo— oreicm E d=0.71m G d=1dm 
B d=15cm bp d=120 mm F d=1.3m H d=2.4cm 


. Acircle has a circumference of 83.21 centimetres. 


What is its diameter? (Use z =~ 3.14.) 


Compute the circumference of each circle with the 
given radius. The flow chart may help you. 







r 2-r 2: siaipd C= 2ur 


A r=5cm B r=6.8mm c r=37 mm bp r=0.8m 


. The Earth is spherical with a radius of about 6400 


kilometres. What is the approximate circumference 
at the equator to the nearest thousand kilometres? 


made from the pattern shown. 
A What is the circumference 
of the base of the cone? 
B What is the diameter of 
the base of the cone? 





. A bicycle wheel has a diameter of 65 centimetres. 


A About how many revolutions will it make per kilometre? 
B At 30 km/h, about how many revolutions will the wheel make per minute? 


*7. The best approximations for 7 are computed by using infinite series. 


The following is one way of getting z from an infinite series: 
3 

First compute =3-3° (3) +3 , (3) +. (3) Bre 
3 

Then. compute 8=4—}- (3) +4- (4) -}-(3) +--- 

Then compute 4 - (a + 8) to get an approximation for 7. 


Q|-  w\- 


UTILIZATION 

Have the solutions to selected exercises placed 
on the chalkboard and discussed. Exercise 5 
will be more interesting if a model is con- 
structed from the suggested pattern. 


EXTENSION 
To provide further practice, make assignments 
from Workbook page 94, Duplicator Masters 
page 64, and Arithmetic Skill Card AP-S. 
Enrichment: Students may be amused by the 
following mnemonic device for remembering 
the decimal approximation for 7. The number 
of letters in each word of the poem below rep- 
resents a digit in the decimal expansion of 7. 
Hi yp ES a 5 
“Sir, | bear a rhyme 
) 
excelling 
2 6 5 3 5 
In mystic force and magic 
8 
spelling 
9 “ 
Celestial sprites elucidate 
Teer hes 8 4 


All my own striving can’t 
6 


relate.” 


Solution, Exercise 7 
The computation is 
when possible. 
a = 0.50000 — (444) + 0.2(0.03125) 

= (2-0078128) 


= (0.50000 + 0.00625) — (0.041667 


shown using decimals 





+ 0.001116) 
= 0.506250 — 0.042783 
= 0.463467 
B= 0333333244 (Sa) 


+ 0.2(0.004074) — (2.299457) 
~ (0.333333 . . . + 0.000815) 
— (0.01233 . . . + 0.000065) 
~ (1.334148 — 0.012398 = 0.321750 
4(a +B) ~ 4(0.463467 + 0.321750) 
4(0.785217) 
3.140868 


oN tf 


v 


ut 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-7. 
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Objective 
The student can use the formula A= amr? 
to find areas of circles. 


PREPARATION 

You may want to discuss the following ideas 
before beginning the Investigation. Defining 
the area of a circle poses the same kind of 
problem as defining circumference, because 
area has only been defined in terms of unit 
squares. From an intuitive point of view, it is 
clear that a circular disk or a circular region 
has an area. The chief task in this section is 
to use what is known about the area of tri- 
angles and parallelograms to develop a formula 
for computing the area of a circular region. 


INVESTIGATION 

Extimates of the areas of the inscribed poly- 
gons will vary. (Square: 32 sq units; hexagon: 
40-42 sq units; octagon: 44-46 sq units) The 
purpose of the Investigation is to enable the 
student to observe that the area of the inscribed 
polygons in a circle increases as the number of 
sides increases, but has an upper bound or 
limit. 


DISCUSSION 
Area of circles is defined in Exercise 2. It is 
not necessary for students to be able to state 
the definition. 

It will be helpful to have a circular disk cut 
up as indicated in the figure for Discussion 
Exercise 3. If you divide the circle into semi- 
circles and tape the pie-shaped pieces of each 
half together along the outer edge of the circle, 

-you can then “open” the semicircles and ar- 
range them as in the bottom figure. Your stu- 
dents should be able to see that, as they consider 
polygons with more and more sides, this figure 
will look more and more like a parallelogram. 
Since the area of this parallelogram would be 
its length (which is about one half the circum- 
ference, or 7-1), times its height (which is 
nearly r), it is quite reasonable to assume that 
the area of a circular region is 7r?. 
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Investigating the Ideas 


Regular polygons of 


. The figure at the right is a 


Area of Circles 


4,6, and 8 sides are 
inscribed in circles 
whose radii are 4 units. 








Can you estimate the area of each regular polygon 
by counting squares? 





Discussing the Ideas 


1. As the number of sides of the polygon increased, 


did the area also increase? 


. It can be proved that as the number of sides increase 


the areas of the inscribed regular polygons in a given 
circle approach a definite number, depending, of course, 
on the radius of the circle. This number is defined to 
be the area of the circle. 


What are your estimates for the areas of the 
circles in the Investigation? 


regular polygon inscribed in 

a circle of radius r. Think 

of cutting the polygonal region 

to form the parallelogram below. 

A Explain why the base of the 
parallelogram is nearly zr -r. | 

B Why is the height h nearly r? 





c Explain why the area of the 
parallelogram is almost ree = : 
aw r-rorm: re. h is nearly r. Nearly z-rorsC 


. The area A of any circle can bé found by the formula A= ar? 


where r is the radius of the circle. 
A What are the areas of the circles in the Investigation? 
B How close is this to your estimate in Exercise 2? 


Using the Ideas UTILIZATION 
Assign the exercises as independent work. 






1. Find the area of each circle with the given radius. When the exercises have been completed, stu- 
The flow chart may help you. dents can show some of their solutions on the 
- chalkboard (particularly those for Exercises 

4 and 5). 

r r2 Pty? Arr EXTENSION 
Appropriate additional practice exercises are 
provided on Workbook page 95, Duplicator 
A r=/cm Been —s08em Ce — alee pb r=0.07 mm Masters page 65, and Arithmetic Skill Card 
AP-6. 

2. The area of a circle is 78.5 square centimetres. Barichment 1h 
What is its radius? (Use 7 ~ 3.14.) express the area of a circle in terms of the 


5 ; : ; d 
diameter of the circle. Since A = mr? andr = air 


3. Copy and complete the table of data about circles. (Use 7 ~ 3.14.) psa ete 


Aa=a($)=Teat 


Using a = 3.14, i 0.785. 





Hence, A = z - d2 = 0.785? 





This formula would be useful if one were using 
a desk calculator or hand-held minicomputer. 





Assignments 
Minimum |, 2. 3A—-D. Average 1-4. 
Maximum I-S. 





4. A circular mirror is cut froma 
square piece of glass 36 centimetres 
on each side. 

A lf the diameter of the mirror is 
as large as possible, what is 
its area? 

B What is the area of the glass 
outside the circle? 





36 cm 


* 5. Two circular holes are cut in a 


rectangular piece of sheet metal. 
The holes are 4 centimetres and 
6 centimetres in diameter. The 
sheet of metal is 21 centimetres 
by 10 centimetres. What is the 
remaining area of the rectangular 
piece after the holes are cut? 
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Objective Cireumferenee and Area Problems 


The student can solve problems dealing with 
applications of area and circumference of 1. a What is the circumference of 
circles. the large circular region? 
B What is the distance along 


piece ie ae the S-shaped curve from A to B? 
The exercises can be assigned selectively as 

desired. The approximation for z is not given c What is the distance from A to B 

for these exercises. You might want to remind around the large circle? 

students that the approximation 3.14 for 7 is p What is the area of the large circle? 





adequate for most problems except those which 


— What is the area of the shaded portion of the circle? 
require a high degree of accuracy. 


Soluti : 2. Suppose that the ring is stamped out of sheet 
olutions, Exercises 4 and 7 Ants : 
4. The two ends of the track are semicircles metal weighing 13 grams per square centimetre. 
with diameter 63.7m. Together they make a What is its mass? 
complete circle with circumference equal to 
qm - 63.7m ~ 200m. This distance plus the 
ws STEELE 9 GUE ANCES SOLERO) EAU UE 3. A giant sequoia tree has a circumference of 
Ts ee (smallest semicircle) = 7-15)" = 30.9 metres. What is the diameter of the tree 
Ge to the nearest tenth of a metre? 





Area (middle semicircle) = 7 - 2? = 47 

Area (large semicircle) = 7 - (2.5)? =6.257 

2 me) = iy i j 
Se OF 4. An oval track has two straight sides 


100 metres in length. The ends of the 
track are semicircles with diameters 

of 63.7 metres. What is the distance, 

to the nearest metre, around the track? 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-7. 





5. What is the area enclosed by the oval track in Exercise 4? 


6. The Santa Maria Del Tule Tree, a Montezuma cypress in 
Oaxaca, Mexico, is reported to have the greatest 
circumference of any tree in the world. At a height 
of 150 centimetres above the ground, the circumference 
is 45.7 metres. What is the diameter of the tree to 
the nearest tenth of a metre? 


7. a Find the area of the semicircle on 
each side of the right triangle. 

B Show that the sum of the areas of the 
two smaller semicircles is equal to 
the area of the semicircle on the 
hypotenuse. 





SPECIAL, CURVES 


. Draw a circle with a 10-centimetre 
diameter. Draw a radius every 15°. 
Mark a dot at the centre of the circle, 
then measure 0.4 centimetres out from 
the centre and mark a dot on a radius. 
Then put a dot 0.8 centimetres from 
the centre on the next radius, a dot 
1.2 centimetres from the center on 
the next radius, and so on, until 

you have put a dot on each radius. 
Connect the dots with a smooth curve 
to form a spiral. 


. Cut a circular hole 12 centimetres in 
diameter in a piece of cardboard. 

Cut a circular disk 4 centimetres in 
diameter from the cardboard. Mark a 
point P on the edge of the disk. Roll 
the disk along the circular hole (with- 
out slipping) and mark the path of 
point P with dots. Connect the dots 
with a smooth curve. This curve is 
called a deltoid. 


. Draw a circle with centre O and a line @ 
containing O. Now construct many circles 
all with their centres on the first circle 
and tangent to line @. The envelope of 

all these circles will be a kidney-shaped 
curve called a nephroid. 


. Use a protractor to divide a circle 
into 36 congruent arcs by marking 
points every 10° around the circle. 
Number the points successively from 
1 through 36. Join point 1 with 2 

by a segment, point 2 with 4, point 3 
with 6, in general, point n with 2n. 
For points numbered more than 18, you 
will have to repeat. Thus, 19 will be 
joined with 2, 20 with 4, and so on. 
The curve outlined by these segments 
is a cardioid. 


35 36-1 
334 2 3 








Objective 
The student can construct some special 
mathematical curves. 


UTILIZATION 
This set of problems should be regarded as 
optional material. However, because of their 
motivational nature, you will probably want 
several of your students to try them. Students 
may enjoy a change of pace from purely com- 
putational problems. 

Enlarged duplicated copies of the circles for 
Exercises | and 4 will enable the student to 
save time in making the constructions. 


EXTENSION 

Enrichment: Students who are especially in- 
terested in the curves suggested in the exercises 
may be encouraged to try one or more of the 
Research Projects on page G-93. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 
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Objective 

Given the radius of the base and the height 
of circular cylinders or cones, the student can 
compute the volume or lateral surface area 
by using the appropriate formula. 


PREPARATION 

Materials: Models of cylinders and cones. 
Review the formulas for the volume of prisms 

and pyramids. 


DISCUSSION 

In this section, formulas are developed for 
the volume and lateral surface area of cylinders 
and cones. This is done by thinking of inscribed 
prisms and inscribed pyramids, for which the 
volume formulas are already known. As the 
number of sides of the prisms and pyramids is 
increased, their volumes approach the volumes 
of the cylinders and cones in which they are 
inscribed. The same is true with regard to 
surface area. 


Answers, Discussion Exercises 1C and 3A-C 

1C. You can think of the cylinder as a prism 
with infinitely many sides. Since the base 
is a circular closed region, its area is mr’. 
Thus, the area of the base (mr?) times the 
height (A) will give us the volume (V). 

3A. The volume of a pyramid is +Bh. As the 
number of sides of the base increases, the 
area of the base approaches the area of 
the circle. Then, the volume of the cone 
is +Bh or 4(ar?)h. 

3B. The lateral surface area of a right pyramid 
is x times the perimeter of the base times 
altitude of each face. As the number of 
sides increases, the surface area of the 
pyramid approaches the surface area of the 
cone. Thus, the surface area of the cone is 
> times circumference times slant height; 
SUinie Cemcine ala on Guia (277712) = 
TS. 

3C. Since s,r, and /: are sides of a right triangle. 
then the Pythagorean Theorem applies. 


G-88 


Volume and Surface Area of Cylinders and Cones 


Discussing the ideas 


1. Think about a prism inscribed in a cylinder 

(as in the figure). We know that the volume 

of the prism is the area of the base times 

the altitude to the base. 

A How does the volume of the prism compare 
with the volume of the cylinder? 

B As the number of sides of the prism is 
increased, how does the resulting volume 
compare to that of the cylinder? 

c Explain why the volume of the cylinder is 


V =.area of base: height = 7-r?-h 


2. In the figure, a right prism is inscribed in a right 
circular cylinder. 


A How does the lateral surface area (surface area not 


including the two bases) of the prism compare to 
that of the cylinder? 

B As the number of sides of the prism is increased, 
how does the resulting lateral surface area of 
the prism compare to that of the cylinder? 

c The lateral surface area of a right prism is the 





Volume=a-r?-h 





Lateral surface area=2-a7-r-h 


perimeter of the base times the height. Explain why the 


lateral surface area of the cylinder is 2-a-r-h. 


3. In the figure, a right pyramid is inscribed in 
a right circular cone. 


a Explain why the volume of the cone is 3: 7-r2-h. 
B Explain why the lateral surface area of the cone is 


half the circumference times the slant height, or 7-r-s. LL 


¢ Explain why s?=r?+ h2 
p If r=3 and h=4, what is s? 


4. If a cylinder is 1 unit thick, what is its 
volume if the area of the base is B? 
Explain the formula for the volume of 
a cylinder in terms of counting slabs 
of a unit thickness. 


Slant 
“& height 


Nn, 


Volume =3:a7-r?-h 
Lateral surface area=a-r-s 





. Acylindrical can is designed to hold 


. Two rectangular sheets of 


Using the Ideas 


. Copy and complete the table for right circular cylinders. (Use 7 ~ 3.14.) 


a oem tie | | i | 
e|120m| 6cm| ih | | a _ 
e | 20cm} 6ocm| iit | til | iil | 
p|oscem|0.25em] ti | i | ill 
«(Mm | em] i | 220 om] 








one litre (1000 cm3). The height of the 
can is 10 centimetres. What is the 
diameter of the base to the nearest 
tenth of a centimetre? 


Copy and complete the table. The dimensions are for 
right circular cones. (Use 7 ~ 3.14.) 











About how many cubic metres of sand 
are in a conical sand pile 2.5 metres 
in diameter and 1.2 metres high? 


22 cm 

typing paper, each 22 by 

28 centimetres, are used to 

form models of cylinders. 

A What is the lateral surface 
area of each cylinder? 

B Which cylinder has the greater volume? 


22 cm 











UTILIZATION 
Note that in completing the tables for Exercises 
1 and 3 there is much computing using the 
volume and lateral surface formulas. There- 
fore, you should adjust your assignments ac- 
cording to the needs of your students. 
Exercise 5 illustrates that if two cylinders 
have equal lateral surface area, the cylinder 
having the larger base will have the greater 
volume. Consider models of circular cylinders 
made from rectangular sheets of paper x units 
long and y units wide, with x > y. 
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EXTENSION 

Further practice exercises are provided on 
Workbook page 96, Duplicator Masters page 
66, and Arithmetic Skill Cards AP-14 and 
AP-15. 

Enrichment: Have some students investigate 
this question: “If you pour sand from a bucket 
into two conical piles, will they be similar in 
shape?” Encourage them to carry out some ex- 
periments with sand to see if there is a rela- 
tion between the base and the height of the 
cone. The experiment might be varied to in- 
clude other materials such as salt or sugar. 


Assignments 
Minimum 1A and B, 3A and B. 
Average 1-3. Maximum |I-S. 


Objective Volume and Surface Area of Spheres 


The student can use appropriate formulas 
to compute volume and surface area of a 


Investigating the Ideas 
sphere. 


Suppose you made a model of 
a sphere with a diameter of 

5 centimetres from modelling 
clay. Then you formed a cube 
from the clay sphere. 


PREPARATION 
Materials: Modelling clay. 

Prepare several balls from modelling clay 
with diameters of approximately 5 cm. These 
will be used by students in the Investigation. 





INVESTIGATION 

Students can work in small groups on this 
Investigation, but estimates for each part of 
the Investigation should be made by each stu- 
dent. The ball of modelling clay can be reformed 
approximately into a cube that has the same 
volume, by pressing the clay on a flat surface. 
It is quite likely that such a cube will have 
slightly rounded corners, but you should not 
expect great accuracy in this crude method of 
determining volume of a sphere. In general, 
students should find that the edge of the cube 
is about 0.8 of the diameter, or 4 cm. Thus the 
volume of the cube is about 43 cm?, or 64 cm?. 
The estimated surface area should be about 
100 cm?. 


DISCUSSION 

Exercises 1, 2, and 3 relate to the Investiga- 
tion. Most students can probably see intuitively 
the surface area of the sphere is less than the 
surface area of the cube. 

The formulas for surface area and volume 
of spheres must be accepted without proof 
since the proofs require more mathematics 
than the students have had. Be sure to point 
out that the surface area of a sphere is just 4 
times the area of one of its great circles. 


G-90 


5. The formula for the volume V of a sphere 


What is your estimate for 


A the length of an edge of the cube? Find some 


ways to check 
your estimates. 


B_ the volume of the cube? 
c the surface area of the cube? 





Discussing the Ideas 


1. Will the length of one edge of the cube be longer or 


shorter than the diameter of the sphere? 


. The volume of the cube is the same as the volume of the 


sphere. What is your estimate for the volume of the sphere? 


. Do you think the surface area of the cube is the same as 


the surface area of the sphere? If not, which has the 
greater surface area? 


. We shall accept, without proof, the 


formula for the surface area of a 

sphere with radius r to be: 
Surface area = 4zr? 

A How does the surface area of a 
sphere compare with the area of 
a great circle of a sphere? 

B What is the surface area of the 
sphere in the Investigation? 





Surface area =4-7-r? 
Volume =$-7-Fr? 
with radius ris V=4ar° 


A Use this formula to compute the volume 
of the sphere in the Investigation. 


B How close was your estimate for the volume 
of the cube to the calculated volume of the sphere? 


1. Copy and complete the table for 
spheres. (Use 7 = 3.14.) 


oo B Pb 











2. What is the mass of a solid iron 
ball with a 10-centimetre diameter 
if one cubic centimetre of iron 
has a mass of 7.8 grams? 


3. The Earth is nearly a sphere with 

a radius of 6400 kilometres. 

A What is its surface area? 

B About 70.6% of the Earth’s 
surface is covered by water. 
How many square kilometres 
is this? 

c What is the Earth's volume? 


4. The radius of Earth's moon is 
about 1728 kilometres. 


A What is the surface area of 
the moon? 


B What is its volume? 


5. A ball of wax has a radius of 
1 centimetre. When it is softened, 
it is pushed into a box witha 
square base 1 centimetre on each 
side. About how high will the 
wax be in the box? ! pe, 


(pide 
«© 
tom \° 





wir. 


* 8. 


* 9. 


Using the Ideas 


. A basketball has a radius of 


approximately 12 centimetres. 

A What is the 
volume of 
the ball? 


B How much 
larger Is 
the volume 
of a cube 
that will 
just hold 
the ball? 

c What is the surface area of 
the ball? 

pb How much larger is the surface 


area of the cube than that of 
the ball? 





Archimedes, the greatest of the 
Greek mathematicians, took pride 
in his proof that the ratio of the 
volume of the sphere to the volume 
of the touching cylinder is 3. Show 
that this is so. 





One sphere has twice the radius of 
another. How do their volumes 
compare? How do their surface 
areas compare? 


What happens to surface area and 
volume if the radius of a sphere is 
tripled ? 


UTILIZATION 

The exercises provide extensive practice in 
the use of area and volume formulas for 
spheres. It will be helpful if solutions to se- 
lected exercises are placed on the chalkboard. 


Solutions, Exercises 7, 8, and 9 
7. Note that the height of the cylinder is twice 
the radius of the sphere. 


Volume of sphere : 
Volume of cylinder am-+r?- 2r 
4 
“a 
3 





8. Volume: Vo = ah 
V,= 4377 (2r)? 
V,=8(37r*) 


Thus, the volume of the sphere with its 
radius doubled is eight times greater. 
Surface area:.§, = 4ar? 

So 4a (2h)e 

S» = 4(47r?) 
Hence, the surface area of the sphere with 
its radius doubled is four times greater. 


9. Volume: V.= 37 (3r)3 
33 (4a) 
= 27 (ah) 
Volume is increased 27 times. 
Suiface areas S54 7 Sie 
= 3° (4zr?) 
= 9 (4717) 
Surface area is increased nine times. 


EXTENSION 
To provide additional practice, make selective 
assignments from Workbook page 97, Dupli- 
cator Masters page 67, and Arithmetic Skill 
Card AP-16. 


Assignments 
Minimum 1-3. Average 1-6. Maximum 1-9. 
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Objective 
The student can demonstrate the ability to 


work with the concepts presented in this 
module. 
UTILIZATION 


Adjust your assignment of the review exercises 
to the coverage of the module. Encourage stu- 
dents to ask questions and discuss any prob- 
lems relative to the material of the module. 

Page 98 of the Workbook provides additional 
exercises that would be suitable for use in 
reviewing the major ideas presented in this 
module. 
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10. What is the area of 


REVIEWING THE IDEAS 


1. Name each of A B 
the following 
on the circle. 


A Achord. 

B A radius. 

c The centre. D 

pb A minor arc containing point C. 


2. If a plane intersects a sphere 
and contains the centre of the 
sphere, what is this intersection 
called? 


3. Which pattern will form a model for 
a right circular cone? 
B 





4. What is the ratio of the circumference 
of a circle to its diameter? 


5. State the formula for the 
circumference of a circle. 


6. Find the circumference of a circle 
with a radius of 12.3 centimetres. 
(Use m7 = 3.14.) 


7. If a circle has a circumference of 
17.36 metres, what is the radius of 
the circle to the nearest tenth of 
ametre? 


8. What is the formula for the area 
of a circle with radius r? 


9. Find the area of a circle with a 
radius of 6.12 centimetres. 


a rectangular piece 
of paper that will 
just fit around 

the juice can? 





11. 


12. 


13. 


14. 


15. 


16. 


17. 


A model of a right circular 
cylinder is made from a square 
sheet of paper 28 centimetres 


r 
C 
i" 





cep 


28 cm 





What is the lateral area of 
the cylinder? 


What is the radius of the base 
of the cylinder in Exercise 11? 


A model of a circular cone is 
made from 2 of a circular region 
-with a radius of 6 centimetres. 
aA What is the 
slant height? 
s What is the 
circumference 
of the base? 
c What is the 
radius? 





A cylindrical tank has an inside 
diameter of 2.1 metres and a 
height of 1.5 metres. What is the 
volume of the tank? 


What is the volume of a cone 
whose base and height are the 
same as the cylinder in Exercise 14? 


What is the lateral surface area of 
a right circular cone with a height 
of 12 centimetres and the diameter 
of the base 14 centimetres? 


A golf ball has a radius of about 
2.1 centimetres. 


a Find the volume. 
B Find the surface area. 


plmetes a is is 
a circumference? (User =3.14) 


a es has a 
radius of 12 
centimetres. 
What is the 

circumference 

of agreat circle - 
of the sphere? _ 


What is the area 
ofonesideof — 
= this coin to the 

- nearest hundredth 
of acentimetre? 


RESEARCH PROJECTS 


A_ Investigate several different kinds 
of mathematical curves such as the 
astroid, the deltoid, parabola, 
ellipse, and hyperbola. Show con- 
structions of the curves. (See Book 
of Curves by E. H. Lockwood: 
Cambridge, Massachusetts: 

C.U.P., 1963; Macmillan.) 


B Make acollection of ordinary objects 
that are examples of cylinders, cones, 
and spheres. Find the dimensions of 
each and then use the appropriate for- 
mulas to find the area and volume of 
each object. Make a display of them. 


this circular cor ? 


8. What is the volume of ‘ e 
in ee oe 


What is the 


Surface area 
of a sphere 





Make a geometric pattern using 
colored threads and heavy paper. 
(See Curves in Space by Donovan 
A. Johnson; St. Louis: Webster, 
1961; McGraw-Hill Ryerson.) 


Mosaic designs are often formed 
from polygons and other geometric 
figures. Using a straightedge and 

a compass, construct your own 
mosaic design. (See Mathematical 
Recreations by Maurice Kraitchik; 
New York: Dover Publications, 
1953, pp. 193-213.) General 
Publishing.) 


TEST YOURSELF 

The items on this self-evaluation test are de- 
signed to give students an opportunity to dis- 
cover for themselves how effectively they can 
work with the major ideas of this module. If 
they do well on this test, they may be expected 
to perform satisfactorily on an achievement 
test covering this material. 

Encourage students to check their own an- 
swers against the key provided on page G-96 
and return to the appropriate lessons of the 
module to review any concepts that gave them 
difficulty. 

Note that correlations between test items 
and the module objectives are indicated by 
annotations on the student text page at the 
left. 


RESEARCH PROJECTS 

Additional references for Project A include: 
Circles by Josephine Mold, in the series Topics 
in Mathematics; New York: Cambridge Uni- 
versity Press, 1967, distributed in Canada by 
Macmillian Company of Canada Ltd., Toronto; 
and Mathematical Models, by H. Martyn 
Cundy and A. P. Rollett, New York: Oxford 
University Press, 1954, pp. 28-38, distributed 
in Canada by Oxford Press Ltd., Don Mills, 
Ontario. 

Research Project B could be participated in 
by all students as a class project. Each person 
could contribute one article for the display. 

Students interested in design and art might 
find Projects C and D particularly interesting. 


Objective 

The student can demonstrate the ability to 
work with the major concepts presented in this 
learning unit. 


UTILIZATION 

The significant concepts of the entire learning 
unit are reviewed in the items included in the 
Cumulative Review. The items are sequenced 
so that, if you wish, you may make separate 
assignments of the exercises related to specific 
modules. Exercises | through 6 pertain to the 
ideas presented in Module 1; Exercises 7 
through 12, to Module 2; Exercises 13 through 
16, to Module 3; and Exercises 17 through 
22, to Module 4. 


G-94 


CUMULATIVE REVIEW 


For Exercises 1, 2, and 3, draw AABC 
in the position shown on the grid. 





1. Show the slide image of AABC 
after a translation of 
“left 3, up 5.” 


2. Show the reflection image of 
AABC if the x-axis is the 
reflecting line. 


3. Using the origin (0.0) as a centre 
of rotation, a rotation image of 
point A is (1, 2). What are the 
rotation images of B and C for the 
same rotation? 


4. Suppose APQR = AXYZ. 
a 2Q =llil B PQ =llll 


5. State which pairs of triangles are 
congruent and give the congruence 
theorem (SSS, SAS, or ASA) that 
applies for each pair. 





. Suppose f||g and 


n 
.. Lines p and g wip 
are parallel. 4/3 fo 
Name the angles 5/6 q 
congruent to 21. a 


. Find the area and perimeter of 


each region. 


5 ae a 


ET “Pe 
— 


—_— oe 
Ne) 


mZ2= 66°. 


What is the 
measure of 
each of the 
other angles? 


. Find the measure of the third 


angle. 





. Find the length of the third 


side of each triangle. 


A B C 
8 c a 42 
Cc 15 Bi ab 20 A 
; B 
c D 1.3 
lad use 
c—-——Sp eas 





HUE 


e+ 


13. 


14. 


15. 


16. 


Find the volume of each solid. 





If a pyramid has a base area of 
276 square metres and a height of 
15 metres, what is the volume? 


The horizontal lines are parallel. 
Find length x. 





In the figure, ADEF ~ AGHI. 
Find the length of g and h. 





AABC is a right triangle. 

Give each ratio. 

A sinA 

B cosA 10 
c tanA A C 


If cos A = 0.707, 
what is the 
length of the 
hypotenuse to 
the nearest 12m 
hundredth of 

a metre? A c 


® 


17. 


18. 


19. 


20. 


21. 


22. 


In every circle, what is the ratio 
of the circumference to the diameter? 


What is the circumference of a circle 
whose diameter is 10 centimetres? 


What is the area 
of a circle whose 
radius is 6 metres? 





A What is the 
volume of 
this cylinder? 

B What is its 
lateral 
surface 
area? 

c¢ What is its 
total surface 
area? 





A pyramid has a square base 6 metres 
on each side and a height of 8 metres. 
A circular cone has a diameter of 
6 metres and a height of 8 metres. 





a Find the volume of the pyramid. 
B Find the volume of the cone. 


A sphere has a radius of 2 centimetres. 


A Find the volume. 
B Find the surface area. 


MATHEMATICAL RECREATION 
This Mathematical Recreation offers an un- 
usual opportunity to relate an application of 
mathematics to the physical world. A world 
globe and a piece of string are all the equip- 
ment needed. 

Encourage students to make up their own 
geodesic problems like these and see whether 
their classmates can solve the problems. 
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. Vancouver, B.C. and Miami, Florida 

. New York City and Berlin, Germany 

. Peking, China and London, England 

. Mexico City and New York City 

. London, England and Sidney, Australia 

. Rome, Italy and Chicago, Illinois 

. Toronto, Canada and Tokyo, Japan 

. Portland, Oregon and Melbourne, Australia 

. Addis Ababa, Ethiopia and Singapore, China 
. Madrid, Spain and Seoul, Korea 

. Copenhagen, Denmark and Denver, Colorado 


. Detroit, Michigan and Lima, Peru 













GEODESICS 


A geodesic is the shortest path between two 
points on the surface of a geometric figure. 
On a sphere, a geodesic is an arc of one of 
the great circles of the sphere. Airline 

pilots flying long distances generally fly 
along the geodesics of the Earth. 


If you stretch a string tightly between two 
points on a globe, the string will fall along 
the geodesic for the two points. Use a piece 
of string and a globe to find the geodesic 
between each pair of cities in the first list. 
Then choose the name of the third city, from 
the second list, that also lies almost directly 
on the geodesic of the pair in the first list. 













Bangalore, India 
Berlin, Germany 
Calcutta, India 
Fairbanks, Alaska 
Glasgow, Scotland 
Havana, Cuba 
Helsinki, Finland 


zraon7nmmoonow >», 


Honolulu, Hawaii 





Le Mans, France 










New Orleans, Louisiana 


Reykjavik, Iceland 


eter, wet 5 


Topeka, Kansas 
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1A . chord: B axis; ¢ slant height, D diameter . 2 ae 


YOURSELF 3. 75.36cm 4, 3.46.cm?__5, 163.28 om 
_ Answers — cm? 68 








105 


106 


107 


108 


109 


eneral Objectives 
To review and extend simple probability concepts. 
To introduce the idea of an event and the probability of an event. 


odule 1: Probability 


Performance Objectives 


RED Given a probability experiment, the student can list the 
outcomes and give the probability of each outcome. 


RED Given a probability experiment, the student can find the 
theoretical probability of a specified event. 


RED Given a certain number of elements, the student can find 
the number of permutations of the elements. 


RED Given an appropriate situation, the student can apply the 
Counting Principle: If an operation can be done in any one of n 
ways and a second operation can be done in any one of m ways, 
then the two operations can be performed in n - m ways. 


YELLOW Given a probability experiment in which repeated 
events occur, the student can use a tree diagram to find the prob- 
ability of each outcome. 


YELLOW Given a certain number of elements, the student can 
find the number of combinations of n elements taken r at a time. 


GREEN Given two events of a probability experiment, the student 
can find the probability of the union or intersection of the events. 


Reviewing the Ideas 


NIT H: SOME SPECIAL TOPICS IN MATHEMATICS 


To introduce permutations and combinations as a means of solving 
special counting problems. 
To introduce the probability of the union and intersection of events. 


Pupil Text Reteach-Reinforce Related Activities 
H-2, 3 WB 99, 100 SWM 3 134-137 
H-4, 5 
H-6, 7 WB 101, 102 SWM 3 140-143 
H-8, 9 DM 68 

H-12, 13 WB 104 

H-14, 15 DM 70 

H-16, 17 

H-10, 11 WB 103 

DM 69 

H-18, 19 WB 105 

(H-20, 21) DM 71 

H-22, 23 
H-24 WB 106 





MATHEMATICS 

Probability theory is said to have begun in the 
seventeenth century with a correspondence 
between Blaise Pascal (1601-1665) and Pierre 
de Fermat (1623-1662) concerning a gambling 
problem. Since that time probability has grown 
to have its applications to game theory, sta- 
tistics, and operations research. 

To apply probability to real situations, one 
makes a probability model of the real situation. 
For example, in tossing a coin, the coin is 
usually assumed to be fair and will be as likely 
to come up heads as tails. Each event is then 
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a 


assigned the probability of +; however, this is 
just a guess, a model. 

Consider a probability experiment with a 
SCM SHOLMOULCOMES EN ONRTOs 0,4 eea One mele 
SOUS =n OW Oboe Olneen Ona SEC Alle Gmams a7 Le 
space and any subset of S is called an event. 

The set S$ is a probability space with proba- 
bility function P if 


(a) mOk=s2s(OM) is iletomeachi— lee eee eis 


= +P(0,)=1 


If each outcome in the sample space is equally 
likely, it follows that the probability of each 


outcome is 7 The probability of an event is 


the sum of the probabilities of each outcome 
in that event. 

The number of possible outcomes for certain 
probability problems is sometimes difficult to 
ascertain. Therefore, several lessons of the 
module are devoted to counting problems, em- 
phasizing permutations and combinations. 

A permutation of a set of elements is an 
arrangement of the elements in a certain order. 


If a set contains n elements there are 1-2-3 - 
-(n—1)+n=n! permutations or arrang- 
ments of the elements of the set. 

A combination is a subset of a set. Given a 
set of 5 elements, we may consider all the 
different 3-element subsets of this set. To do 
this, we speak of the number of combinations 
(subsets) of 5 things (elements) taken 3 at a 
time. The number of combinations of n things 
taken r at a time is denoted by ,,C,.. There are 
other symbols for ,C,, such as (”) and C(n, r). 


TEACHING THE MODULE 


Materials 

Beads, beans, wooden or plastic cubes, coins, 
dice, spinners (homemade), tagboard, scissors, 
cellophane tape, playing cards, rulers, pro- 
tractors, thumbtacks, paper bags. 


Vocabulary 
chances outcomes 
combinations permutations 
Counting Principle (arrangements) 
equally likely probability 
outcomes sample space 
event tree diagram 
factorial union 


intersection 

This module is designed to acquaint students 
with some elementary ideas of probability. 
Although no previous experience with proba- 
bility is assumed, students who have studied 
about probability in Unit D, Module 2, will 
have a headstart. With such students, the first 
two lessons can be regarded as a review of 
basic ideas concerning probability. 

In teaching the module it is important that 
you have available some simple probability 


materials, such as those listed above, for use 
in simple experiments. This module provides 


an excellent opportunity for student activity | 


and investigation. Encourage students to per- 
form probability experiments and compare the 
empirical results achieved through their ex- 
periments with theoretical results. 

In carrying out experiments, combine the 
results of several students or even the whole 
class in order to get a large number of trials. 
There is a good opportunity for students to 
learn to organize their data in efficient and 
meaningful ways. 

The material on permutations and combina- 
tions will be new to all students. The last two 
lessons of the module should probably be as- 
signed to only your more able students. Con- 
sult the Long-Range Planning Chart for pos- 
sible coverage of material. 


Lesson Schedule 

You could easily spend 12 to 15 days covering 
the material in the module. You will find that 
student involvement in the activities of this 
module will tend to slow down the coverage. 
Some experiments may require nearly a whole 
class period to carry out. In the long run, how- 
ever, such concentrated effort may yield div- 
idends in increased motivation and keener 
interest in mathematics. Adjust your lesson 
schedule and coverage of material to meet the 
needs and interests of your students. 


Evaluation 

The limited number of objectives for this 
module indicates that you should not expect 
a great number of specific student skills to be 
developed. Certainly, the student is expected 
to be able to give the theoretical probability 


of outcomes for simple probability experi- 
ments. However, it is also important that the 
students understand that probability theory 
can help them make reasonable estimates and 
predictions in certain kinds of probabilistic 
situations where no exact answers are possible. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Cloudburst, Vol. 5 (sampling), Nos, 4118- 
4138, Midwest Publications 

Developmental Math Cards (geometric pro- 
gression), L21, Addison-Wesley | 

Experiments in Probability and_ Statistics, 
Midwest Publications 

Let's Play Games in Mathematics, Vol. 7, 
“Probability in Color,” p. 17, National Text- 
book Co. 

Franklin Series: Mathematics: Man’s Key to 
Progress, Book B, pp. 41-47, Rand McNally 

Nuffield Project: Probability and Statistics, 
pp. 12-29, 46-50; Problems —Red Set, Nos. 
15, ISA, 22-23A, 26, Wiley 

Towards Probability, Cuisenaire Co. 

l-Inch Color Cubes, “Permutations,” and 
“Combinations,” HR-4, 5, Midwest. Pub- 
lications. 


Manipulative Devices 

Binostat (General Learning Corp.; Sigma) 

Centimetre and colored cubes (Addison- 
Wesley) 

Hexstat (Gamco; LaPine) 

Probability Kit (Creative Publications; LaPine) 

Protractor (Geyer; Selective Educational 
Equipment; Sigma) 

Spinners and dice (Creative Publications) 








_ UNIT H: Some Special Topics in Mathematics 
MODULE 1: Probability 








OBJECTIVES: 

After completing this module, you should be able to: 

1. Find the probability of an outcome or an event in 
a probability experiment. 

2. Find the number of arrangements (permutations) 
of a given set of objects. 

3. Find the number of selections (combinations) from 
a set of objects. 

4. Solve probability problems by using tree diagrams. 

5. Find the probability of the union and intersection 

of two events. 


Objective Probability Experiments 
The student can give the probability of the 
outcomes of simple probability experiments Investigating the Ideas 
such as a toss of a coin or a die. 
Suppose the jar at the right 
ARNO holds 650 orange beads and 
Materials: Beads or beans of two colors, dice, 350 black beads, and they are 


coins or facsimiles of coins, spinners. well mixed. Suppose you grab 
Counting blocks can be used instead of dice; } ‘ 
; a handful of beads and find 


and checkers, washers, or cardboard disks 
(with opposite sides marked for identification) that you drew out 43 beads. 


can be used instead of actual coins. Spinners ; 
like the one below can be made from cardboard, Can you predict how many orange beads and 
paper clips, and thumbtacks. how many black beads you would get? 

IG : Discussing the Ideas 


1. a What are your predictions of the number of beads of 
each color for some different-sized handfuls? 





INVESTIGATION en B How did you make your predictions? 
Interest in the Investigation will be heightened 
ee ege a 1 OF beads (or beans likelhe 2. Do you think it is very likely that someone could grab 


one shown in the text. Have one student take a 
handful of beads from the jar and count them. 
Then ask the remainder of the class to guess 
how many beads of each color are in the hand- 


a handful of beads that are all the same color? Give 
your reasons. 





ful. Finally, check the estimates by counting. If 3. There are 650 chances in 1000 of drawing an orange bead. 
350 are black and 650 are orange, then one The probability of drawing an orange bead is iS. 

would expect 700 or 35% of the beads to be We write: P(orange bead) = 755 = 0.65. 

black and 65% to be orange. A What are the chances of drawing a black bead? 
DISCUSSION B What is P(black bead) ? 

For Exercise 1, some students may reason that f ; 

since there are about twice as many orange 4. Suppose you had a container which would 

beads as black beads in the jar, the handful hold exactly 100 beads when full. 

should contain about that same ratio of orange A About how many orange beads would you 

to black beads. expect to see if you poured out the beads? 





The term probability is introduced in Exer- 
cise 3 as a simple ratio. A more formal defini- 
tion can be stated as follows: 


B About how many black beads? 


5. The spinner dial is divided into four 
If, in a given experiment, there are n possible parts of equal size. 
outcomes, all of which are equally likely, and 
x of these are regarded as favorable, then the 
probability of a favorable outcome is simply 


A What are the chances of the arrow 
stopping in region 1? 

B What is P(1)? 

c About how many times would you expect the 

outcome are “x inn.” arrow to stop in region 3 in 200 spins? 


H-2 





XxX 
the number a The chances of a favorable 





Using the Ideas UTILIZATION 
The exercises may be assigned as independent 
1. A container has 500 black beads, work, but you should plan to discuss each prob- 
300 orange beads, and 200 white lem to make certain that the concepts are clear. 
beads. Suppose you can scoop 
out 100 beads at a time. 


A How many beads of each color 
would you expect in a scoop 
of 100 beads? 


B The chances of drawing a black 


EXTENSION 

The exercises on page 99 of the Workbook 
would be appropriate for use as an additional 
practice assignment. 


Enrichment: Exercises 2, 3, and 4 can be used 


‘ as probability experiments. Students can work 
? ee, ; 
bead are ? in 1000. P(black bead) ae in teams of two or three to carry out each ex- 


c The chances of drawing an orange periment. An especially valuable part of the 
bead are ? in 1000. P(orange bead) = ?. experiment is the comparison of experimental 
D The chances of drawing a white bead results with theoretical expectations. 
are ? in 1000. P(white bead) = ?. 





Assignments 


ek ini 3 AY Mant - 
2. Suppose a coin is tossed 100 times. Minimum 13 7 \Veraces) a 


A About how many times would you expect 
it to come up heads? 


B P(Heads) = ? and P(Tails) = ?. 


3. A When a die is tossed, there is 1 chance 
in ? that the face with 5 dots will come up. 





B What is the probability of getting a 5 with 
one toss of a die? 


4. The spinner dial is divided into three parts 

of equal size. 

A When the arrow is spun, the chances of its 
stopping in region 2 are 1 in ?. 

B The probability of the arrow stopping in 
region 2is ?. 

c How many times would you expect the arrow 
to stop in region 3 in 60 spins? 

Db How many times would you expect the arrow 
to stop in region 1 in 300 spins? 


davai 








Objective 

The student can give the sample space for a 
probability experiment and give the probability 
of each outcome in the sample space. 


PREPARATION 
Materials: Tagboard, scissors, cellophane tape. 
(Optional: coins, dice, spinners, cards.) 
Introduce the Investigation by having stu- 
dents make a model of the block shown. Show 
the pattern for the block on the chalkboard, or, 
to save time, prepare and distribute duplicated 
copies of the pattern for students to use. One 
block for every 2 students will be sufficient if 
they carry out the Investigation in teams of 2. 





INVESTIGATION 

The Investigation introduces a probability ex- 
periment with 6 outcomes, but all of the out- 
comes are not equally likely. Suggest to the 
students that, when they conduct the experi- 
ments, they toss or drop the blocks from a dis- 
tance of | metre or more from the floor in order 
to lessen the likelihood of biased results. 


DISCUSSION 
Because of the symmetry of the block, the faces 
on opposite sides are equally likely to come 
up when the block is tossed. Students should 
notice that since sides A and F have the great- 
est area, those are more likely to come up. 

Students can compare their results with the 
results of their classmates and with the chart 
given in Exercise 3. Combine all the student 
results to obtain a better approximation of the 
probability of each face coming up. 

When discussing Exercise 4, emphasize that 
a die, unlike the block discussed in Exercises 1, 
2, and 3, has 6 equally likely outcomes. Each 
outcome is assigned a probability of ¢. In gen- 
eral, if there are n equally likely outcomes, each 


outcome has a probability of +. 


H-4 


Sample Spaces and Outcomes 


investigating the ideas 


Suppose you had a rectangular 


block as shown and labelled the 
six faces A, B, C, D, E, and F. 
Suppose you tossed the block and 
recorded the letter of the face 
that came up. How many times 
would you predict that each letter 
would come up in 100 tosses? 





4cm 


m 





Can you check your prediction 


by trying the experiment? 


Discussing the Ideas 


1. 


~ 


Should the letters that are on the opposite faces, such as 
A and F, come up about the same number of times? Why? 


- The set of all possible outcomes for a probability 


experiment is called a sample space for the experiment. 

The sample space for the experiment in the Investigation 

could be designated as {A, B, C, D, E, F}. 

If two outcomes have the same chances of occurring, the 

outcomes are equally likely outcomes. 

A Which outcomes do you think are equally likely for 
the experiment? 


B Do you think outcomes A and C are equally likely? 
Why or why not? 


The table shows the results of 100 

trials of the experiment above. 

A Complete the table. 

B If the experiment were repeated, 
do you think the experimental 
probabilities would be different? 


A Is each of the outcomes for 
tossing a die equally likely? 

B Do equally likely outcomes 
have equal probabilities? 





3. A regular dodecahedron has its 


4. The table shows the results of an 


Using the Ideas 


1. A sample space for a probability experiment is given. 


Give the probability of each outcome in the sample space. 


fo ~~ 


B Tossa 
die. 


A Tossa 
coin. 





SAMPLE SPACE: {H, T } 


SamPLe space: {[][.°][,-4 [53] [e][E8] } 


| Janes Geen 

ProsasiLity: 3. |i Propasitity: — ¢ ill i il 
c Spin the Dp Drawa 
arrow. card. 





SAMPLE SPACE: {A, B, C} 
any 
a ih il 


SAMPLE SPACE: {J, Q, K, A} 
year ee. 
IY A I 


PROBABILITY: PROBABILITY: 


2. What is the sum of the probabilities of the outcomes 


in a sample space? 


faces labelled 1 through 12. It 
is rolled and the number on the 
top face is recorded. 


A What is a sample space for 
the experiment? 
B Are the outcomes equally likely? 
c What is the probability of each outcome? 


experiment with three outtomes. 

A How many trials does the table 
show? 

B Give the experimental probability 
for each outcome. 

c On the basis of the experiment, how many 
times would you expect each outcome to occur 
in 100 trials of the experiment? 





UTILIZATION 

When discussing these exercises, you should 
point out that the particular sample space se- 
lected for a given experiment may depend on 
the purposes of the experiment or on how the 
results are to be reported or utilized. Some ex- 
periments may have many different possible 
sample spaces. For example, there are many 
sample spaces for the experiment of drawing a 
card from a standard deck of playing cards. 
Two different sample spaces for this experi- 
ment are {ace, non-ace} and {red suit, black 
suit}, but obviously, a great many others could 
be chosen. 


EXTENSION 
Page 100 of the Workbook may be used to pro- 
vide further appropriate practice. 

Remedial: Ask oral questions like these: 


1. Suppose that a coin is tossed SO times. 
About how many times would you expect it 
to come up heads? (about 25) 
. An ordinary die is to be rolled 1200 times. 
What do you think is the best estimate of 
A. the number of times a 5S will turn up? 
(200) 

B. the number of times an even number will 
turn up? (600) 

C. the number times a number less than 3 
will turn up? (400) 

D. the number of times a number larger than 
3 will turn up? (600) 


in) 


Enrichment: Have students design a spinner 
with several outcomes, not all of which are 
equally likely. Carry out an experiment to com- 
pare the actual and experimental probabilities 
for each outcome on the spinner. 


Assignments 
Minimum |, 2. Average 1-3. Maximum 1-4. 


Objective Probability of an Event 
The student can give the probability of an 


event in a sample space. Investigating the Ideas 
PREPARATION 
Materials: Tagboard, scissors, rulers, pro- 
tractors, thumbtacks. 

Guide the students in making the spinner for 
the Investigation. Each central angle of the 


Suppose a probability experiment 
consists of spinning the pentagon 
and then recording the number of 
the region indicated by the pointer. 





spinner is 72°. You may suggest that the spin- 
ner be made in the same way as that shown in 
the Preparation section on page H-2. 


INVESTIGATION 

The Investigation can be carried out by pairs of 
students or small groups of students. Since 3 
out of 5 of the numbers are odd numbers, most 
students will predict that in 100 spins they will 
get about 60 odd numbers. 


DISCUSSION 

This lesson builds upon the concepts intro- 
duced in the previous lesson. Once students 
learn how to determine the probability of each 
simple outcome in a sample space, they will be 
able to understand what is meant by an event 
and the probability of an event. 

In Exercise 3, emphasize the definition of an 
event as any subset of a sample space as well as 
the fact that the probability of an event is the 
sum of the probabilities of the outcomes of the 
event. In particular, the probability of the event 
that is impossible (the empty set) is zero and the 
sum of the probabilities of all the outcomes ina 
sample space is 1. 

There are several ways of designating events. 
For example, in the experiment of tossing a die 
with sample space {1, 2, 3, 4, 5, 6}, a given 
event might be designated in any of these ways: 

(1) Verbally: The event of getting a number 

less than 3 
(2) Set notation: {1, 2} 
(3) Algebraic or open sentence notation: 
bee 8) 
Students should become familiar with all three 
ways of referring to events. 


Can you predict about how many times Try the experiment 
to check your 


prediction. 


in 100 spins the pointer would 
show an odd-numbered region? 





Discussing the Ideas 


1. The event of getting an odd-numbered 


outcome has occurred if any number in 
the set {1, 3,5} is an outcome of the 3 
experiment. The probability of an event aaa 
is the sum of the probabilities of each 3 
outcome in the event. What is the 

probability of an odd-numbered outcome? 


. A What subset of the sample space for the spinner 


experiment is the event for an even-numbered outcome? 
B What is the probability of the event? 


. The examples above illustrate three important ideas: 


[1 ]Any subset of a sample space is an event. 

[2|The probability of the event is the sum of the 
probabilities of the outcomes in that event. 

[3]The sum of the probabilities of the outcomes in 
a sample space is 1. 


Suppose F = {1, 2}. Is F a subset of the sample space 
of the spinner experiment above? What is P(F) ? 


. If an event is certain to happen, its probability is 1. 


Is the event of getting a number greater than zero in 
the spinner experiment certain? 


. If an event can never happen, the probability of the event is 0. 


The event of getting a number greater than 5 is the empty set ¢. 
What is the probability of the event? 





Using the ideas 


. Complete the table for Experiment: Spin the arrow. 

the spinner experiment Sample space: {1, 2, 3, 4} 

shown. ment | 
Probability: 








The event of getting an odd 
number as an outcome. 





The event of getting 1 as 
the outcome. 





The event of getting a 
number between 1 and 4. 


P(C) =I 





The event of getting a 
number greater than 0. 


P(D) = Ill 





The event of getting a 
number greater than 4. 


P(E) = Ili 








. An experiment of tossing a die has a sample space {1, 2,3, 4, 5, 6}. 
Give the probability that each event below will occur. 


Ta eieseey! B {1,4} c {6} Di 14275, 4; 5,67 Ee {1,2,4,6} 


. The example below shows how algebraic symbolism can be used 

to describe events. 

Example (using the experiment in Exercise 2): P(x > 3) = P({4,5, 6}) =2 
Give the probability. 

A P(x=1 or x= 4) c P(x # 1) 

B P(x is even or x > 3) D P(x is even and x > 3) 


—e P(x=1o0rx=4orx=6) 
F P(x #1 and x # 2) 


. The numerals 1 through 9 are written on slips of paper and placed 
in a container. An experiment consists of drawing one of the slips 
from the container. For each event described, give the subset of 
the sample space and the probability of the event. Part A is 
worked as an example. 
A An odd number. 

SOLUTION: P({1,3, 5,7, 9}) = 
B An even number. 
c A multiple of 4. 
p A factor of 4. 


A square number. 
A prime number. 
A factor of 6. 
Pixos.) 

Pix =)7) 


J P(x < 7) 

K P(x < 7) 
%& L P(x is even or x < 7) 
%& mM P(x is even and x < 7) 
% N P(x < 5 and x # 3) 


zon m 


More practice, page S-28, Set 54 


UTILIZATION 

Exercise 3 introduces algebraic symbolism to 
describe events. Also, open sentences involving 
and and or occur throughout Exercises 3 and 4. 
Since these words have been used in many 
instances before, they should require little em- 
phasis in this lesson; however, some students 
might benefit from a brief review of them before 
doing the exercises. 


EXTENSION 

Additional appropriate practice exercises are 
provided by Supplementary Exercise Set 54 on 
page S-28, Workbook page 101, and Duplicator 
Masters page 68. 

Enrichment: Call the students’ attention to 
Buffon’s Needle problem, on Mathematical 
Recreation page H-26. This would be an op- 
portune time to encourage students to try this 
experiment. Also, you might want to suggest 
that some students undertake Project B on page 
H-25. 


Assignments 
Minimum 1-2. Average 1-3. Maximum 1-4. 


Objective 
The student can give the probability of an 
event when the outcomes are ordered pairs. 


PREPARATION 
Materials: Coins or coin substitutes, dice, 
spinners. 


Since the Investigation will consume several 
minutes, you should proceed with it immedi- 
ately. 


INVESTIGATION 

The Investigation lends itself to grouping stu- 
dents in pairs. One student should toss the 
coins and the other keep a tally of the out- 
comes. Students unfamiliar with the experiment 
may think that each event in the table is equally 
likely and be surprised by the relative fre- 
quency of the “one head, one tail” event. 


DISCUSSION 

Discuss Exercise 2 carefully, pointing out that 
there is more than one way to think about a 
sample space for an experiment. 


Ordered pair 








OUECOMES 4 (Fa) (Eee) (is Ed )an(lin i) 
ee 
Events: Two One head, Two 


heads one tail tails 


Since there are two outcomes in the event {one 
head, one tail}, each with a probability of 4 
then P({one head, one tail}) = 

To help students understand why there are 
12 outcomes for Exercise 3, you can show a 
lattice system as depicted below. Each point in 
the lattice represents an ordered pair outcome 
in the sample space. 


a 
Te ° 
5 


| 


me 
‘nw @ 
he 


Ordered Pair Outcomes 
investigating the ideas 


Suppose you toss a penny and 
a nickel 100 times. How many 
times do you think you would 
get two heads? 


Try the experiment and keep 
a tally of the events ina 
table like the one shown. 





Can you predict the number of times each event would 
occur if you repeated the experiment 1000 times? 





Discussing the ideas 


1. Steve thought that each of the three outcomes was 
equally likely, so he predicted that both coins would 
come up heads about 33 times in 100 tosses. Do your 
results agree with Steve’s prediction? 


2. Paula said that Steve was not correct and used the 
following chart to explain her reasoning: 


Sample Space 
(H, H) The probability of 
(H, T) both coins being 
(7,H) heads is ;. 


Penny | Nickel 


(7,7) We write: 


The set of 
four equally 
likely outcomes 


Each of the 
four pairs is 
equally likely. 


P(H,H) =4 





A Each outcome in the sample space is denoted by an 
ordered pair. What is the probability of each outcome? 

B The event {one head, one tail} is the subset {(4, 7), (7, H) }. 
Why are there two ordered pairs in this event? ‘i 

c What is the probability of this event? 


3. How many outcomes are there in the 
sample space for tossing a coin and 
a die at the time? 





Outcome: (T, 4) 


Using the ideas 


. An experiment consists of tossing a penny and a 
dime. Two of the elements in a sample space for 

this experiment are (H, T) and (H, H) where the first 
letter in each pair indicates the outcome for the 
penny and the second letter the outcome for the dime. 


A Give the complete sample space for the experiment. 
B What is the probability of each outcome in the sample space? 





Outcome: (H, 7) 


. Using the coin-tossing experiment in Exercise 1, give the subset 
of the sample space (event) described in each part. 


A Penny heads and dime tails. pb At least one head comes up. 
B Penny comes up heads. E One head and one tail come up. 
c Dime comes up tails. F The two coins match. 


. Give the probability of each event in Exercise 2. 


. Two spinners like those shown are 
used in a probability experiment. 
Each outcome results in a letter 
and a numeral. 


A What outcome is shown on the 
spinners? 

B List all the outcomes as ordered 
pairs. How many are there in all? 

c¢ What is P(C, 2)? 





. Two dice, one white and one colored, 
are tossed. The co-ordinate system 
shown at the right suggests how the 
sample space for the experiment 

can be found. Suppose x denotes 

the number on the white die and y 
denotes the number on the colored 
die. Compute the probabilities. 

A P(x+y=2) e€ P(x+y=8) 
P(x+y=5) Ff P(x+y=7) 
P(x+y=10) @ P(x+y=12) Age2a¢3 
P(x+y #7) HW P(x>y) White die 





Colored die 





6 6 8B 


UTILIZATION 

Allow sufficient time to discuss the exercises 
when students have completed them. It may be 
helpful to have demonstration spinners like 
those shown in Exercise 4 to illustrate the out- 
comes in part B. 


EXTENSION 

The exercises on page 102 of the Workbook 
would be appropriate for use in providing 
further practice. 

Remedial: Have students compute the proba- 
bility of each possible sum for tossing a pair of 
dice. They might set up a lattice system as 
shown in Exercise 5. 

Enrichment: Students may enjoy playing a 
dice game called ‘“Chuck-A-Luck.” Two or 
more students can play the game using three 
dice and a set of checkers, counters, or poker 
chips. One person is designated as banker. 
Each player pays the banker | counter to play 
each game. Each player chooses a number from 
1 to 6. The three dice are rolled. If a player’s 
number comes up on one die, the banker pays 
him 2 counters. If a player's number comes up 
on two dice, the banker pays the player 3 
counters. If a players number comes up on 
three dice, the banker pays the player 4 
counters. The odds are in the banker’s favor. It 
can be shown that for each 216 counters paid 
by the players to play the game, the banker will 
return only 199. Thus a player loses about 
7.8% of the amount he pays to play. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-S. 


Objective 

The student can construct and use a tree dia- 
gram to find probabilities of outcomes resulting 
from repeated trials. 


PREPARATION 

Ask students questions like the following: “Do 
you think it 1s very likely that you could toss a 
penny and have it come up heads three times in 
a row?” Or, “Suppose you tossed a penny and 
got heads 5 times in succession. Now, do you 
think you are more likely to get tails on the next 
toss than heads?” (The answer is that the prob- 
ability of getting heads is still 5 regardless of 
what has taken place before.) 


DISCUSSION 

Discuss the construction of the probability tree 
in Exercise |. Each branch of the tree is labeled 
“>” because the probability of each outcome 
(head or tail) is }. Notice that to reach point A 
in the tree, one must toss heads on each of the 
three tosses. Outcome 4 is denoted by the sym- 
bol HHH; outcome B, by the symbol HHT. 

Tree diagrams are useful in many probability 
problems in which repeated tosses occur. There 
is no standard way of drawing the trees. The 
branches may “grow” upward, downward, or 
sideward. The text, however, usually shows 
them “growing downward,” since this repre- 
sentation allows the eye to travel downward 
along the branches in a natural reading se- 
quence. 

If another example is needed, consider re- 
peated flips of a spinner divided into three equal 
regions. Two stages of a tree for this experi- 
ment are shown. 





Using Tree Diagrams in Probability 


Discussing the Ideas 


1. Tree diagrams are helpful in counting outcomes and 


computing probabilities of certain events. The tree 
diagram below illustrates all the outcomes when a 
coin is tossed three times in succession. 


4 al 
2 2 
First 0sS= =~ > = = ee AS SS SSS ea oe .SS3 
al 1 al all 
Z 2 2 2 
seconditcessS == = == fs SS—5 T -------- He T= 
al ub il al 1 il il al 
2 2 2 2 2 2 
Unite) oe = — S= Spf ee = fea === S=> fa = == == if 
Outcome: A BSG D E REG H 


A How many different outcomes are possible if a coin 
is tossed three times in succession? 


B Outcome C can be denoted by (HTH). What does 
the symbol stand for? 


c Describe outcome A. 


2. Each branch of the tree is labelled‘‘3”’ because the probability of 


tossing either a head or a tail is}. The tree diagram shows that there 
are 8 outcomes for three tosses of a coin. Since each outcome is 
equally likely, P(A) = P(HHH) = 5 and P(B) = P(HHT) =. 

Note that the probability of each outcome can be found by 

multiplying the probabilities along each branch of the tree. 

Thus P(C) = P(HTH) =3-3-3 =$. 

A Which point in the tree diagram is associated with the outcome THT? 
B What is P(THT) ? 


. A Explain how the tree diagram could be extended to show the 


outcomes for four tosses of a coin. 
B How many outcomes would there be for four tosses of a coin? 
c What is the probability of each outcome? 


. A How many outcomes would there be for five tosses of a coin? 


B What would be the probability of each outcome? 


Using the Ideas 


1. A spinner and a tree diagram for 
the experiment of flipping the 
spinner is shown at the right. The 
sample ah for the pec is 


{A, B, Cy. P(A) =3, P(B) =i, and 

P(C) =}. Asymbol like AC it 1 
represents the event of getting A : j i 

on the first spin and C on the ret 

second spin. Give the probability spin ie we Oe ae Crake 


of each event. 





A 1 cl al 
ABAAS GE DEBA, 1 a°CA laces 3/0 14%: 
BAB & BB u CB seca A-— B---C---A-- B--C---A---B--C 
CpG E BC. 1 CC 


. Two hockey teams are to play a series of 3 games. The teams 
are evenly matched, so for each game the probability that each 
team will win is 3. Make a tree diagram for the three games, 
using W to represent the outcome of the home team winning and 
using L to represent the outcome of the home team losing. 

Label each branch with the probability 3. 


. Using the tree diagram of Exercise 2, give the probability of 
each event. 


a WW: the home team wins the first two games. 


B WWL: the home team loses only the third game. 
c WLW E The home team loses one game of the three. 
p LWW F The visiting team wins the first and third games. 


. Three marbles, two colored and one black, are 
placed in a box. An experiment consists of drawing 
one marble from the box, recording its color, 
replacing the marble, drawing again and recording 
the color, and so on. Make a tree diagram for three 
draws of this experiment. 


. Use the tree diagram in Exercise 4 to find the 
probability of each event. 
a BC c CC 

B BB bp CCB 


eE CBC 
F CCC 


ca BBB 
H BCC 


UTILIZATION 

Tree diagrams are utilized in most of the exer- 
cises. Exercise 4 involves an experiment in 
which not all outcomes are equally likely. 


Answer, Exercise 4 


Start 
& 


3 $ 


Ist Draw 


2nd Draw W WN 
wom NAAN 


GB CTE GEIGER 


EXTENSION 
To provide further practice, make assignments 
from Workbook page 103 and Duplicator Mas- 
ters page 69. 

Enrichment: Ask students to construct the 
tree diagram described below. 


A box contains 4 colored marbles (C) and 3 
black marbles (B). Draw a tree diagram for the 
experiment of drawing three marbles without 
replacing them. Show the probabilities along 
each branch of the tree. 


Solution: 


: Start A 
1 Co ae 
C Bee B GE BG B 


After students draw the tree, ask them to find 
the probability of each of these events. 


1. The first two marbles are colored. (;4;) 

2. The first two marbles are black. (s+) 

3. The first marble is colored and the second 
marble is black. (7) 

AG GBI) 52 CBC (Ge) 6 BGBEG.) 

Assignments 

Minimum 1-3. Average 1-5. Maximum 1-S. 
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Objective 
The student can count the number of ar- 


rangements of the elements in a given set of 


objects. 


PREPARATION 

You might introduce the lesson by pointing out 
that often the most difficult part of analyzing 
an experiment and computing the probabilities 
associated with the experiment is counting the 
number of possible outcomes. In this lesson and 
the following ones, some methods of handling 
some difficult counting problems will be studied. 


INVESTIGATION 

Allow students to use their own techniques to 
find the number of arrangements of the four 
students. If students try to list all the different 
ways, they will find it convenient to use sym- 
bols: A for Amy, B for Bill, C for Chuck, and D 
for Diane. A few students may be able to rea- 
son that any one of 4 students could sit in the 
first desk, then any one of the 3 remaining stu- 
dents could sit in the second desk; any one of 
the 2 remaining, in the third desk; and the last 
remaining student, in the fourth desk. This will 
give 24 different arrangements. 


DISCUSSION 

The tree diagram in Exercise | shows that there 
are 6 different arrangements when Amy sits in 
the first desk. Since there are three other trees 
like this one for the cases where each of the 
other students sits in the first desk (parts B, 
C, D), 4 : 6, or 24, different arrangements are 
possible. 





Some Counting Problems 


Investigating the Ideas 


Amy, Bill, Chuck, and Diane 
are to be seated at four desks 
in one row. 


How many different ways 
can you find for the four 





students to arrange themselves 
ina row? 


Desk Desk Desk Desk 
1 2 3 4 


Discussing the Ideas 


1. One way of counting the number of arrangements for 
the students in the desks is to construct a tree diagram. 
Part of a tree diagram is shown below in which Amy 
occupies the first desk. 


First Second Third Fourth 
desk desk desk desk 
Bill ee LATE 
Diane ——————Chuck 
Billz&= ae Diane 
Any Chuck ane aaa) 
Dian Billarrw sapere chuck 
ue Chuck —————Bill 


A How many seating arrangements does the tree show? 
B Make a tree that shows Bill in the first desk. 

c Make a tree that shows Chuck in the first desk. 

bp Make a tree that shows Diane in the first desk. 


2. How can you use the tree diagrams in Exercise 1 to 
find the total number of arrangements of the four 
students at the four desks? 


Using the Ideas 


1. Three students, Jim, Sarah, and Michelle, are running 

for the offices of president, vice president, and secretary 

of a club. The person with the most votes becomes president, 
the person with next highest number of votes becomes vice 


x5. 


*6. 


president, and the third person becomes secretary. 


Make a tree diagram that shows all the possible 
arrangements of the three students for the three 


A 


offices. 
How many arrangements are possible? 


. Four girls, Maria, Helen, Irene, and Jessie, are on a 
relay team. Each person runs one lap of the relay. 


. How many three-digit numerals can you form using each of 
the digits 2, 7, and 4 once in each numeral? 


How many different arrangements of order are possible 
for the four runners? 


. A triangle has its vertices 


labelled X, Y, and Z. How many 
different ways could the triangle 
be named using the three letters? 


The five cards are to be stacked 


on top of each other. How many 
different arrangements of the five 
cards are possible? 





A YZX is one name. 


The names of six students are written on slips of paper, 


put into a box, and mixed thoroughly. The names are then 


drawn from the box and recorded in order. How many different 
possibilities are there for the order of the names? 





UTILIZATION 

The student is expected to use tree diagrams or 
other intuitive methods to solve the problems. 
Do not expect proficiency in counting arrang- 
ments at this point. Further techniques will be 
developed in succeeding lessons. 


EXTENSION 

Remedial: To help students solve the prob- 
lem of counting the number of arrangements of, 
say, the 4 letters A, B, C, and D, suggest that 
they use graph paper to make a box diagram 
like the one below and systematically list the 
different arrangements of the letters. 











-_WmWr>>>d>>d >dl— 
2 2 2S |S) eee) es! es) 19) 
DOO RPOPTOO|» 
5 (@) wites (ele eS EN|| 

















Think Solution 


Students can solve these problems by listing the 
different choices. 


50¢, 25¢, 10¢ (85¢) 
~50¢525¢, 5¢ (80¢) 
S50¢, 25¢, 1¢ (76¢) 
. 50¢, 10¢, 5¢ (65¢) 
S0¢, 10¢, l¢ (61¢) 1 





» S50 co Sid ilicanoog 
. 25¢, 10¢, S¢ (40¢) 
. 25¢, 10¢, 1¢ (36¢) 
2 51¢,, Can lican (aie) 
10¢, 5¢, l¢ (16¢) 


AWN > 
So 0D 


Assignments 
Minimum 1-4. Average 1-5. Maximum 1-6. 


H-13 


Objective Permutations 


The student can find the number of permuta- 


tions of the elements in a given Set. - 7 
investigating the Ideas 


PREPARATION 
Materials: Cards or squares of paper (optional). How many different 4-letter 
Some students may find it helpful to write the arrangements can you make 
4 letters on cards or squares of paper and using the letters on these cards? 





manipulate them to find the various arrange- 


ments of the letters; otherwise, this Investiga- How many meaningful words do 
tion requires no special preparatory work. your arrangements form? 


INVESTIGATION 
Have the students record the different arrange- 
ments of the 4 letters. Of the 24 possible ar- 


Discussing the Ideas 


rangements the following meaningful words 1. An arrangement of the elements of a set in a certain 
are possible: order is called a permutation of the set. Thus, SOTP 
STOP, POST, TOPS; POTS, SPOT, OPTS is one permutation of the set of letters above. 


How many permutations did you find for the four letters 


DISCUSSION : 5 
in the Investigation? 


The word permutation is introduced in Exer- 
cise |. The table in Exercise 2 will help the stu- 
dent to see that the two-element set {4, B}, 2. Study the table below. 
has two permutations or arrangements, AB and 
BA. A three-element set {A, B, C} has six per- 
mutations: ABC, ACB, BAC, BCA, CAB, and 
CBA. Notice that the product 2 - 1 gives the 
number of permutations of a two-element set 


and 3 - 2: | gives the number of permutations Ae ABC, Ver BAC, eee 
of a baer In Pome product BCA, CAB, CBA 
ca Loe o Formed ~ Ofte = (KT 


gives the number of permutations, or arrange- 








ments, of a set of n elements. A Does the product 1-2-3-4 give the number of permutations 
When discussing the exercises, you may want of a 4-element set? 

students actually to list the arrangements for a B How many permutations does a 5-element set have? 

4-element set and a 5-element set. 
Factorials are introduced as a way of desig- 3. In general, the product1-2-3-4-...-(n—1) -ngives 

ae uenbcr of permutations of.a set of the number of permutations of a set of n elements. 

objects. Since the symbol ! will be new to most 

students, provide some practice using the sym- A How many permutations for a set of 6 elements? 

bol before assigning the exercises. Encourage B How many permutations for a set of 7 elements? 


; 8! 
students to solve equations such as — =n and 
: 6! 4. The product of all the whole numbers from 1 through n 


pee ey king of \the ‘definition’ of inclusive is called n factorial and is denoted by nl. 
factorials rather than by carrying out compli- a 
cated computation. nl=1°2°3:°46 n= 1)en 


Explain how to compute each of the following: 
A 3! B 5! c 10! dp 3!-4! —E 5!+4! 
H-14 


Using the Ideas UTILIZATION 
All students should complete Exercise |. Then 


1. Extend the table of TABLE OF FACTORIALS they can use the completed table of factorials as 
factorials at the an aid in solving the remaining exercises. 
right to 12. 


Answers, Exercise 1 





2. How many different 5!=1-2-3+-4-5=120 
‘= A 5 . ° . = 
arrangements of the Sa ig 2 sui 5 6—= 720 
letters are possible (Ob 7) = 1040 
for the word DEN? Sha 7 1: 8 = 40 320 
: 9!= 8! - 9 = 362 880 
: : 10!=9!- 10=3 628 800 
3. Use the extended table of factorials to find the “fit ETE ETO 


number of possible batting orders for a baseball 12!= 11!» 12 = 479 001 600 
team of nine players. 


Aaa EXTENSION 
4. Seven students sit in a row of seven seats. In Te Pprovide seuitable. further pratt ce Maan aie 


how many ways can these students be arranged in assignments from Supplementary Exercise Set 
the seven seats? 55 on page S-29, Workbook page 104, and 
Duplicator Masters page 70. 

Enrichment: Challenge students to find the 
number of arrangements possible with a deck of 
52 cards. The solution is, of course, 52! A table 
of factorials of numbers gives about 8.0658 x 
6. The ace, king, queen, jack, 10, and 9 of hearts 10°7 or about 80 decillion decillions for this 

are placed in a line on a table. In how many very large number. 
ways can they be placed in a line? 


5. How many ways can 
these coins be 
arranged in a row? 





Think Solution 
* 7. Solve the equations, avoiding computation if you can. The letters in the set are thet Sic eae 
E -6-51= 6 first ten counting number words: one, two, 
NAS S Le cet three, four, five, six, seven, eight, nine, ten. 
PAA Thus, the next four letters would be ETTF. 





10-9! 4H —— 
Assignments 
B 7-6-5! 1 peseduee =n Minimum 1-4. Average 1-6. Maximum 1-7. 
4-3-2-1 
© 12-n=12! Gt oueeg 
n 
6! 
pn:4!=5! K — = 30 
n 
I: {pa 
E n-3!=5! Lt 30 
6! rele 
ete Au Me: © la hss EN Ff. 
0s n! a 
SSS lamas N neti ane 


More practice, page S-29, Set 55 H-15 


Objective 


The student can compute the number of 


permutations of n things taken r at a time. 


PREPARATION 

Materials: Cards or squares of paper (optional) 
Review the method of finding permutations 

of sets of objects. 


INVESTIGATION 

Some students may find that it will be helpful to 
write the four numerals on cards and then 
manipulate the cards to form 2-digit numerals. 
The Investigation provides an opportunity for 
the student to think intuitively about the num- 
ber of permutations of a set of four elements 
when two elements at a time are considered. 


DISCUSSION 
The counting principle introduced in Discus- 
sion Exercise 3 gives the student a simple way 
of finding the number of possible arrangements. 
This principle is then applied to the problem of 
computing the number of permutations of a set 
of n elements when r of the elements are taken 
at a time, when r © n. In discussing Exercise 3, 
students should observe that there are 5 choices 
for the first digit. After the first digit is selected, 
there are 4 choices for the second digit. Thus, 
applying the counting principle, there are 5 - 4, 
or 20, ways of choosing all 2-digit numerals 
using the S digits. 

The general formula for the number of per- 
mutations, P, of n things taken r at a time is 


f—nein— 1)-(n—2)-...: (n—rt!) 
at! 
(vir) 


It is not essential that this formula be given to 
the students for memorizing. 
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The Counting Principle 


Investigating the Ideas 


Suppose you had these four cards. 
You use two of the cards at a time 
to form a 2-digit numeral. 


How many different 2-digit numerals can you form using the four cards? 


Discussing the Ideas 





1. You could use a tree diagram to tee Serene 
: : digit digit 
help you solve the Investigation 
problem. Complete the tree dia- 2 
gram showing the cases where 3 1 <5 
and 4 are the first digits. 4 
2. a How many different choices 9 — : 
are there for the first digit? 4 


B After the first digit has been 
chosen, how many choices are 
there for the second digit? 

c How can your answers to parts a and B be used to 
find the total number of arrangements? 


3. Exercise 2 illustrates an 
important principle. 





Explain how this principle could be used to find the 
number of 2-digit numerals that could be formed from 
the set {1, 2, 3, 4, 5} if no digit is repeated. 


4. The previous exercises illustrate problems of a 
permutation of n objects taken r at a time, when r<n. 
For example, using the counting principle repeatedly, 
we can find the number of arrangements or permutations 
of the four letters W, X, Y, and Z when taken three 
at a time to be 4-3-2= 24. 


How many permutations are there of five objects taken two at a time? 





1. 


* 7. 


Using the Ideas 


From the set {A, B,C, D, E}, a 2-letter arrangement 
is to be selected. 


A How many choices are there for the first letter? 

B How many choices are there for the second letter 
after the first letter has been selected? 

c¢ How many 2-letter arrangements (permutations) are 
possible? (Use the counting principle.) 


. In aclassroom, there are five seats in the row next 


to the windows, but only three students sit in these 
seats. In how many ways can the students arrange 
themselves in this row? (HINT: The first student 

can sit in any 1 of 5 seats; the second student can 
sit in any 1 of 4 seats; the third student can sit 

in any 1 of 3 remaining seats. Now use the counting 
principle.) 


. In how many different ways can a president, vice 


president, secretary, and treasurer be elected from 
a class of 20 students? 


. There are 4 roads from 


City A to City B and 2 
roads leading from City B 
to City C. How many 
different routes are 

there from City A to 

City C? 





. Suppose 2-digit numerals are composed from the 


Gigs AOmlaers 4.556,7.8,9)- 

A How many different digits can be 
used as the tens’ digit? 

B How many digits can be used as 
the units’ digit? 

c How many 2-digit numerals in all? 
Check by direct counting. 


Tens’ digit 


Units’ digit 


. How many 3-digit numerals are there? 


How many permutations of 3 different letters of the 
alphabet are posssible? 


UTILIZATION 

Assign the exercises as independent work, but 
reserve time for discussion when students have 
completed the written work. 


Solution, Exercise 6 

The hundreds’ digit can be any one of 9 digits, 
0 excluded. The tens’ and units’ digits can be 
any one of 10 digits. Applying the counting 
principle, we have 9 - 10 - 10 = 900 3-digit nu- 
merals. As a check, the set of 3-digit numerals 
consists of 100, 101, .. . 998, 999, or a total of 
900 numerals. 


EXTENSION 
Enrichment: Have students try this NUM- 
BERS problem. 


How many 3-letter arrangements are possible 
using the letters in NUMBERS if each letter 
can be used only once in each arrangement? 
(Answer: 210) 

How many sensible 3-letter words can you 
find among the 3-letter arrangements of 
NUMBERS? (Sample answers: BUM, URN, 
RUN, SUM, RUE, ERN (var. erne), RUM, 
RUB, SUB, BUR, EMU, NUB, USE, BUN, 
NEB, SUE, SUN, BUS, MEN) 


Assignments 
Minimum 1-4. Average 1-6. Maximum 1-7. 


Objective 


The student can determine the number of 


combinations of the elements of a set taken a 
given number at a time. 


PREPARATION 
Review the ideas of permutations as ordered 
arrangements of elements in a set. 


INVESTIGATION 

Have the students read the Investigation and 
proceed to try to answer the Investigation ques- 
tions. The students will soon notice that this is 
not a problem of permutations. Thus, if prob- 
lems 2, 4, and 5 are the three selected from the 
five problems, the arrangement, or order, of the 
numbers is not important. 

There are 10 possible sets of 3 problems 
ACH OS hela HS 2eO4, NL 34h 
leon lode ten 25 Sd a Das, ys eau oNs 
Heyes Sie 


DISCUSSION 

Work through the Discussion Exercises care- 
fully. Combination is defined in Exercise 3. 
Exercise 4 relates the problem of finding the 
number of combinations to the students’ previ- 
ous experience with permutations. If, P, is the 
number of permutations of n things taken r at a 
time, then C=, (It is not necessary to 
introduce this formula for students to mem- 
orize.) 


Combinations 


investigating the ideas 





Suppose your teacher 
made an assignment 
like this. 


How many different choices 


of problems do you have? 





Discussing the Ideas 


1. 


Did you find a systematic way to list the choices of 
three problems? Describe your method. 


. How is the Investigation problem different from a 


permutation of 5 things taken 3 at a time? 


. A combination is a subset of a given set. The Investi- 


gation involved choosing subsets of 3 elements each 
from a set containing 5 elements. The number of such 
3-element subsets is the number of combinations of 5 
elements taken 3 at a time. What is the number of 
combinations? 


. Study the solution below to see how permutations 


can be used to solve the Investigation problem. 






Number of permutations of 5 elements taken 






ta time: 5-4-3=60 
Each 3-element subset has 3!=6 permutations. = 





Therefore, the number of combinations of 


5 things taken 3 at a time is: a3 -2 


















Show that the number of combinations of 5 elements 
taken 2 at a time is 10. 


. The symbol ,C, means the number of combinations 


of n elements taken r at a time. Thus, ,«C2 = ° - = = 15. 
Show how to find the following combinations: 
A 4Co B ates Cc 5C, D 7Ce 


1. 


2. 


3. 


4. 


* 8. 


Using the Ideas 


From a list of 4 books a student 
can choose to read any 2 of them. 
How many choices does the student 
have? 


If the student may read any 3 
books of the 4, how many choices does the 
student have? 





A If the student may read any one of the 4 books 
how many choices does the student have? 

B If the student must read all 4 books, how many 
choices does the student have? 


A student must choose any 2 of the following activities 
for Club Day at school: 


Hobbies School 


Newspaper 


Dance Math Club 


Drama Photography Science Club 


How many different choices are possible? 


. On a 10-problem quiz, Carrie missed only 2 problems. 


How many different pairs could she possibly have missed? 


. Compute the number of combinations indicated. 


A ,C, B.C, c <C, D »C; 


. Six people are waiting for a cab. When the cab arrives, 


it can take only four of the people. How many different 
groups of four people could ride together in the cab? 


From a deck of 52 cards, three cards are chosen. How many 
different combinations are possible? 





More practice, page S-29, Set 56 


UTILIZATION 
Plan to discuss these exercises after students 
have completed them. 


EXTENSION 

For further practice, see Supplementary Exer- 
cise Set 56 on page S-29, Workbook page 105, 
and Duplicator Masters page 71. 

Enrichment: The triangular array of numbers 
depicted below is called Pascal’s Triangle. It 
can be extended to as many rows as desired. 
Using the triangle, we can solve problems 
involving combinations which would otherwise 
be quite difficult. 


= 


SOMIDNAWNH— 
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Example: On a 5-problem quiz a student may 
answer any 3 problems. How many different 
combinations of problems can the student 
select? (10) 

Solution: Choose the fifth row of Pascal’s 


Triangle. 
1 5 10 10 5 l 
0 problerns 
4 problems | problems 








Thus from the set of 5 problems, there are 10 
combinations of 3 that the student can choose. 


3 problems 





Make up some other combinations problems 

like the examples above and ask students to use 

Pascal’s Triangle to help them find the answers. 

Here are two more examples: 

1. How many committees of 3 members can be 
selected from 8 people? (56) 

2. How many committees of 5 members can 
be formed from 7 people? (21) 


Assignments 
Minimum 1-5. Average 1-7. Maximum 1-8. 
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Objective Combinations in Probability 


The student can solve probability problems 
which involve combinations. 


investigating the ideas 


PREPARATION 4 
Materials: Cubes of 2 colors, marbles or beans, Put four objects that SS the 
paper bags or boxes. same size and shape into a box. 
Review the basic ideas of probability by giv- Two of the objects should be the 
ing some simple examples such as the following: same color, the other two another : 


color. The experiment consists 
of drawing two of the objects out 
of the box and recording their 
colors. Repeat the experiment 


INVESTIGATION 100 times. 
Students should work in pairs or small groups 
on the Investigation. Use small cubes, marbles, 
beans, checker pieces, cardboard squares, or Can you predict about how many times two objects 
any other available material for the Investiga- will be the same color in the 100 trials? 

tion. The four objects should be placed in a 
bag or box and two objects withdrawn blindly. 
Bao ucally, the two objects should match in Discussing the Ideas 
color in 3 of the draws but student predictions 
will vary ae 7UO De 


If two red marbles and three white marbles 
are in a sock, what is the probability of draw- 
ing a red marble? of drawing a white marble? 








1. How close was your prediction to the actual results 


DISCUSSION of the experiment? 

Exercise 2 presents a way of analyzing the 

Investigation problem that relies on the stu- 2. You can use combinations to find the theoretical probability 
dents’ understanding of combinations. Work of drawing two of the objects that are the same color. 


through this exercise carefully with students. 
Since only a small number of objects are in- 
volved, you may also demonstrate all the pos- 


A How many sets of 2 can be selected from a set of 4 
objects? That is, what is ,C,? 


sible combinations by listing them. Let R, and B Since there are only two different sets of 2 which 
R, be two objects of one color and W, and W, will match in color, the probability of drawing 
be two objects of another color. There are 6 two objects that match in color is 


combinations of two: {R,,R.}, {W,,W.}, P (same color) = 25 








{R,,Wi}, {Ri, Wo}, {Ro, Wi}, {Ro, Wo}. pe sC, 
Of the 6 combinations, only the first two What is this probability? 
match in color, hence the probability of draw- 
ing pairs matching in color is 3. While this prob- 3. What is the probability of drawing two of the objects 
lem is easy to analyze in this manner, Exercise that do not match in color? 
4 presents a more difficult problem because of 
the larger number of objects: 
eG 4. Suppose five objects are placed in_a box. 
SaNumber of setsiof3=—Cy =" = Three are white and two are black. 
2 ee i A How many different sets of three could be drawn? 
eae ae B What is the probability of drawing the three white 
== ~ i) 
B. P (3 white) = 70 objects from the box? 
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1. Three students, two girls and a boy, each 


Using the Ideas 


write their names on a slip of paper and 
put them into a hat. Two of the names 
are drawn by a blindfolded student. 


A Suppose the students’ names are Vicki, 
Sue, and Ben. List all the different 
pairs of names that could be drawn. 

B How many pairs consist of a girl's name and a boy’s name? 

c What is the probability that a girls name and a boy’s 
name will be drawn? 

pb What is the probability that the two girls’ names will 
be drawn? 





. Six objects of the same size and shape 
are placed in a container. Three are 
one color and the other three are 
another color. The objects are mixed 
and three of them are drawn out of the 
container. 


A How many different sets of 3 can be drawn out? 

B In how many instances will the set of 3 be the 
same color? 

ce What is the probability of drawing three of the 
objects that have the same color? 





. Three orange marbles and two white marbles 

are placed in a container and mixed. Then 

three of the marbles are withdrawn. 

A How many different sets of 3 could be drawn? 

B What is the probability that the three orange marbles 
will be drawn? 





. The numerals 1 through 10 are written on cards. 
The cards are mixed and two of the cards are drawn. 





How many different pairs could be selected? (,.C2) 

How many of the pairs will be pairs of even numbers? (,C,) 
What is the probability of drawing a pair of even numbers? 
What is the probability of drawing an odd-number pair? 


What is the probability of drawing an odd number and an 
even number? 


mooo Pp 


UTILIZATION 

Assign the problems as independent work. A 
thorough discussion of the exercises should be 
beneficial to most students. The exercises may 
be fairly difficult for some students, because the 
results are sometimes not in agreement with 
the student’s intuition. 


EXTENSION 

Enrichment: Probability experiments using the 
ideas of Exercises 2, 3, and 4 could be set up 
and carried out by students. At least 100 trials 
of each experiment should be made so that the 
experimental results will approximate the theo- 
retical results. 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 


Objective 


The student can compute the probability of 


the union or intersection of two events. 


PREPARATION 

Review the fact that an event is a subset of a 
sample space. Use questions concerning tosses 
of a die: ““What is the event of tossing a number 
less than 3?” (Answer: {1,2}) ‘What is the 
probability of this event?” (Answer: 4) 


INVESTIGATION 

Have the students read the Investigation care- 
fully. Point out that the elements in E or F are 
in the union of E and F, that is, in E U F. The 
elements in £ and F are in the intersection of 
Evand F; that is, EM F. 


DISCUSSION 

In discussing Exercises 2 and 3, it should be 
made clear that we must subtract P(E NM F) 
from the sum of P(E) and P(F) to avoid using 
the probability of a single outcome more than 
once in the union of the events and therefore 
P(E U F) is not always the same as P(E) + 
P(F) unless events E and F are disjoint (that 
is, E 1 F=9), then P(E M F) =0. In this 
case P(E U F)=P(E)+P(F). 
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Union and Intersection of Events 


investigating the Ideas 


An experiment consists of flipping 
a spinner like the one in the figure. 
A sample space for the experiment is 


o ={172).3, 4,5): 


The probability of each outcome in S 
is %. Suppose that E is the event 
{1, 2,3} and F is the event {2, 5}. 


An outcome of the experiment is in 
event E or F if itis in E U F. 


An outcome is in E and F if 
iniSsinvew@n es 


Can you find the probability 


of each event in the table? 


E= {1,2,3} 





P(e) = il 
PF) = lh 
P(E F) = Ill 


F= {2,5} 
EN F {2} 
E U F= {1,2,3,5}| P(E U F) =Illi 





Discussing the Ideas 


1. What is P(E) + P(F)? 


2. Explain why P(E U F) is not the same as P(E) + P(F). 


3. Can you tell how to find P(E U F) if you know P(E), 


P(E),andiP (Eagek) 2, 


4. The previous exercise may help you to understand how 
to find the probability of the union of two events. 





Can you solve this problem about the spinner 


experiment? 


What is the probability of getting either 
an odd number or a number greater than 3? 


ee _ 





Using the ideas 


1. Suppose an experiment consists of tossing a die. The sample space 


is {1,2,3,4, 5,6}. E is the event of getting an even number and F 
is the event of getting 3 or less. Oe, 


A List the elements in E and F. Then find P(E) and P(F). 

B Find E M F and give P(E 1 F). 

ce Find E U F and give P(E U F). 

pb Compute P(E U F) using the formula P(E U F) = P(E) + P(F) — P(E 9 F). 


. Aspinner is divided into 10 parts of equal 

size and numbered 1 through 10. 

A Let E be the event of getting a multiple 
of 3. What is P(E)? 

B Let F be the event of getting a multiple 
of 2. What is P(F) ? 

¢ What is the probability of getting a multiple of 3 
and a multiple of 2? 

Dp What is the probability of getting a multiple of 3 
ora multiple of 2? 





. An experiment consists of tossing two dice and 
recording the sum of the number of dots on the 
two top faces. A sample space and the probability 
for each outcome are shown. 


Sample Space: S={2, 3, 4, 


Probability: 


Let E be the event of getting a sum between 3 and 9. 
Let F be the event of getting a sum less than 6. 


What is P(F) ? 

List the elements in E U F. 

What is P(E UF)? 

List the elements in E /O F. 

What is P(E  F)? 

Find the probability of E U F using 


the formula 
P(ESSF) = P(E) SP R(F) HP(E NF): 


A Give the probability of each 
outcome in event E. 
Feat Ai 5 ie 6.gel 8 + 


ee ees 
Probability: ll il Ill. Ill il 

B What is P(E)? 
c Give the probability of each 


outcome in event F. 
ese Are 


beaded nt 
Probability: _ ill ill Ill Ii 


More practice, page S-30, Set 57 


UTILIZATION 

The exercises provide practice in finding the 
union and intersection of events and make use 
of the formula for the probability of the union of 
two events. A discussion of solutions to the 
exercises will help to clarify the ideas for many 
students. 


EXTENSION 
Remedial: Have students complete a table 
like the one below. 





P(E) | P(F) | P(E 9 F)| P(E U F) 
lil (5) 
ce lil (4) | 


F Hi lll (38) 


7 Hill (3) (4) 
3 Mill (3) = ( 

Enrichment: Encourage students to try one or 

both of the Research Projects on page H-25. 








~ Cle 
ute | ape 








=: 


top | ele |» tole 
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So} 





Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-3. 


Objective 

The student can demonstrate the ability to 
work with the major concepts presented in this 
module. 


UTILIZATION 
These exercises review the significant ideas 
introduced in this module. Provide ample time 
for students to discuss their work and any 
topics that caused difficulty, when they have 
completed the exercises. 

Workbook page 106 provides additional exer- 
cises that review the concepts of this module. 


Answer, Exercise 5 


Start 


ae | 1 
3 1 6 
By 

| 

A 


B 


e \ ih \ 
1 1 1 1 1 uM 
2 3 6 2 3 6 
| | 

By ty (EA IC 


a—— 2 


A B 
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REVIEWING THE IDEAS 


1. A coin is tossed 150 times. About 
how many times would ‘tails’ be 
expected to come up? 


2. A mixture of 100 white beads and 

300 red beads is in a jar. 

A What is the probability of 
drawing a white bead? 

B If you drew out a handful of 
beads and found that you had 
39 beads, about how many of 
each color would you expect to get? 


3. A sample space for 
flipping the spinner 
is {1, 2,3, 4, 5, 6}. 
List the elements in 
the following events. 
A Event A: The event of getting a 
number greater than 3 

B Event B: The event of getting a 
number less than 5 

e Event C: The event of getting an 
even number 

b Event D: The event of getting a 
prime number 





4. Compute each probability, where A, B, 
C, and D are the events given in 
Exercise 3. 


a P(A) sB P(B) ec P(C) ob P(D) 


5. A sample space for an 
experiment of flipping 
the spinner is {A, B, C}, 
and P(A) =3, P(B) =3, 
and P(C) =%. A symbol 
such as AC will be used 
to represent the event of getting A on 
the first flip and C on the second flip. 
Make a tree diagram for two flips of 
the spinner. Label the outcomes and 
the probabilities along each branch of 
the tree. 





10. 


11. 


12. 


. Use the tree diagram of Exercise 5 to 


find the probability of each event 
below. 


A AA ceBC E CA 
B AB bp BB F CC 


. Four persons run a 1500-metre race. 


If there are no ties, in how many 
orders (permutations) can they finish 
the race? 


. Acar manufacturer advertises that 


one make of Car is available in 3 body 
styles, 4 kinds of engine, and 6 
colors. How many different models 
are available? 


. Determine the number of combina- 


tions. 
A sCo B 6C3 c 5C, 


From a group of 5 people, 2 are to 
be selected. How many different pairs 
can be selected? 


Solve each equation. 

A 4-3!=n c (3!)?=n 

10:38 
3a 


B 6!=5!=n 


Second 2 
dial 


First / 
dial 





A Let E be the event of getting B on 
the first dial. List the elements of E 
and compute P(E). 

B Let F be the event of getting 2 on 
the second dial. List the elements 
in F and compute P(F). 

c¢ What is P(E  F)? 


‘DB What is P(E U F)? 


les and three white 

ed ina box. One _ 
s color recorded, — 

nd a second 


ty of drawing 
a row? 


RESEARCH PROJECTS 


A Find out what random numbers are 


and how tables of random numbers 
are developed and used. (See 
Probability: A First Course, Revised 
Edition, by Frederick Mosteller, 
Robert E. K. Rourke, and George B. 
Thomas, Jr.; Reading, Massachusetts: 
Addison-Wesley Publishing Company, 
Inc., 1970.) 


Two dice are 
_ tossed. What 
is the probability 
of getting a sum of 7? 


Four people are leaving a room 
one at a time through one door. 
_ In how many different orders 
can they leave the room? 


There are 6! permutations of the 
letters of the word NOTICE. How 
‘many permutations is this? 


Two people are to be selected 


from a committee of eight people. 


_How many different pairs are 
possible? 


9. From 5 different cards, 3 are 


to be selected. 


[a] [5] [e} [>] [E] 


How many different combinations 
are possible? — 


E and F are events in which 


_ P(E) =}, P(F) =3, and P(E 9 F) =8. 


Find P(E U F). 





B Create a probability baseball game 


based on tosses of two dice. For 
example, Outs: 6, 7, and 8; 

Singles: 5 or 9; Doubles: 10; 

Triples: 3; Home runs: 11; Walks: 4; 
Errors: 2; Sacrifice fly: 12. Draw 

a baseball diamond on a piece of 
cardboard and use checkers as base 
runners. Make up your own rules 
for playing the game. 


TEST YOURSELF 

This self-evaluation test should enable students 
to assess how well they understand the princi- 
pal concepts presented in the module. Students 
who perform well on this test should also do 
well on an achievement test covering this 
material. 

When students have completed the exercises, 
they should check their work against the an- 
swers provided on page H-26. Encourage them 
to refer back to appropriate lessons within the 
module to review any topics that proved trou- 
blesome for them. 

Note that correlations between individual 
test items and the module objectives are indi- 
cated by annotations on the student text page 
at the left. 


RESEARCH PROJECTS 
Students who undertake Project A will find that 
many statistics books have short tables of 
random digits. Encourage them to explore a 
book called A Million Random Digits with 
100 000 Normal Deviates, published by The 
Free Press of Glencoe, Illinois, copyright 1955 
by The Rand Corporation. (Distributed by 
Collier-Macmillan Canada Ltd., Don Mills, 
Ontario.) It is possible to simulate many prob- 
ability experiments such as coin or dice tossing 
by using a table of random numbers. 
Encourage students who are interested in 
Project B to make a durable model of the game 
board and playing pieces, and to devise a com- 
plete set of rules for playing the game. 


MATHEMATICAL RECREATION 


To conduct this experiment, students will need 
a large piece of paper and a toothpick or a 


needle. 


In order to achieve a good approximation : 


for 7, the experiment should be repeated sev- 
eral hundred times. If N represents the number 
of trials and 4 the number hits in the JN trials, 
then 

2N 


ie oe 


h 


It is possible to design the experiment so that — 


the parallel lines are farther apart than the 
length of the needle provided they are less than 
twice as far apart as the length of the needle. 
Then, if d is the distance between the parallel 
lines and Z is the length of the needle, 
ONG 
i thd 
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Buffon’s Needle Problem 


A French naturalist, Comte de Buffon (1707-1788), found 
an interesting way to find an approximate value for 7 
based upon probability. Buffon’s method is described 
below. 


Draw a large number of parallel lines on a paper that 
are just as far apart as the length of some needle. 
Then perform the needle experiment as follows: 


Drop the needle at random from some height above the 
paper and record whether the needle hits one of the lines 
(as in A) or misses (as in B). Repeat the experiment 

many times. 


between 


| lines 
a ‘‘miss”’ 


Follow the flow chart instructions to find an approximate 
value for 7. 


What is your approximation for 7? 


Combine your results with those of several classmates. 
Do you get a better approximation for 7? 
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UNIT H: SOME SPECIAL TOPICS IN MATHEMATICS 


Module 2: Statistics 


General Objectives 


To familiarize the students with three measures of central tendency— 


mean, median, and modes. 


To show how statistical data can be presented by means of tables or 


graphs. 





To show frequency distributions by means of histograms. 


To introduce the student to some simple examples of inferential statistics 


by using samples. 


To relate probability to statistics. 


Reteach-Reinforce 


Related Activities 


WB 107 
DM 72 


WB 108 
DM 73 


WB 109 
DM 73 


WB 110 
DM 74 


WB 111 
DM 75 


WB 112 
DM 76 
WB 113 


DM 77 


WB 114 


ASC W-13 


SWM 3 328-329 


SWM 3 338-339 


SWM 3 144-147, 336-337 


SWM 3 132-133 


Performance Objectives Pupil Text 

110 RED Given a set of numerical data, the student can find the H-30, 31 
arithmetic mean of the set. 

111 RED Given a set of numerical data, the student can find the H-32, 33 
median of the set. 

112 RED Given a set of numerical data, the student can find the H-34, 35 
mode(s) of the set. 

113 RED Given a histogram, the student can interpret the data shown H-36, 37 
in the graph. 

114 RED Given a line-segment graph, the student can interpret the H-38, 39 
data shown in the graph. 

115 RED Given a circle graph, the student can interpret the data H-40, 41 
shown in the graph. 

116 YELLOW Given a statistical sample of a set (population), the H-42, 43, 46 
student can draw inferences (conclusions) about the set. 

| 117 GREEN Given a probability experiment, the student can carry H-44, 45, 47 

it out and then compare the experimental results with the theoretical 
probability of a certain event. 
Reviewing the Ideas H-48 

MATHEMATICS There are many aspects of descriptive sta- 


Statistics is often separated into two realms: 
A. Descriptive statistics, which deals with 


ways of presenting numerical data so that 
it can be easily understood. 


. Inferential statistics, which deals with 


drawing probable conclusions about some 
large population (such as the set of peo- 
ple in a nation) by means of informa- 
tion obtained from a small subset or 
sample of the population. 


-27TA 


tistics, all of which attempt to present numerical 
data in various ways. Graphic devices such as 
histograms, line-segment graphs, and circle 
graphs are useful in giving a visual summary of 
a large collection of measurements. However, 
it is sometimes more convenient to summarize 
such information by means of certain numerical 
measures called measures of central tendency. 
Three such measures are covered in this 
module. 





. The arithmetic mean of a set of n numbers 


is the sum of the numbers divided by n. 


. The median of a set of numbers is the 


middle number of the set. 


. The mode of a set of numbers is the most 


frequently occurring number in the set, 
if there is such a number. 


In many instances when we desire to know 
certain facts about a very large population, it 
would be very difficult, time consuming, and 


expensive to gather data about each member 
of the population. In this case we draw a ran- 
dom sample of the population and, from analy- 
sis of the sample, draw conclusions concerning 
the total population. Such a process is called 
sampling. Only very simple cases of sampling 
are introduced in the module. Selection and 
analysis of samples requires some expert 
knowledge and is beyond the objectives of the 
module. 


TEACHING THE MODULE 


Materials 

Strings, washers, small weights, stop watches 
or sweep-second watches, metre sticks, news- 
papers, pins or paper clips, coins or substitute 
coins, graph paper, protractors, playing cards 
(one deck per group of students). 


Vocabulary 

arithmetic mean line-segment graph 
(average) median 

bar graph mode 

biased sample pendulum 

circle graph random 

data range 

frequency sample 


histogram (bar graph) 

Although much of the material in the module 
may be a review for your students, there is 
sufficient new material that almost everyone 
will benefit from studying it. You will note 


that there are numerous investigations and ex- 
ercises that suggest activities that should 
be carried out by the students in order for 
them fully to appreciate the ideas presented. 
Only minimal equipment is needed for these 
activities. 

The first seven lessons deal with measures 
of central tendency and graphs of data. The 
lessons on histograms, line-segment graphs, 
and circle graphs place primary emphasis on 
reading and interpreting graphs; the construc- 
tion of graphs is of secondary importance. The 


remaining lessons introduce the students to - 


problems in sampling through active involve- 
ment. The later lessons serve to relate the ideas 
of probability presented in the previous module 
to statistics. 


Evaluation 
The list of specific skills for the module is 
relatively small. However, the practical im- 
portance of the material should not be under- 
estimated. As adults, students will be faced 
daily with a variety of statistical data, which 
will need to be understood, analyzed, or 
interpreted. 

Use the review questions and the Test 
Yourself questions as an aid in designing an 
achievement test for this module. 


Lesson Schedule 
You should allow about 10 to 12 days for 
coverage of the module. The schedule should 


remain flexible, however, reflecting the amount 
of coverage and the depth of presentation. If 
you decide to carry out most of the activities 
and experiments suggested in the module you 
may need to allow 3 to 5 more class periods 
of time. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Developmental Math Cards, K1, L7, Addison- | 
Wesley 

ESS: Pendulums, Webster, McGraw-Hill 

Experiments in Mathematics, Stage 2, pp. 38- 
39; Stage 3, pp. 14-19, Houghton Mifflin 

Experiments in Probability and _ Statistics, 
Midwest Publications 

Nuffield Project: Probability and Statistics, 
pp. 3-11, 30-44; Speed and Gradient 1, 
Wiley 

Sourcebook for Substitutes, p. 100, Addison- 
Wesley 

Statistics, Cuisenaire Co. 


Manipulative Devices 

Metre Stick (Addison-Wesley) 

Probability and Statistics Lab (Gamco; LaPine) 

Protractor (Geyer; Selective Educational 
Equipment; Sigma) 

Stopwatch (Educational Teaching Aids) 





UNIT H: Some Special Topics in Mathematics 
MODULE 2: Statistics 





OBJECTIVES: 





. Find the arithmetic mean of a set of data. 

. Find the median of a set of data. 

. Determine the mode (or modes) of a set of data. 

. Construct or interpret histograms. 

. Construct or interpret line-segment graphs. 

. Construct or interpret circle graphs. 

. Carry out sampling experiments and make 
predictions based on the samples. 


NOOf ON — 


After completing this moduie, you should be able to: 


Objective 
The student can obtain data from an experi- 
ment and solve problems related to it. 


PREPARATION 
Materials: String, metal washers or other small 
weights, stop watch or watches with sweep- 
second hands, metre sticks. 

Have the students begin work on the In- 
vestigation immediately. 


INVESTIGATION 

Students should work in small groups, with at 
least 3 students in each group. One student 
should hold the pendulum in place, one or two 
other students should keep track of the number 
of swings, and a third student should watch the 
time. Tie a washer or small weight at the end of 
the string. If the students use a piece of string a 
bit longer than 50 cm, they can tie knots at each 
end of the lengths given in the Investigation. 
(Each length should be measured to the bottom 
of the pendulum bob.) 


DISCUSSION 

The Discussion should bring out some proper- 
ties of the pendulum that students may have 
observed in the Investigation: (1) The shorter 
the pendulum, the greater the number of swings 
per minute; (2) The frequency of the swings of 
the pendulum does not depend on the mass of 
the pendulum bob. (See Exercise 5.) 

The approximate formula given in Exercise 4 
is derived from the standard formula for the 
period 7, in seconds, of a pendulum of length 
f in cm. (The period of a pendulum is the 
time in seconds for one complete oscillation.) 


Ge 
T = 20 V5 where g represents the constant, 


80 cm : ; ; 
z aca the acceleration due to gravity. T is 





related to the frequency F in swings per minute 


by pe 


F° Substituting for T and solving for 7, 


607 2 
4a? Fe 





Substituting for g and 7, 


90 000 
rae 


we obtain 7 = 





we obtain the approximate formula ¢ ~ 
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Collecting Data from an Experiment 


Investigating the ideas 


Make a pendulum by 
tieing a small weight 

to a piece of string. 

Hold the string ata 
measured distance from 
the weight and count 

the number of complete 
swings (back and forth) 
that the pendulum makes 
in one minute. Repeat the 
experiment three times for 
each length shown in the table. 


Can you estimate how long a pendulum should be 
in order to make one swing per second? 








Discussing the Ideas 


1. Did you always get the same number of swings for the 
same length of the pendulum? Find the average of the 
number of swings per minute for the three trials. 


2. What relationship does your experiment show between 
the length of a pendulum and its frequency in swings 
per minute? 


3. What was your estimate for the length of a pendulum 
that should make one swing per second? Compare your 
estimate with those of your classmates. Check your 
estimate by actual experiment. 


4. If F is the frequency of a pendulum in swings per 
minute, then the approximate length @ of the pendulum 
in centimetres is given by the formula ¢ ~ 299° 
Thus, if F = 30 swings per minute, then 
the length of the pendulum is 29902 = 99900 — 1499 om 
Show how to use the formula to compute the length of 


a pendulum that makes 60 swings per minute. 


5. Do you think the amount of weight used on the pendulum 
affects the frequency of the pendulum? 


Using the Ideas 


. Which playground swing, 
Aor B, will make more 
swings per minute? 





. Use the formula ¢ = 30-900 





to compute the approximate 
length in centimetres of each pendulum whose frequency F 
in swings per minute is given below. 


A F=40 
B F=15 


— F=12 
F F=300 


c F=50 
bp F=100 


. Along pendulum on display in a science 
museum has a frequency of 6 swings per minute. 


A About how long does it take the 25 metres 


pendulum to make one swing? t 


a, Lee 


B What is the approximate length 
of the pendulum in metres? 


. A rope is suspended from a beam ina 
gymnasium. You could make 10 swings 
per minute on the rope. How long is 
the rope? 


. A group of students made a 
graph by taping their pendulums 
perpendicular to the line of 
frequency and at the frequency 
they found for the pendulum. 
Use the dotted curve connecting 
the ends to make estimates of 
the following: 


A The length of a pendulum 
which will make 60 swings 
per minute. 

B The frequency of a pendulum 
15 centimetres long. 

c The length of a pendulum 
with a frequency of 50 swings 
per minute. 


Length (cm) 





0 30 40 50 60 70 80 90 100 


Frequency 
(Swings per minute) 


UTILIZATION 
Remind the students that the approximate for- 
90 000 


2 





mula ¢ ~ will give the length of a pen- 


dulum in centimetres when F is the number of 
swings per minute of the pendulum. The for- 
mula need not be memorized by the students. 


EXTENSION 

Enrichment: Use the activity described in Ex- 
ercise 5 as a Class project. Place a large poster- 
board or newsprint grid on a bulletin board. 
Then have students tape or pin their pendulums 
at the appropriate frequencies. If several differ- 
ent pendulums are used, a portion of the hyper- 
bolic curve for this relation can be graphically 
depicted. 


Assignments 
Minimum 1, 2. Average 1-4. Maximum I-S. 


Objective Arithmetic Mean 
Given a set of numbers, the student can com- 

pute the arithmetic mean of the set. Investigating the Ideas 

PREPARATION 

It would be appropriate for students to begin 


work on the Investigation without any prepara- : 
tory activity. as tall as | am, our total height 






One student on this list said, 


| Paula S. 
“If everyone on the list were fauas 


Jack T. 

























‘DonnaM.| 
would be just the same as it DaleK | 161 
INVESTIGATION is now.”’ \KrsE | ~ 
The students may need to read the statement FvaB 
that introduces the Investigation more than Can you find the name of John R. 
once before they grasp the nature of the prob- Anne W. 
lem involved. They need to understand that the student who could have Dick U._ 
they must do two things: made this remark? Tom T. 76 
1. Find the total height of the ten students 
listed (1650 cm) é . 
2. Divide the total height by the number of Discussing the Ideas 
students to find which student has the re- 
quired height. 1. Explain how you found the student’s name. 
DISCUSSION 2. The student who made the remark above had a height 
The arithmetic mean, or average, is the sum of which was the arithmetic mean of the heights of all 


all the numbers divided by the number of num- 
bers in the set. Since students will already be 
familiar with these terms, yov need only review 
the idea with them. 

In Exercise 3, the term range of a set of num- 
bers is likely to be unfamiliar to most students. 
You might point out that, though the arithmetic 
mean of a set of numbers always lies between 
the smallest and the largest number in the set, A 
it is not necessarily the middle number. 

Exercise 4 suggests a class activity that could 


the student heights. The flow chart below may help 
you to recall how to compute the arithmetic mean of 
a list of numbers. 





Guess which student’s weight is nearest to the 
arithmetic mean of the group. 
We ed anion or after the exercises for B Use the flow chart to compute the arithmetic mean 


this lesson have been completed. of the weights of the students to the nearest tenth 
of a kilogram. 


3. The range of a set of data is the difference between 
the largest number and the smallest number in the set. 
Since the heights shown in the table vary from 150 cm to 
181 cm, the range in height is 31 cm. What is the range 
in weight? 


4. Guess which student in your class is nearest to the 
arithmetic mean in height for all the students in the 
class. Find a way to check your guess. 


. The average distance from the sun 


. Linda and Mary each 


. The weights (in kilograms) of five 


Using the Ideas 


to each of the nine planets is 








given in the table. i a 
A ercury 

A What is the range of the Venus 108 

distances from the sun? Ean 150 

B Find the mean distance of Mars 228 

the nine planets from the Jupiter 777 

sun. Saturn 1426 

c Which planet is nearest to ahi es 
the mean distance from the opiune 

Pluto 5198 


sun? 





bowled three games. 


A Find their 3-game 
totals. 


hi 


B Find their average Hl 











(mean) scores. 
Who had the higher average? 

c The “handicap” for each bowler is found by the 
formula h — 3. (200 — A) where h represents the 
handicap and A is the person’s average score. 
Compute each bowler’s handicap to the nearest 
whole number. 


. The scores for a mathematics test given to a class 


are 82, 88, 72, 94, 90, 69, 74, 81, 89, 85; 72, 92, 
8076670754685, 96,72; 83,87, 845,62.477. and .78: 
A What is the range of the scores? 

B What is the mean score? 


students are given in the table. 
A Find the range of the weights. 


B What is the arithmetic mean of 
their weights to the nearest 
tenth of a kilogram? 





. Melissa’s test scores on four tests are 82, 86, 84, 


and 81. What is the lowest score she can make on 
the next test to average at least 85 for all five tests? 


More practice, page S-30, Set 58 


UTILIZATION 

Provide time, after students have completed 
the exercises, for a discussion of them, par- 
ticularly Exercise 5. 


Solution, Exercise 5 

If the average of the 5 test scores is to be 85 
then the total of the 5 tests must be 5 - 85 = 
425. The total of the 4 previous tests is 333. 
Therefore the lowest possible score on the Sth 
test must be 425 — 333 = 92. 


EXTENSION 

To provide additional practice, make assign- 
ments from Supplementary Exercise Set 58 on 
page S-30, Workbook page 107, Duplicator 
Masters page 72, and Arithmetic Skill Card 
W-13. 

Enrichment: The arithmetic mean is one mea- 
sure of central tendency of a set of numbers. 
But for certain sets of data the measure may 
not be appropriate. You might illustrate this by 
showing that the “average income” of 5 men 
could be $200 800 a year when 4 of the men 
earn $1000 a year and the fifth man earns 
$1 000 000 a year. 


Assignments 
Minimum 1-3. Average 1-4. Maximum 1-S. 


Objective 

Given a list of numbers, the student can ar- 
range them in order of size and determine the 
median of the list. 


PREPARATION 

Materials: Newspapers, pins or paper clips. 
In order to devote as much time as possible 

to the Investigation, keep the preparation time 

to a minimum. 


INVESTIGATION 

This Investigation lends itself to small groups 
or pairs of students working together. Instead 
of using a pin, one end of a paper clip can be 
straightened out and used as the “pointer” to 
each word. 

To increase the likelihood of variation in find- 
ings, you might suggest that the groups of stu- 
dents use different sections of the newspaper 
for their word selections, such as the financial 
pages, the sports pages, and the editorial pages. 


DISCUSSION 

Students will be interested in comparing the 
length of their “middle” words. You may ex- 
pect some variation in results, but most groups 
will probably find the “‘middle word” to be 
about 5 letters in length. 

Exercise 3 illustrates how the median of a 
list of numbers is found when there is an even 
number of members in the list. You will want to 
emphasize this point. 

To illustrate the idea of median, present the 
students with the following 24 test scores: 


Sem oven 2 94, 90,695 74,81, 88. 85, 72, 91, 
SOO Om 56 O58 955-92, 65, 60, 84, 82, 77, 78 


Then ask the students to: 


A. arrange the tests scores in order from the 
highest to the lowest score. 

B. find the median score. (Answer: 823) 

C. find the mean score. (Answer: 82) 


H-32 


Finding Medians 
investigating the Ideas 


The 15 words in the table were 
selected at random by dropping 
a pin on a newspaper and then 
recording the word that was 
nearest to the pinpoint. When the 
words were listed in a table in 
order from the longest to the 
shortest, the word large was 
found to be the word of ‘‘middle’”’ 
length. Just as many words were 
longer than it as were shorter. 


Can you choose 15 words of 


your own and find the number 
of letters in the ‘middle’ word? 





Discussing the ideas 


1. Does your ‘‘middle” word have about the 
same number of letters as the ‘“‘middle”’ 
word in the table above? 


1 
2 
3 
4 
5. 
6 
7. 
8 
9 


. possibility 
. education 
. invested 

. programs 


spending 


. instead 


united 


. large 
. here 
. said 
. the 

. are 

. and 


_ is 


2. The middle number in a set of numerical data arranged 
in order of size is called the median. The number “5” 


in the table above is the middle number of the 15 numbers. 


The word of median length is “‘large.”’ 


A What is the length of the word that has the median 


length in your data? 


B ls your result about the same as your classmates’? 


3. On four tests Jody scored 
96, 88, 82, and 80. There 
is no middle number in this 


Median = 


88+82 170 _ 
ie ee 


set of data. To find the median, find the arithmetic 
mean of the two numbers nearest the middle. 


A If 25 test scores were arranged in order, which 


score would be the median score? 


Bs If there were 30 scores, which two scores would 


be used to find the median score? 


MWOWWWORATMNANDWMDMO 








1. The variation in the price of a 


certain article in several super- 
markets is shown in the table. 
What is the median price? 


2. A Arrange the numbers in the 


set in order. 
65, 76, 72, 100, 80, 65, 
67, 65, 68, 40, 59 


B Find the median of the set. 


that score. 


A How many students had scores higher than Marjorie? 
B How many students had scores lower than Marjorie? 


4. a What is the median amount of 


rainfall per month? 
B Find the arithmetic mean of 
the rainfall measurements. 
c Which is greater, the median 
or the mean rainfall per month? 
How much greater is it? 


5. The median income per family in 


a certain city is $9737. If the set of 
data is based upon 8461 families, 
about how many families earned 
less than $9737? 


* 6. The median of the four numbers 


48, 37, x, and 19 is 30. 

A What number must x be? 

B What is the mean of the four 
numbers? 


More practice, page S-31, Set 59 





. On a class test of 25 students, Marjorie found that 
her score was the median score. No one else made 


Using the ideas 





UTILIZATION 

Assign the exercises as independent work. Dis- 
cuss the solutions when students have com- 
pleted them. The discussion should bring out 
the differences between the median of a set of 
data and the arithmetic mean of the same set. 
Students may feel that these two measures of 
central tendency are very close to each other. 
To give a counterexample, consider the five 
numbers 102, 99, 2, 1, 1. The median of the set 
is 2, but the arithmetic mean is 41. 


Solution, Exercise 6 
A. When there are an even number of objects, 
the median is found by averaging the middle 
two numbers. Since the median is 30, it can 
be seen that 37 and x are the two middle 
numbers. Thus, 
(37 +x) +2= 30 


SMP oe == (6h) 
cy — 25) 
B. Mean = (48 -- 37 + 23'-- 19) 4 
== 5 
EXTENSION 


Further practice may be assigned from Supple- 
mentary Exercise Set 59 on page S-31 and 
Workbook page 108. 

Remedial: Refer students to the height and 
weight table in the Investigation on page H-30. 
Ask them to find the median height and median 
weight of the students listed. 


Think Solution 
The sums of the numbers in successive rows 
of the pattern are successive cubes of whole 
numbers. 
21 + 23) 25 + 27 = 29 = 12552 
31 + 33 + 35 + 37 + 39 + 41 = 216—6° 
43+ 45+ 47+ 49+ 514+53+55 = 343 =7? 
BY SS) SON SE 6) <6 Ge) SP SEO Se l= Sil 
= 83 
TE AE IBS Uh Se Sp ill Seis ae tio) Se teil! sete) 
2994 
91 + 93 + 95 + 97 + 99 + 101 + 103 + 105 + 
107 + 109 = 1000 = 10° 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-6. 
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Objective Modes 


The student can find the mode (or modes) for 
a list of numbers. Investigating the Ideas 


PREPARATION 
Review the meaning of arithmetic mean and 
median as measures of central tendency. 


The ratio of the circumference of any circle to its 
diameter is the number denoted by z. An approximation 
of 7 correct to 150 decimal places is given below. 


INVESTIGATION 

The Investigation can be carried out by individ- 
ual students or by pairs of students. Suggest 
that they make a tally sheet for each of the ten 
digits, such as the one shown below. 








Can you find which digit (or digits) occurred 








most often in the expression for 7? 


The digit 8 occurs the greatest number of times 
in this decimal approximation of 7. 





Discussing the Ideas 


DISCUSSION a 
The definition of mode is given in Exercise 2. 1. The number of times each digit of 7 occurred in the 
The Investigation illustrated a distribution of Investigation is called the frequency of that digit. 
data that had a single mode. Exercise 3 pre- A Which digit occurred most often? 

sents a distribution of last digits of 100 tele- B Which digit occurred the least number of times? 


phone numbers which is bimodal; that is, there 
are two modes, 0 and 3, because both of these 


digits occur with equally high frequencies. A . 
set of data could be multimodal; that is, the set 2. The mode of a set of numbers is the most frequently 


could have many modes. occurring number or numbers in a set, if there are 
such numbers. A number must occur more than once to be 
a mode. 


A Does the set of numbers in the table above have 
a mode? 
B Does it have more than one mode? 16 
14 
3. The graph shows the frequency 12 
of the ‘‘last digit” of 100 
telephone numbers chosen at 
random. What mode (or modes) 
does the graph show for ‘“‘last 
digits’? 


c What was the frequency for the digit 3? 







a 
oO 


Frequency 


OM iy’ SOR 4 Sb tea 7 eS 
Last digit 
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Using the Ideas 


1. The table shows the ages and 
frequency of the students in 
a school band. Which age is 
the mode of all the ages? 








Z 
17 


42, 40, 36, 38, 51, 39, 38, 50, 45 
34, 38, 43, 49, 42, 37, 39, 55, 35, 
40, 44, 47, 38, 41, 48, 52 


2. Rita made a list of the ages of 
25 of her classmates’ mothers. 
Which age is the mode of the list? 


3. In 60 tosses of a die, 
a student found the 
frequencies for each 
outcome as given in 
the table. 


A Which outcome (or outcomes) occurred most frequently? 














4. The results of a student 
survey concerning the 
amount of money earned 





B What are the modes for the experiment? 

Ee ts rae +> 
from part-time work per 
week is shown in the table. 


A Which amount per week did the greatest number of 
students earn? 


%*&B Make a graph of the data in the table. 















UTILIZATION 


Answer, Exercise 4B 


sl2|= R= =a 


Frequenc 





So 
| 
ee) 
A 





Think Solution 

1. Many different arrangements can be used to 
fit 8 T-shaped buildings into the 6 by 6 
square. One of these is below, left: 


A | Ai 
ey (oS 


Another arrangement would leave the four 
corner squares empty. 

2. Many different arrangements can be used to 
show a minimum of four buildings. One such 
arrangement is shown above, right. 


EXTENSION 

For further practice, see Supplementary Exer- 
cise Set 60 on page S-31, Workbook page 109, 
and Duplicator Masters page 73. 

Enrichment: Some students may be inter- 
ested in extending the Investigation activity to 
a large number of decimal places. A table of the 
first 4000 digits of 7 is given in Lore of Large 
Numbers by Philip J. Davis, New Mathemat- 
ical Library, Random House and Yale Univer- 
sity, 1961, pages 72, 73. (Available from Ran- 
dom House of Canada, Ltd., Toronto, Ontario.) 
In connection with this, students might learn 
about normal numbers, infinite decimals in 
which each of the ten digits occurs ;5 of the 
time. It is not known whether z is a normal 
number. 


Assignments 
Minimum 1-3. Average 1-4A. Maximum 1-4. 
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Objective 

The student can interpret a histogram and, 
given an appropriate set of data, can construct 
a histogram. 


PREPARATION 

Materials: Coins or coin substitutes, 

paper (Duplicator Masters, page 83). 
You will want students to begin work on the 

Investigation as soon as possible. 


graph 


INVESTIGATION 
Students could work in pairs or small groups to 
carry out the coin tossing experiment. 
Students’ estimates of the number of out- 
comes are likely to vary quite widely. Some 
students may use a probability tree, since toss- 
ing 4 coins at once is the same as tossing | coin 
4 times in succession. There are 16 possible 
outcomes, with the following probabilities: 


P(4H, 0T) =, P(3H, 1T) =4, PQH, 2T) = 
3, P(A, 3T) =4, P(OH, 4T) =7e. 


DISCUSSION 

Students will be familiar with bar graphs, but 
use of the term histogram to describe a fre- 
quency distribution will be new to most of 
them. 

If possible, students should construct a histo- 
gram of the results of the experiment. In gen- 
eral, most histograms will be somewhat like the 
One pictured in Exercise |, with the outcomes 
(4H, OT) and (0H, 47) the least frequently 
occurring; however, the frequencies can be 
expected to vary somewhat. 

You might show a histogram for the theoret- 
ical frequencies given in Exercise 2 and point 
out the symmetry of the graph. It would also be 
interesting to combine all student Investigation 
results and see whether the combined results 
approach the symmetrical theoretical results. 
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investigating the ideas 


. The theoretical frequency of 


Histograms 


Suppose you tossed four coins 
at a time and kept a tally of 
the number of heads and tails 
for each toss. About how many 





times do you think each outcome 
would occur in 100 trials? 


Can you carry out the experiment and 
check your estimate of the outcomes? 


Discussing the Ideas 


1. The bar graph at the right is 


a histogram of an experiment. 
Each vertical bar represents 
the frequency or number of 
times each outcome occurred. 


A If you made a histogram of 
your results of the experiment 
above, in what ways would it 
be like this one? 


Frequency 


B In what ways would your 
histogram be different? 


the outcomes for 64 trials of 
the experiment is shown in the 
table. How would a histogram 
for the experimental data 
differ from a histogram of the 
theoretical data? 


4H, OT 


3H, 1T 


Zita ei 


1H, 3T | 
OH, 47 | 

















. A How many students are 


represented by the 
histogram? 

B Give the frequency for 
each height interval. 

c What percent of the 
students are in the 
161-165 centimetre interval? 


pb What percent are over 
180 centimetres tall? 


Frequency 


Under | | 
Sil 


151-155 | 


161-165 
66-170 


156-160 


— 


Student Heights 


71-175 


- 


176-180 


Height in Centimetres 


. Two students tossed a pair of dice 120 times and made a 


tally of the frequency of the dice totals as shown in the 


table. Make a histogram of this data. 


Using the ideas 





over 180] 











. Two white marbles and four black 


marbles are placed in a box and 
thoroughly mixed. Two marbles 
are drawn out at random. The 
experiment is repeated 30 times. 
Make a histogram of the outcomes. 


. A student made this device for 


a probability experiment. A 
marble is dropped in the slot 
at the top. The probability 

of falling to the left or to 

the right of each hexagon is 3. 

A Find the probability of a 
marble reaching each of the 
slots A, B, C, D, and E. 

B Suppose 80 marbles are dropped 
in the slot. About how many 
marbles would you expect to 
fall in each slot? 

c Make a histogram of the 
theoretical frequency of 
marbles in each slot. 








BeeG a.) soc 





UTILIZATION 

Exercise | involves interpretation of a histo- 
gram. Exercises 2, 3, and 4 require the con- 
struction of histograms. 


Solution, Exercises 2, 3, 4 
20 

2 316 
1 


Wb ROS 
Frequency 


Frequency 


a nm 


1BW 


2. Ziis4G 5556. 7) 8 go NOs 12 
Dice Sum Outcome 


4A. A probability tree can be used to solve this 
exercise. Each branch has probability 2. 


0 A, 
Aw Ase 





i 4 4 m4 
There is | path to slot A. P(A) =4:4°3:° 


ce) eons 


There are 4 paths to slot B. P(B)=4- 
ie il 
vee ee 6 paths to slot C. P(C)=6- 
a daeeees 
Te ae 4 paths to slot D. P(D) = 
4—1 
Ss fee is 1 path to slot E. Be 


peek = a6 





B. A: ye: 80=5 B: +: 80= 
C: +-80=30. D:i- ir 
E: 7s: 80 = 
G 
a> 
= - 
3 
o 
a 
EXTENSION 


The exercises on Workbook page 110 and Du- 
plicator Masters page 74 are appropriate for 
further practice assignments. 

Enrichment: The ideas of Exercises 1, 2, and 
3 could be used as the bases for class activities. 
Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 
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Objectives 

The student can interpret data given as a 
line-segment graph. 

The student can construct a line-segment 
graph, given an appropriate set of data. 


PREPARATION 
Materials: Graph paper (Duplicator Masters, 
page 83). 

Most students will have had some experience 
with line-segment graphs. If possible, obtain 
some graphs of this type from newspapers or 
magazines and discuss with the students what 
the graphs show. 


INVESTIGATION 
The Investigation requires interpretation of a 
set of data and an experience in making an 
extrapolation—as inference beyond the range 
of the given data. 

Most students will note a gradual slowing 
down of the plants’ growth. Thus a growth of 
3 to 5 mm might be a reasonable estimate for 
the seventh week. Of course, one might also 
conclude that if growing conditions are altered 
the plant might grow considerably more or very 
little growth might occur. 


DISCUSSION 
Use Exercise 2 to illustrate the construction of 
a line-segment graph. Such graphs are useful 
where continuous data such as plant growth, 
temperature, masses, and so on, are involved. 
The estimates for Exercise 3 will vary, but if 
the graph is projected to 8 weeks it would 
appear that it would reach about 80 mm. 
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Showing Data with Line-segment Graphs 


investigating the ideas 


A group of students planted 
some bean seeds for a science 
project. They kept a record 

of the plants’ growth. The 
chart shows the record of one 
plant’s growth by the week. 





Can you estimate the height of the 
plant at the end of seven weeks? 





Discussing the ideas 


1. 


Explain how you made your estimate of the height 
of the plant after seven weeks of growth. 


Becky made this line-segment 
graph to show the plant’s 
growth for each week. 


A Use the graph to tell in 
which week the plant grew 
the most. 


B In which week did the plant 
grow the least? 


c Assumimg growing conditions 
remain the same, how can you 
use the line-segment graph to 
estimate the plant’s height 
at the end of seven weeks? 


a What is your estimate of the 
plant’s height at the end of 
eight weeks? 

B Explain how you made your 
estimate. 





. The line-segment graph shows the 
closing prices of two stocks for 
one week. 


A What were the closing prices for 


What is the population for that year? 


c What is your estimate of the 
world population for the year 2000? 


. The line-segment graph shows the 
hourly temperatures for a certain day. 
A What was the coldest temperature 
during the day? At what hour 
was this temperature recorded? 


B What was the highest temperature? 


c What is the difference between 
the highest and the lowest 
temperature? 


pb How many degrees did the tem- 
perature fall between 3 P.M. and 
midnight? 


Using the Ideas 


Closing Prices 


ine) 
foo} 


rm NM —Y 
Cie i 





0 
1600 1700 1800 1900 
Year 


Hourly temperatures 


Degrees Celsius 
oO 


2000 





2468101224 6 81012 


A.M. Time P.M. 


Hourly Temperatures (°C) 


UTILIZATION 

Exercises 1, 2, and 3 involve interpretation of 
graphs. Exercise 4 requires construction of a 
line-segment graph. 


Solution, Exercise 4 











e 
G 
o 
a 
stocks A and B on Monday? 2 aS 
B What was the highest closing price ee An 
for each stock during the week? oi Bree 
c What was the lowest closing price See 3 . 
for each stock during the week? ae Bi4 
: : Fi 20 0 
D Give the range of the closing prices M T WTh F a) o 
for each stock during the week. Day 2 
: 7S STON 2s aes 
. The line-segment graph shows the World Population 1600-1970 AM Tie ee 
estimated world population from 8 
1600 to the present. of TENSIONS ! 
f : & 6 Further practice assignments may be made 
A Give an estimate of the world = from Workbook page 111 and Duplicator Mas- 
populations for 1600, 1700, eT ters page 75. 
1800, 1900, and 1950. 8 "4 Enrichment: The Investigation theme could 
B The latest estimate shown on s 3 be used as a research project for students who 
the graph is for the year 1970. ome are interested in botany. Records of plant 
io 


growth under various growing conditions could 
provide some interesting data that could be de- 
picted graphically. A biology or science teacher 
may be able to provide valuable suggestions 
and assistance in developing such a project. 


Assignments 
Minimum 1, 2. Average 1, 2, 4. 
Maximum |-4. 





. Make a line-segment graph from 
the information in the table. 


7 AM...... AZ 10) A.Mie ss 19 1P.M.......25 4P.M.......26 
8 A.M...... Aa? CTT ALM oes QW 2iPcMiscesce4) DO PLME crc. 2o 
9 A.M...... 16 Noon....... 22 3P.M.......25 6 P.M.......25 


Objectives 

The student can interpret data depicted by 
means of a circle graph. 

Given appropriate data, the student can con- 
struct a circle graph. 


PREPARATION 
Materials: Protractors, compasses, straight- 
edges. 

If possible, obtain some circle graphs from 
newspapers or magazines and discuss how they 
show quantities by means of sectors whose 
areas are proportional to the quantities repre- 
sented. You may also want to review some 
ideas of fraction and percent. 


INVESTIGATION 

Have the students record their menu selections. 
These can be used in the Discussion stage. 
There are several choices that will cost exactly 
$1.50. Sample Answers: 


Hamburger 0.35 Hot dog 0.40 
Fishwich 0.50 French fries 0.35 
French fries 0.35 Malt 0.35 
Milk shake 0.30 2 coffees 0.40 

$1.50 $1.50 
DISCUSSION 


When discussing circle graphs you will need to 
emphasize two things: 


1. The complete circular region represents a 

fixed number n. 

2. If k represents a part of n, then the central 
angle of the sector for this part is 
ie 360°. 
n 

When discussing Exercise 4, you can have 
students construct a circle graph to represent 
their choices, or you might use one of the stu- 
dents’ selections as an example. 

In Exercise 5 the percent for each sector can 
be found by writing the number of hours for 
each sector over 24 hours and then giving a per- 
cent for this fraction. Each percent multiplied 
by 360° will give the measure of the central 
angle for the sector. 
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Circle Graphs 


investigating the Ideas 






Suppose you have $1.50 to 
spend at the Drive-Inn Diner. 


Fish-wich —~50¢ 

Ham sandwich 60¢ | 
Can you choose several Hotdog _ 40¢ 
different items and spend French fries 35¢ _ 
exactly $1.50? Onion rings - —45¢ 





— Drive-Inn Menu 
Hamburger —=35¢ | 
Deluxe hamburger 50¢ 


‘Mali 35¢_ 
Pie =—s 0g 
Coffee 20¢ | 


‘| Milk 






Cola =. 20¢ 
Root beer 20¢ | 
Milk shake 30¢ — 












Discussing the ideas 


1. What fractional part of the $1.50 did you spend 
for each item? 


2. The circle graph at the right shows 
one way you could spend $1.50. The 
measure of the central angle for the 
sector of the circular region for the 
deluxe hamburger is 120° because 50¢ 
is 3 of the total amount spent and 
3° 360° = 120°. 

What are the measures of the central 
angles for each of the other items 
in the graph? 


3. Suppose one of your items was a hot dog. Then the central 
angle for the item should be iso - 360°. How many degrees 
is this? 


4. What would be the measure of the central angle of a 
circle graph for each of your choices from the menu? 
Explain or show how to make a circle graph of your 
selections from the menu. 


5. The circle graph shows the hours 
spent in daily activities. 
A What percent of each day (24 hours) 
is spent in each activity? 
s What is the measure of the central 
angle of the sector for each activity? — 








Hours spent in daily activities 





1. A survey of 120 students was made 
to find out which sports were their 
favorites. The circle graph at the 
right shows the number of students 
who selected a particular sport as 
their favorite. 


A What fractional part of the 
circular region is represented 
by each sport? 

Bp Express each fractional part 
as a percent. 


2. The circle graph shows how a student 
accounted for his earnings of $12 for 
one week. 


A How many dollars were spent on 
recreation? 

B How many dollars were spent for 
clothes? 


c What percent is allotted to ‘‘other’’? 
How much money is this? 


3. In a school of 840 students, 52% come to school by bus, 


28% walk, 12% ride bicycles, and the rest of them come 
by automobile. Find the number of students that come 
by each mode of transportation. 


4. Make a circle graph of the data in Exercise 3. 


IRUUAU 


aA Begin with 11 and write consecutive whole 
numbers in a spiral (as in the figure) until 
you obtain a square with a prime number in 
each corner. How large is the square? 


Can you find a line of prime numbers in the 
square? 


Make the square larger. What interesting 
patterns can you notice? 


More practice, page S-32, Set 61 





Using the ideas 








UTILIZATION 

If Exercise 4 is assigned, students will need to 
have protractors available. The primary objec- 
tive for this lesson is interpretation of circle 
graphs. Construction of circle graphs should be 
a secondary objective. 


Solution, Exercise 4 





EXTENSION 

Appropriate additional practice exercises may 
be assigned from Supplementary Exercise Set 
61 on page S-32, Workbook page 112, and 
Duplicator Masters page 76. 


Think Solution 
A. A 7 by 7 square as shown below. 


D 








CACEEETEREH 





Sasa 55°56 57 58] 


B. The diagonal labelled D is formed exclu- 
sively of prime numbers. Each of these 
numbers is of the form n> — n+ 11, where 
n= 1, 2,3 

C. If the square is made larger the smallest 
number on the diagonal that is not a prime is 
23 | ore ible 


Assignments 
Minimum 1, 2. Average 1-3. Maximum 1-4. 
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Objective 

Given a sample of a large set of objects, the 
student can make inferences concerning the 
large set. 


PREPARATION 
Materials: Newspapers, paper clips. 

Students will probably be familiar with public 
opinion polls that are published in newspapers. 
Discuss the fact that the polltakers contact 
a small portion (sample) of the total popula- 
tion concerning their opinions and then, from 
this sample, make inferences concerning the 
population. 


INVESTIGATION 

Students can work in pairs on the Investigation, 
making the tosses and completing a tally chart 
like the one shown. If the paper clip lands ona 
picture or off the paper, they should disregard 
the toss. Many students will expect that E or 
one of the other vowels is likely to get 20 tallies 
first. 


DISCUSSION 

You can generate extra interest by combining 
the results of all the students’ tallies for the 
Investigation. In discussing Exercise 4 infer- 
ences might be as follows: high frequencies for 
letters like E, T, A, O, I, N, in the paper; low 
frequencies for letters such as J, X, and Z. 

A sample from a population is called a ran- 
dom sample if it was obtained by a process that 
enabled it to have the same chance of being 
drawn from the total population as any other 
sample of that same size. 
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Sampling 


Investigating the ideas 

















Open one end of a paper clip 


like this: =~ 


Toss the paper clip on the 
front page of a newspaper. 
Note the letter nearest to 
the point of the paper 

clip and tally the letter. 
Repeat this experiment 
until some letter is 

tallied 20 times. 





Which letter do you think 
will get 20 tallies first? 


Discussing the Ideas 


1. Which letter had 20 tallies first? Was it the letter 
you expected? 


2. Which letter got the second most tallies? 


3. If you carried out the experiment until some letter 
got 40 tallies, do you think you would have gota 
different letter than you did? Try it. 


4. The letters that you tallied are a sample of all the 
letters on the newspaper page. By examining a sample 
of the letters, we may infer or conclude some things 
about all the letters on the page (the population). 
What things do you think you can conclude about the 
letters on the page, based on your sample? 


5. Samples must be chosen at random from the population. 
Otherwise, a biased sample may result and inferences 
or predictions made from such samples may be unreliable. 
Can you describe some things that might make a sample 
for your experiment a biased sample? 





Using the Ideas 


. In a sample of 362 letters from 

a newspaper, the ten most fre- 

quently occurring letters were 

found with the frequencies shown 

in the table. 

A What percent of the letters 
were E’s? 

B Suppose the page had about 115 000 letters. About 
how many letters would be E’s? 

c About how many of the 115 000 letters would be T’s? 





. Suppose you wish to take a survey of the students in your school 
to see which sport is their favorite. Tell whether each sample 
below is likely to be biased or unbiased. 


A The set of boys in your class. 

Every 5th student passing by a certain corner in the hall. 

The first ten students to leave the school building at the end of the day. 
The set of girls who play violins in the school orchestra. 

Every fourth student who holds a season ticket to hockey games. 


Every 20th student taken from a list of all students arranged 
alphabetically. 


mmo 0 GB 


. Suppose it is expected that 10 000 000 

people will vote in a national election. 

A professional poll samples 5000 voters a 

week before the election. The table at the 

right gives the number of people in the 
sample who planned to vote for each of the 
three candidates. 

A On the basis of this information, would 
you say that candidate A will probably 
win the election? 

sB Candidate B concedes that candidate A may get as many 
votes as predicted by the poll taker, but still claims that he 
will win the election. Can you find some reasons that might 
make his claim true? 

c Do you think it is very likely that candidate C will win the election? 

bp Assuming that the sample is a fairly accurate indicator of 
voter preference, give the approximate minimum and maximum 
number of votes each of the three candidates can expect to receive. 





UTILIZATION 

The exercises lend themselves to either inde- 
pendent work or class discussion. Part C of 
Exercise 2 may lead to particularly lively dis- 
cussion, since student responses will almost 
certainly vary. Urge a number of students to 
explain their reasoning in determining whether 
the given sample would be biased or unbiased. 


Answers, Exercise 3 
3A. On the basis of the poll, candidate A is a 
slight favorite. 

B. Candidate B might be assuming that the 
bulk of the undecided voters will swing to 
him and thereby give him enough votes to 
win the election. Note that 1900 + 600 = 
2500 > 2380. 

C. Even if all the undecided voters swing to 
candidate C, he will lack the necessary 
votes to win. His only hope will be that a 
large number of voters for A or B can be 
persuaded to vote for him. 








D. 
Candidate Minimum | Maximum 
A 33 320 000 41 720 000 
B 26 600 000 40 000 000 
G 1 680 000 10 080 000 








The maximum number of votes is based on 
the event that all undecided voters should give 
their votes to the candidate. The minimum 
number is based on the proportion of the total 
vote as given by the poll excluding the un- 
decided voters. 


EXTENSION 

The exercises on page 113 of the Workbook 
would be appropriate for further practice. 
Assignments 

Minimum |, 2. Average 1-3. Maximum 1-3. 
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Objective 
The student can solve some special problems 
based on samples of cards. 


PREPARATION 
Materials: Playing cards (one deck per group of 
students). 

This lesson should be regarded as optional 
for most students. Since the Investigation will 
require considerable time to complete, have the 
students begin work on it without delay. 


INVESTIGATION 
You may expect that students will have some 
difficulty making estimates of the number of 
times they will get at least one ace in 50 4-card 
trials. For example, since there is 1 chance in 
13 of drawing an ace ona single draw, some stu- 
dents may incorrectly reason that there are 4 
chances in 13 of getting an ace when 4 cards are 
drawn. 

Have the students work in pairs or small 
groups on this activity. 


DISCUSSION 

Exercises 2, 3, and 4 are structured so that 
students can understand how the probability 
of getting at least 1 ace in a 4-card sample is 
found. When the probability of getting 0 aces is 
found, the probability of getting at least | ace is 
1 minus the probability of getting 0 aces, be- 
cause the sum of the two probabilities must 
total 1. 
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Other Sampling Problems 49 Q@ 


cmetyene ne seurapnang: Et aE 


Shuffle a deck of playing 
cards very well. Turn up 
the first four cards. Make 
a tally of the number of 
aces you turn up in the 
sample of four cards. 








Gan you estimate about how many times you will get at least one 


ace in the sample of four if you try the experiment 50 times? 





Discussing the Ideas 


1. How well did your experimental results compare with 
your estimate? 


2. Since there are four aces in a deck of 52 cards, the 
probability of not getting an ace on the first card 
turned up is $3. The probability of not getting an ace 
on the second card turned up is $7. Why? 


3. What is the probability of not getting an ace on either of 
the first two cards turned up? (Multiply the probabilities.) 


4. What is the probability of not getting an ace on the 
third card that is turned up? of not getting an ace 
on the fourth card? 


5. The product of the four probabilities in Exercises 2 and 4 


is the probability of getting no aces in a 4-card sample. 


48 47 4 
P(no aces) =55 gf 48 48 = 0.718 


Therefore, the probability of getting at least one ace in 

a 4-card sample is 
1 — P(no aces) = 1 — 0.718 = 0.282. 

A Did you get at least one ace in 0.282 (about one fourth) 
of your trials of the experiments? 

B Combine your results with those of your classmates. 
How does your combined results compare with the 
theoretical probability of getting at least one ace? 


A 


* 4. 


The theoretical probability of 

drawing aces in a 4-card sample 

is shown in the table. Suppose 

you Carried out the experiment 

250 times. 

A In how many of the 250 trials 
would you expect to get no aces? 

B In how many of the 250 trials would 
you expect to get one ace? 


Using the Ideas 





| Noaces | 
_ Exactly 1 ace 


_ Exactly 2 aces 
Exactly 3 aces 
Exactly 4 aces 


c About how many times in 250 trials would you expect 


to get exactly two aces? 


p About how many times in 250 trials would you expect 


to get exactly three aces? 


— Are you very likely to draw all four aces in 250 trials? 


Explain. 


. In a room of 52 people, four have red hair. If four of the 


people’s names are selected at random to win a door prize, 
what is the probability that at least one of the red-headed 


persons will win a prize? 


. A sack contained a mixture of 1200 


brown and white beans. Two students 
performed a sampling experiment with 
the beans. They withdrew one bean 
from the sack without looking in the 
sack, tallied its color, and then 

put it back into the sack. This 
experiment was repeated 100 times. 


A About what percent of the 1200 beans were brown? 


B About how many of all beans were brown? 


c¢ About how many of all beans were white? 


Carry out an experiment like the one suggested in 
Exercise 3. Compare the experimental results with 


the theoretical probability. 


0.718 


0.0007 





0.000004 





UTILIZATION 

Some observant students may note that the sum 
of the probabilities in the table for Exercise | is 
not exactly |. The small discrepancy is due to 
errors in rounding for the probabilities given. 
The exact probabilities are as follows: 


: 
P(O.aces) = Hors 
184 


P (exactly | ace) = 0755 


P(exactly 2 aces) = Fis 
P(exactly 3 aces) = +x 


P(exactly 4 aces) = a9 75 








Solution, Exercise 2 

This problem can be related to the problem of 
drawing at least | ace in a sample of 4. The 
probability that at least one red-headed person 
will win a prize is about 0.282. 


Solution, Exercise 3 

On the basis of this sample, students would 
expect that 73% of the beans are brown and 
27% are white. Point out that in a practical 
case, one would obtain other samples to aid in 
estimating the percent of each color of bean. 


EXTENSION 
Extra practice exercises are provided on page 
77 of the Duplicator Masters. 

Enrichment: Several experiments of the type 
suggested in Exercise 3 could be designed, 
varying the proportion of the two colors of 
beans. After the students have carried out 
the experiment, the experimental percentages 
of colors can be compared to the actual 
percentages. 


Assignments 
Minimum |, 2. Average 1-3. Maximum 1-4. 


Objective 

The student can carry out a sampling ex- 
periment and draw conclusions based on the 
experiment. 


UTILIZATION 

Exercises | through 6 on this page will require 
choosing a sample of students and conducting 
a survey. The size of the samples can be ad- 
justed so that all work can be confined to the 
classroom if so desired. Broader samples can be 
used if students can select students outside the 
immediate class. 

Choosing an unbiased sample is a difficult 
problem and the student should be made aware 
of the fact that if a sample is poorly chosen no 
amount of analysis of the sample will produce 
good inferences from the sample. 

The exercises provide highly simplified prob- 
lems involving sampling. It is not the objective 
of the lesson to teach refined sampling tech- 
niques. Rather, the recognition of the difficul- 
ties involved in choosing unbiased samples is 
more closely related to the aim of the lesson. 

This would be a good time for students to 
work in small groups to obtain the information 
for the surveys. 


EXTENSION 

Enrichment: Now would be an opportune time 
to encourage some students to explore Re- 
search Project B on page H-49. 


Assignments 

Minimum One problem from | through 6. 
Average Two problems from | through 6. 
Maximum Three problems from | through 7. 
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SOME SAMPLING EXPERIMENTS 


1. Choose a sample of at least 50 
students in your school. Find 
out the favorite kind of television 
program of each person. What 
conclusions can you draw from 
your sample? 


Musical Variety 








Live cede 


rT 


= 


2. Choose a sample of 20 girls. Have each girl 
name her favorite school subject. What conclusions 
can you draw from your sample? 








3. Choose a sample of 20 boys. Have each name the 
school subject he likes best. Compare the results 
with those in Exercise 2. 


4. Conduct a survey of the students 
in your class on the question: 
‘“‘How many hours a week do you 
watch television?”’ 











Make a record, such as the one 
shown, of their responses. Overts 








5. Conduct a survey to determine the number and kind 
of pets that the students in your school have at home. 


6. Conduct a survey to find out what kind of job, business, 
or profession that the students would like to pursue 
after they become adults. 


7. Mark off a square decimetre on your 
school grounds or lawn. Count, as 
carefully as possible, the number eee. 
of blades of grass in the square een 
decimetre. 


A About how many blades of grass in one square decimetre? 

B Use your sample to estimate the number of blades of grass 
per square metre. 

c Find the area of the lawn. Estimate the number of blades 
of grass in the lawn. 





The BIRTHDAY Problem 


The names and birthdates of 25 
well-known persons are given in 
the list at the right. 


1. 


Do you think it is very likely that 
any two of these have the same 
birthday? (Same month and day.) 


. Check through the list of names. 


Do any two persons have the same 
birthday? 


. Do any of the persons listed have 


the same birthday as someone in 
your class? 


Osborne. John; London, Eng., 12/12/1929. 


O'Toole, Peter; Connemara, ireland, 8/2/1933. 
Owens, Jesse; Decatur, Ala., 9/12/1913. 
Paar, Jack; Canton, Ohio, 5/1/1918. 


Page, Geraldine; Kirksville, Mo., 11/22/1924. 


_ Page, Patti (Clara Ann Fowler); Claremore, Okla. 


11/8/1927 
Palance, Jack; Latimer, Pa., 2/18/1920. 


- Paley, William S.; Chicago, Ill, 9/28/1901. 
| Palmer, Arnold; Youngstown, Pa., 9/10/1929. 


Palmer, Lilli; Posen, Germany, 5/27/1917. 


_ Parker, Eleanor; Cedarville, Ohio, 6/26/1922. 


Parkinson, . met Northcote; Durham, Eng. 
7/30/190: 


Pasternak, seca Silagy-Somlyo, ae 9/19/1901. 

Patterson, Floyd; Waco, N. C., 1/4/1 

Paul VI (crovenn Battista Montini); Coreen It, 
9/26/18! 

Pauling, Cee Carl; Portland, Ore., 2/28/1901. 


Peale, Norman Vincent; Bowersville, oe. 5/31/1898. 


Pearson, Drew; Evanston, Ill., 12/13/1897 

Pearson, Lester B.; Toronto, Ont., Can., 4/23/1897. 
Peck, Gregory; La Jolla, Calif, 4/5/1916. 

Peerce, Jan; New York City, 1904. 

Pegler, Westbrook; Minneapolis, Minn., 8/2/1894. 


Perelman, S. J. (Sidney J.); Brooklyn, N. Y., 2/1/1904. 


Perkins, Millie; New Jersey, 5/12/1940 
Perkins, Tony (Anthony); New York City, SIS 





SOURCE: Information Please minanae 


Do any two students in your class have the same birthday ? 


Find a list of famous persons’ birthdays. Choose 25 names in a row 
as a sample. See if two of the persons have the same birthday. 


Choose several different samples of 25 names and repeat 
the experiment of Exercise 5. In how many of your samples 
did you find two people with the same birthday? 


The probability that two people 

out of a group of people will 

have the same birthday is given 

in the table. Note that for 23 

people, the probability of two 

people having the same birthday 
is a little more than 3 2D. 

A Choose a sample of 40 famous 
people from a list and find 
their birthdays. How many of 
them have the same birthday? 

B What is the probability that two 
of them will have the same birthday? 





. Find a list of presidents, prime ministers, or heads of state and 


their birthdays. Select some samples of 25 persons. Find 
which sample contains two persons with the same birthday. 


Objective 
The student can solve problems relative to 
two persons having the same birthday. 


PREPARATION 

Materials: Almanacs or other resource books 
which list birthdays for prominent persons by 
day, month, and year. 


UTILIZATION 

This set of exercises deals with a well-known 
problem in probability —the probability of two 
people having the same birthday. To someone 
who is unfamiliar with the problem, the results 
are surprising. The problem can be stated as 
follows: 


Suppose there are n people in a room. What 
is the probability that at least 2 of the people 
have the same birthday, that is, their birth- 
days on the same day and month of the year? 
If E is the event “No two of the n people 
have the same birthday” it can be shown that 





eels) < Sieebo BXOR} © 2 (365 ataianly) 
P(E) 365" 
Then P (at least 2 birthdays are the same) = 
SIP WEN. 


The table in Exercise 7 gives some specific 
probabilities for various values of n. Note that 
for 23 people the probability that at least two 
people have the same birthday is slightly more 
than 3 

Since most classrooms contain at least 23 
students, it is probable that there are two stu- 
dents who have the same birthday in the room. 

If Exercises 5, 6, and 8 are assigned, students 
will need resource material that gives birthdays 
of famous people. 


Assignments 
Minimum 1-4. Average 1-7. Maximum 1-8. 
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Objective 

The student can demonstrate the ability to 
work with the concepts presented in this 
module. 


UTILIZATION 
Assign the exercises as independent work. 
Graph paper will be needed for Exercises 4 and 
6. After completing the exercises, a discussion 
of the exercises would be beneficial to most 
students. 

Additional review exercises are provided on 
page 114 of the Workbook. 


Solution, Exercise 4 


14 
12 
10 

8 


Frequency 





Smt 


2 3 4 Over 
4 


Siblings 


Solution, Exercise 6 


Degrees Celsius 
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REVIEWING THE IDEAS 


1. Georgia earned $10.25, $16.50, and 


$12.25 in three weeks of part-time 
work. What was her average (arith- 
metic mean) earnings per week? 


. Linda had scores on mathematics 


tests of 89, 83, 94, 81, 78, 85, 

90, 96, 88, and 90. 

A What is the range of the scores? 
B Find the mean of the scores. 

c What is the median score? 


. The tally shows the results of a 


class survey of the number of 

brothers and/or sisters of each 

student. 

A Which number 
occurred most 
frequently? 

B What is the 
mode of the 
set of data? 











. Make a histogram of the data 


given in the table in Exercise 3. 


5. The line-segment graph below shows 


closing averages of the Dow-Jones 
Industrials. Give the closing average for 
each day to the nearest whole number. 





M T W T F 


. Construct a line-segment graph of the 


following daily low temperatures: 
Monday, 12°; Tuesday, 4°; Wednesday, 
~3°; Thursday, ~10°; Friday, 0°; 
Saturday, 7°; Sunday, 15°. 


10. 


11. 


. The circle graph shows the percent 


of the population of a city in 

various age groups. 

a What percent 
is over 60 
years old? 

B What is the 
angle of the 
sector for the 
40-60 year old 
group? 





. Suppose the population of the 


city in Exercise 7 is 30 000. 
Determine the approximate number 
of people in each group. 


. Suppose you ask three of your best 


friends how they plan to vote in an 
election for class president. You 
find that al! four of you plan to 
vote for the same person. 


A Can you conclude that your candi- 
date will probably be elected? 


B Is your sample of three friends 
a random sample of students in 
your class? 


In a city of 1 000 000 registered voters, 
a professional poll of 1000 voters 
showed that candidate A would get 
450 votes compared to 325 for 
candidate B. The remaining voters 
were undecided. If conditions 

remain as indicated by the poll, 

what is the maximum number of 
votes candidate A should expect 

to receive? 


From the results of several samples, 
Jeff estimated that about one out 

of every 15 students was left-handed. 
If there are 880 students in his school, 
about how many are left-handed? 


eerery 


RESEARCH PROJECTS 


A Carry out a project to determine 
the ‘“‘average” person in your class. 
Use heights, masses, age, waist 
measurements, foot size, and so on. 
Determine the mean, median, and 
mode of each set of data. 





Conduct a survey of the students in 
your school concerning preferences. 
Ask questions such as ‘What is your 
favorite automobile?” ‘Who is your 
favorite TV star?” or ‘‘What is your 
favorite meal?’’ Select some graphic 
method of displaying the data. Try 
to draw conclusions or make 
predictions from your survey. 


TEST YOURSELF 

The self-evaluation test should enable students 
to assess their grasp of the major concepts pre- 
sented in this module. Encourage students to 
use the key on page H-50 to check their own 
answers and then try to correct their mistakes 
by reviewing the related lessons of the module. 


RESEARCH PROJECTS 
Some students might use sampling to carry out 
Research Project A. For example, they could 
find the average height of the students in the 
class by selecting a random sample of 5 of their 
classmates. Several samples of 5 could be taken 
and the results could be compared. Finally, 
they could find the actual average height of the 
group and compare it with the sample averages. 
The idea of political polls, television ratings, 
and various other kinds of surveys are likely to 
be familiar to many of your students. Try to 
capitalize on their interest in these things by 
encouraging them to explore Project B. For 
example, the popularity rating of a television 
program is of great concern to all those con- 
nected with the program, but how these ratings 
are derived is not known or understood by 
many persons. A typical rating might be based 
upon a survey of, say, 1200 families who repre- 
sent the nearly 60 million television house- 
holds. In addition, the survey company might 
employ supplementary data based upon peri- 
odic polls of a greater number of television- 
viewing families. A committee of interested 
students could be assigned the project of finding 
specific information concerning how such rat- 
ings are determined. 
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MATHEMATICAL RECREATION 
Students will need toothpicks, matches, or 
similar objects for this activity. 

This mathematical recreation is based upon 
the topic of planar graph theory. Each configu- 
ration of toothpicks represents a special planar 
graph composed of congruent segments in 
which the only points of intersection are at the 
endpoints. It is important to note that the main 
concern 1s the different ways the toothpicks 
(segments) are connected rather than the shape 
of the graph. 

The twelve graphs possible with 5 toothpicks 
are shown below: 


eae cle 


Six toothpicks can produce 28 distinct graphs. 
Seven toothpicks can produce 74 graphs. Eight 
toothpicks can produce 207 graphs. 

Some students might be encouraged to tackle 
the problem of 6 toothpicks. The toothpicks 
could be glued or taped to posterboard to form 
an attractive display. 
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ECREATIONS!= 






ATHEMATICAL RECREA 
TOOTHPICK GRAPHS | 


If you use three toothpicks, you can connect 
them at their ends in only three ways. 


A B Y c 

Each figure is called a simple graph. Two 
different-looking figures represent the same 
simple graph if they are connected in the same 


way. Thus, graph a above could appear in forms 
such as those below. 


Sk 2) 22 


Graph B might appear as these shapes: 
a ie eee eA. 
oN 


There is only one possible shape for graph c. 





R 


If you use four toothpicks, you can form only 
five essentially different simple graphs. 
D 


Ain Ay fos 
Again different shapes represent the same graph. 
Thus, graph & might have these shapes: 


nS hae 


How many different simple graphs can you make using 
five toothpicks? Record each graph you find. 
















oy x 1 125. 2. 127 
YOURSELF _ 5. 69 : 
Answers __g, 


Ga 20°Ci a7 
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UNIT H: SOME SPECIAL TOPICS IN MATHEMATICS 


Module 3: Real Numbers 


General Objectives 
To introduce irrational numbers. 


To define the set of real numbers as the union of the set of rational numbers 


and the set of irrational numbers. 


To introduce square roots of positive numbers. 
To provide experiences in finding rational approximations for irrational 
numbers, particularly square roots of numbers. 





Performance Objectives 





Pupil Text 


Reteach-Reinforce Related Activities 





118 RED Given a number n, the student can understand the meaning ples), 5)3) WB 115 
of the square root (Vn) of the number. 
119 RED The student can use the Pythagorean Theorem to locate H-54, 55 WB 116 
the positive and the negative square root of a number on the real 
number line. 
120 RED Givena square root of a number in the form Vn, the student H-56 WB 117-9 ASC D-15 
can find a decimal approximation for it. through 61 DM 78 
121 RED Given distance problems involving right triangles, the stu- H-62, 63 DM 79 DS f-4 
dent can use the Pythagorean Theorem and knowledge of square 
roots to solve the problems. 
122 YELLOW Given a fraction, the student can give a repeating H-64, 65 
decimal for the fraction and vice-versa. 
123 YELLOW Given appropriate examples, the student can identify H-66, 67 WB 120 
decimals representing either rational or irrational numbers. 
124 GREEN The student can identify the set of real numbers. H-68, 69 WB 121 
125 GREEN Given two real numbers expressed as square roots, the H-68, 69 WB 121 
student can find the product of the numbers: V3 - V2 = V6. 
Reviewing the Ideas H-70 WB 122 
MATHEMATICS roots of numbers. Although no irrational num- bers. Finally, the set of real numbers is defined 


The Pythagorean Theorem plays an important 
role in this module. It serves to introduce the 
student to square roots of nonsquare numbers, 
it aids in locating co-ordinates of points on the 
real number line, and it is applied in practical 
problems involving sides of right triangles. 
__ The first two lessons introduce the students 
'to irrational numbers in the form of square 


-SITA 


ber is rational, each can be closely approxi- 
mated by rational numbers. Approximations of 
square roots are found by a flow chart algorithm 
or by use of a table of square roots. Stress is 
placed on the fact that each repeating decimal 
represents some rational number, and vice 
versa. This leads naturally to the idea that non- 
repeating decimals represent irrational num- 


as the union of the set of all rational numbers 
and the set of irrational numbers. 

This module can be viewed as a milestone in 
the development of the School Mathematics 
series. Up to this point, all the work has been 
with rational numbers. This extension of the 
number system to include the irrationals is the 
last major extension the student will meet until 


complex numbers are introduced in high school 
algebra courses. 


TEACHING THE MODULE 
Vocabulary 
cube root 
decimal approximation 
interpolation 
irrational number 
nonrepeating decimal repeating decimal 
Pythagorean Theorem Square root 

Although this module’s overall objective is 
to introduce the irrational numbers and define 
the set of real numbers, other specific objec- 
tives include developing concepts of estimation 
for irrational numbers, working with square 
roots, and learning to read and use the square 
root table. Some of the material in this module 
is quite abstract and will require the best efforts 
of your most able students. However, all of 
your students will be able to understand some 
of the important concepts; and they should be 
encouraged to participate in the Investigations 
and Discussions. Knowing that slower students 
will have difficulty with the more abstract ideas, 
take special care in making assignments for 
these students. 

At this stage, students are not prepared to do 


radical sign 
rational number 
real number 
real number line 


extensive work with irrational numbers, but 
they can learn how the set of real numbers is 
defined and the basic characteristics of irra- 
tional numbers. Development of the number 
line is completed in this module by including on 
it the points for the irrationals. It may surprise 
students to learn that prior to the introduction 
of the irrationals, the number line contained 
gaps, where points on it were not represented 
by rational numbers. Now these gaps can be 
filled. 

Development of great skill in work with irra- 
tional numbers and decimal approximations is 
not a practical objective for slower students. 


Lesson Schedule 

At least ten days should be allotted for com- 
plete coverage of this module. However, be- 
cause almost all the material will be new to your 
students, it may be necessary to spend more 
than one class period on a given lesson and your 
schedule should allow for this contingency. 


Evaluation 

In evaluating your students, you should refer 
to the general objectives of the module. You 
should not expect a great amount of skill from 
students in working with irrational numbers in 


$ 


the form of square roots. More important is 
students’ understanding of concepts such as 


“What is the meaning of V2?” If the student 


can respond with ‘V2 represents the positive 


number whose square is 2,”’ you may feel confi- 


dent that the student has mastered a fairly 
abstract concept. Some specific skills in estima- 
tion of square roots and knowledge of the rela- 
tion between rational, irrational, and real 
numbers are also desirable outcomes for the 
student who has studied this module. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Experiments in Mathematics, Stage 2, “Square 
Roots” and ““The Golden Triangle,” pp. 17- 
21, Houghton Mifflin 

Let’s Play Games in Mathematics, Vol. 7, 
Activities 89-93, National Textbook Co. 

Madison Project: Explorations, “Matrices,” 
pp. 325-409 (TT), Addison-Wesley 

Mathematics: Man’s Key to Progress, Book A, 
pp. 41-52, Rand McNally 

Powers, Roots, and Logarithms, Set 5E, Cards 
18-30, Herder and Herder 


Manipulative Devices 
Square Root Charts (Geyer) 


| 








UNIT H: Some Special Topics in Mathematics 
MODULE 3: Real Numbers 





OBJECTIVES: 





After completing this module, you should be able to: 


us 
Zz 


3. 


Interpret symbols such as V2, ~ V7, and V11. 
Find approximate square roots of positive rational 
numbers, 

Solve problems involving the Pythagorean Theo- 
rem and square roots. 

Find repeating decimals for rational numbers 
and find fractional representations of repeating 
decimals. 

Describe real numbers in terms of repeating or 
nonrepeating decimals. 


nan 


Objective 

The student can demonstrate an understand- 
ing of the symbol Vn as representing the posi- 
tive number whose square is n. 


PREPARATION 

Before beginning the lesson, play a guessing 
game with students by asking oral questions 
such as the following: 


“IT am thinking of a positive number which 
when squared is 16. What is the number?” (4) 

“T am thinking of a negative number whose 
square is 100. What is the number?” (~10) 

“I am thinking of a number whose square is 
36. What is the number?” (6 or ~6) 


INVESTIGATION 

Many students will never have thought about 
finding a number whose square is exactly 2 and 
will be surprised that they cannot readily find 
such a number. The number line picture sug- 
gests that the number is between 1.2 and 1.5. 
By a succession of trials, students will find that 
(1.41)? = 1.9881 and (1.42)? = 2.0164. Either 
number is within 0.02 of 2. However, this will 
enable students to realize that there is a rational 
number expressed in thousandths whose square 
may be even closer to 2. 


oleae 

Exercises 1, 2, and 3 are designed to help stu- 
dents see ue increasingly close estimates can 
be made for a number whose square is 2. 

The Pythagorean Theorem is used in Exer- 
cise 4 to give the students an appreciation of the 
need for a number whose square is 2. Other- 
wise, there would be a “hole” in the number 
line at the distance x from the origin where 
x? = 2. 

Emphasize the definition given in Exercise 5: 
V2 represents the positive number whose 
square is 2. Since the product of two negative 
numbers is a positive number, we can also ex- 
pect to find a negative number whose square is 
2. This negative number is denoted by the sym- 
bol ~V2, and is read “negative square root 
Ole2e 
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The Square Root of Two 
Investigating the Ideas 


Is there a number whose square is 2? That is, is there a number x 
such that x? = 2? Study the number line and the examples below. 


12=1 1.22=1.44 1.5125 2?=4 
t t t t 
—=.—_o__e@_____o____-®____-____e____o_ eo eo —___®___ oe __ eo 
1 1.5 2 


—_—_———_____—"” 
x must be within 
this interval 


Can you find a decimal whose square is a number within 0.02 of 2? 


Discussing the Ideas 
1. Is (1.4)? greater than 2 or less than 2? 
2. Is (1.45)? greater than 2 or less than 2? 


3. If x?=2, is 1.4 <x < 1.45? ; 
Because of the 
4. The Pythagorean Theorem can 
help you mark a point on the x 
number line for the number 
whose square is 2. Make a 
drawing like this on your 
paper. Make AC and BC each 
1 decimetre long. Then measure 
the length of AB (distance x). 


A Is the length a number whose square is very nearly 29 
B What is your estimate of the co-ordinate x? 


_we know that 





5. We shall assume that there is a number that multiplies 
by itself to give 2. We make the following definition: 





A ls there a negative number whose square is 2? 


B What symbol would you use for the negative number 
whose square is 2? 











Pythagorean Theorem, 


= 1212 and x7—.2- 





Using the Ideas 


These exercises will help you become familiar with the use of the 


symbol V (called a radical sign) used in writing numerals for 


square roots. Study the examples. 


[a] V2 is the positive number which when multiplied by itself gives 2. 
[s| ~ V2 is the negative number which when multiplied by itself gives 2. 


lllll is the positive number which when multiplied by itself gives 3. 
lllll is the negative number whichwhen multiplied by itself gives 3. 
lllll is the positive number which when multiplied by itself gives 17. 
lllll is the negative number which when multiplied by itself gives 17. 
V6 is the ? number which when multiplied by itself gives ||. 

- V6 is the ? number which when multiplied by itself gives ||| . 
V7 is the ? number which when multiplied by itself gives |||. 

[lll is the negative number whichwhen multiplied by itself gives 47. 


For a positive integer n, Vn is the positive number which when 
multiplied by itself gives ||lll. 


-"“zon7nmoe%o®se Pp 


. Using the definitions that you completed in Exercise 1, give an integer 
for n in each exercise. 


aA V2-V2=n c (~ V6) -(~V6) =n E V100- V100=n 

nb Wee NST p (~ V15) -(~V15) =n Fine 225) (eV 225)—n 
. Give a positive number that makes each equation true. 

An:n=9 c n-n=11 E n?*=17 G n’?=63 

Bn:-n=7 D n:-n=16 F n?=19 H n?= 64 
. In the following sequence of square roots, those 

representing whole numbers are indicated. Use a 

radical sign to write symbols that represent the 

whole numbers 6, 7, 8, 9, and 10. EXAMPLE: 6 = 36 

; e 3 
| | 
Vie m3 V4 Voem VG.) V7. | Veen Om 10 
a J 
vi (213) V4 15g 16 4718.19" 20 
{ 
V2 22 V23 V24 V25 V 26 V27 V28 V29 V30 


UTILIZATION 

If you assign the exercises as independent 
work, be certain to allow time for discussing 
them afterward. Note that other square roots 
are introduced in the exercises. 

When discussing Exercise 4, point out that 
each symbol like V4 represents only one num- 
ber, the positive square root. You should avoid 
writing statements like V4 = + 2. According to 
our definition, V4 = 2 and ~V/4 = ~2.' That is, 
V4 is the positive number whose square is 4, 
and ~V4 is the negative number whose square 
is 4. 


EXTENSION 
Additional practice exercises are provided on 
page 115 of the Workbook. 

Enrichment: Challenge the students to com- 
pute as decimals to the nearest thousandth the 
following square roots. (Answers are given in 
parentheses.) 


A. V2 (1.414) 
Bevis lee) 
Cu (OGG?) 


Students should find these decimal approxima- 
tions by squaring various decimals until the 
best approximation is found. 

If hand-held computers or desk computers 
are available, you might increase the number 
of decimal places required. 


Assignments 


Minimum |, 2, oral; 3, 4. 
Average |, oral; 2-4. Maximum 1-4. 
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Objective Irrational Numbers 


The student can find irrational numbers for 
co-ordinates of points on the number line by 


using the Pythagorean Theorem. investigating the Ideas 





PREPARATION In the previous lesson you learned that certain square 
Review the meaning of the square root of a roots (V1, V4, V9, V16, V25, V36, and so on) represent 
positive number, which was presented in the whole numbers. Do you think other square roots, such 
previous lesson. as V2, might represent rational numbers? 

INVESTIGATION 

The purpose of the Investigation is for students V2 is the positive number which when squared gives 2. 

to explore the possibility that V2 is a rational If there were a positive rational number which when 
number. Since (3)? = 4 > 2, (4)? =33 < 2 and squared gave 2, it would be equal to V2. 





444 = 13-88) < 2, none of these rational num- 
bers can be equal to V2. Of course, this does 
not prove that there is no rational number 
whose square is 2, but it suggests this fact. Do any of these rational [a] 2 


numbers equal V2? 





DISCUSSION 
When discussing Exercise 2, students are likely 
to be divided in their opinions of finding a 


rational number whose square is 2. You might Discussing the Ideas 


suggest they try 73 or 353. (33)? = fs00 and 


(358)? = +2463. Note that the squares are very 
nearly, but not exactly, 2. 

The proof that V2 is not rational is not given. 
If you wish to present a proof for your students, 
a simple proof based on the Fundamental Theo- 
rem of Arithmetic (Unique Factorization) is 








1. Which of the rational numbers above is closest to V2? 


2. Do you think it is possible to find a rational number 
which when squared gives 2? 


given in the Extension section of this lesson. 3. It can be proved that there is no rational number § 
It would be well to put a diagram like the one such that (2) 2— 2 and that V2 is not a rational number. 
in Exercise 3 on the chalkboard. Work through We shall work with other numbers which, like V2, are 


the exercise carefully. Use a compass to show 
that there are two numbers, one negative and 
One positive, whose square equals 5. Thus, if 


not rational numbers. We shall call such numbers 
irrational numbers and, as with V2, agree that there 


Brent 2/5. hence x= V5 or x= are points on the number line for these numbers. The 
-\/5. Note that this is in agreement with the Pythagorean Theorem can help us locate such points. 
formal definition that is sometimes given for the A Explain why the calculations 
absolute value of a number: |n| = Vn?. shown help us to determine 


the distance x. 


B How far is the distance x 
from zero to point A? 


c¢ What number goes with 
point A on the number 
line? with point B? 5) 
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For each figure, the Pythagorean Theorem can help you find 


Using the ideas 


numbers for points A and B on the number line. Give the missing 
numbers for each |lll|. Then give the numbers for points A and B. 














he 
x? = Il 


The distance x from 
zero to A is |lll 


A: i! = B: Ii 


x? = Ill 


The distance x from 
zero to A is |. 


A: {ill = B: lll 


x? = Ill 


The distance x from 
zero to A is |llll . 


A: |i! = 8: ill 


x? = Ill 


The distance x from 
zero to A is |llll. 


A: lll =: ill 


x? = lll 


The distance x from 
zero to A is |] . 


A: Il ==: ill 


UTILIZATION 

There are relatively few exercises on the page, 
but they are important in helping students de- 
velop a good understanding of the nature of 
irrational numbers and how they can be related 
to points on the number line. 


EXTENSION 
The exercises on page 116 of the Workbook 
may be used to provide further practice. 
Enrichment: Some students will be able to 
understand a proof that V2 is not a rational 
number. A simple proof can be presented as 
follows: 
In order for V2 to be a rational number, 


represented by a fraction - (where a and b 


are nonzero whole numbers), we must be 
able to find whole numbers a and b so that the 
numerator, a: a, is twice the denominator, 





b- b. 
V2 W2=2 
ste! 
Le Lp des 
bei 
J 
GER 
phe 
J 
a a=2 ~beb 
Any square has an This number must 
even number of 2’s have an even 
in its prime number of 
factorization. 2’s in its 
{| factorization, 
2 — 
aca =) Bsipe Ip 
This number must This number must 
have an even have an odd 
number of 2’s number of 2’s 
in its prime in its prime 
factorization factorization. 
J J 


Therefore, there are no nonzero whole numbers 
a and b so that the number a - a is the same 
number as 2 : b - b because they have different 
prime factorizations. 


Assignments 
Minimum 1-3. Average 1-5. Maximum 1-5. 
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Objective 

The student can give rational approxima- 
tions for square roots of selected whole 
numbers. 


PREPARATION 

Review the method of locating the point on the 
number line for a given irrational number by 
using the method of the previous lesson. 


INVESTIGATION 

Have the students read through the Investiga- 
tion material. It reviews the fact that rational 
approximations for V2 in decimal form can be 
found by successive approximations. Students 
can use trial-and-error methods to find a deci- 
mal approximation for V3. (1.73)? = 2.9929 
and (1.74)? = 3.0276, hence 1.73 < V3 < 1.74. 


DISCUSSION 

The Discussion Exercises emphasize that to 
find a rational approximation of an irrational 
number, we first locate the number between 
successive tenths, then with further trials locate 
the number between successive hundredths, 
and so on. When discussing Exercises | and 2, 
you might refer back to Exercise 4 on page 
H-S5S5 for geometric construction of the dis- 
tance V3. If a careful construction of the prob- 
lem is made on graph paper with each square 
representing 0.1 unit, an approximation of V3 
to the nearest hundredth can be found. 

In Exercise 4, since 10.24 is closer to 10 
than 9.61, this means that 3.2 is nearer to V10 
than 3.1. You might have students show that 
3.16 < V10 < 3.17 and 3.16 is nearer to V10 
than 3.17. 
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Rational Approximations for Irrational Numbers 


Investigating the Ideas 


Although V2 is not a rational number, you have seen 
that there are rational numbers that are ‘‘very close”’ 
to V2. Study the number lines and equations below. 











V2 is between 1.4 and 1.5. 
(1.4) ?= 1.96 (less than 2) 


Wak = 2 
(1.5) 2 = 2.25 (greater than 2) 
We write: 1.4 < Ae —a1i0 


V2 is between 1.41 and 1.42. (1.41)? — 1.9881 (less than 2) 


W2F = 2 
(1.42) 2? = 2.0164 (greater than 2) 
We write: 1.41 < Ne < 1.42 


Segment CD 
\ magnified 10 times 





Can you locate V3 between successive hundredths 
using the method above? 


Discussing the Ideas 


1. 


. Use the equations to help 


Which set of inequalities is correct? How can you prove it? 
Aul.6 me<ay Sure 147. Bee eNO .8 


(KS) err KAS (12%) 2. aa (18) A 


. Which inequality is correct? Prove it. 


iy tlvml ee SUG) eee Bi iWoeseNG S73 CG. 1.73 = Vata se 


. Is V10 closer to 3 or to 4? Explain your reasoning. 


(3.1)? = 9.61 
V10?= 10 


you complete the sentence. 
To the nearest tenth, V10 ~ lll. 





(3.2)? = 10.24 


Using the Ideas 


1. Give the largest possible integer for a. Give the smallest possible 
integer for b. Study the examples. 


[a] ae oe 7 Verge 4-4 V19- V19 5.5 


| fa=2 cn) wt | [a= 
5 ae . Re a ie : as 
a:a S-Di. Dim aes a:a b-b Deas 
A ts B Mag ee c mae kee 
a:a<13<b:b a:a<27<b:-b a-a<153<b-b 


2. Write the letter for the point on the number line that goes with 
each number in the exercises. 


AV Ose CD Ee EGeiimegimeheeeslae MN O° POUR 


0 1 2 e) 4 5 6 if 8 9 TO Mele Semel 415 16 
a V39 p V6 q V51 a V24 m V129 p V156 
B vV79 —e V115 H V12 K V231 n V222 a V250 
CaaNalc F V33 1 v91 L vV48 o V174 rR V61 


3. Give the largest possible one-place decimal for a. Give the 
smallest possible one-place decimal for b. 


A ae B ea ar c pe 
a‘-a<8<b-b a-a<52<b:-b a-a<113<b-b 


4. Use Exercise 3 to give the decimal to the nearest tenth that 
correctly completes each sentence. 


a V8 ~ ill B V52 ~ Ill ce V113 ~ Ill 


In Exercises 5 through 8, we are ‘‘closing in on’ an irrational 
number. Give the largest possible number for ¢@ (lower bound) and 
the smallest possible number for u (upper bound) in each exercise. 


Between integers Between tenths Between hundredths Between thousandths 
ee ee Hee ae, ZN Ot 
CE VS a} CaN Sia GaN Siu (ea 5 = U 

*w7.0< V29 <u 6.<N29 tu CaeaN 29 aU 6 < V29 <u 

* 8.  < V87 <u ¢ < V87 <u GeaeN/ 87 <u C < V87 <u 


UTILIZATION 

These exercises require considerable computa- 
tion with decimals. Therefore you should ad- 
just the assignment according to the needs of 
the students and in such a way that it will not 
be unduly burdensome. If calculators are avail- 
able, a larger number of exercises could be 
assigned. 


EXTENSION 
Additional practice exercises are provided on 
page 117 of the Workbook. 

Enrichment: This would be an appropriate 
time to encourage some students to explore 
Research Project A. 

Many different proofs of the irrationality of 
V2 have been made. A variety of such proofs 
are found in the January 1971 issue of The 
Mathematics Teacher. See pages 19-21, Vol. 
LXIV, Number 1, “On Proofs of the Irrational- 
ity of V2,” by V. C. Harris. A terminal digit 
proof in this article can be understood by junior 
high school students. 


Assignments 

Minimum 1, 2A-], 3. 
Average |, 2A-I, 3-5. 
Maximum 1-8. 
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Objective 

The student can use an algorithm involving 
estimation and division to find rational approxi- 
mations for square roots of numbers. 


PREPARATION 

Discuss the fact that, thus far in the study of 
irrational numbers, square roots of small in- 
tegers have been the main concern. Rational 
approximations of these numbers have been 
somewhat difficult to find. Students will be 
pleased to know that this lesson presents a 
systematic way of finding such approximations 


INVESTIGATION 

Have the students study the flow chart and dis- 
cuss any questions they may have. If you 
wish, try a sample problem in which a per- 
fect square, such as 1444, is the input for the 
flow chart. Students might estimate that V 1444 
is a number between 30 and 40, say 32. 


45r4 
(1) Carry out the division: 32)1444 
(2) Find the average of 32 and 45: 
Da ac) eal 
I ae? ah 





38 r0 
(3) Try 38 as a divisor: 38) 1444 
(4) Since 38 - 38 = 1444, V'1444 = 38 


Then have students try V 18.49 on their own. 


DISCUSSION 
The first trial for V 18.49 should be a number 
between 4 and 5S since 4? < 18 and 52 > 18. 
However, students’ initial choices will vary. 

In discussing Exercise 3, point out that if the 
Vn is irrational, the flow chart, when used 
repeatedly, will yield closer and.closer approx- 
imations as new averages of quotients and divi- 
sors are found. Thus, rational approximations 
to any number of significant digits are possible 
by this method. 

If calculators are available, you might have 
students use them in conjunction with the flow 
chart. 


Finding Square Roots 


investigating the Ideas 


The flow chart shows instructions for finding the positive 
square root of a number to any desired accuracy. 







This number is 
an approximation 
for Vn. 





Discussing the Ideas 


1. What number did you first choose for V18.49 ? 
How did you make your choice? 


«ful 
2. Paul chose 4.5 on his first 4.] 
estimate for V18.49. 4.5) (8.49 


A What should be his next ae 
estimate for V18.49 ? HS 
4 


B What is V18.49 exactly? 





3. Not every number has an exact square root. 
Study the example below. 
EXAMPLE: Find V537. 2386 


[a] Estimate of V537: 22.5)537.000 [ec] The average of 22.5 


20? = 400 450 and 23.86 is 23.18. 

25? = 625 870 Therefore, V537 ~ 23.2 

Try 22.5 675 to the nearest tenth. 
1950 


1800 [pb] By carrying out the division to 





Use this method to 1500 thousandths, we can get better 
find V747 to the 1350 estimates of V537. 
nearest hundredth. 150 Thus 1/537 ~ 23.17 


w4, 


5. 


*6. 





Using the ideas 


. Using the estimation and division method shown in the 


flow chart, find the positive square root of each 
of the following numbers. Each can be found exactly. 


A 676 © 12.25 E 44.89 G@ 3249 
B 6241 D 0.0324 F 28.09 H 139.24 


Find an approximation of each number to the nearest tenth. 


aA V17 c V163 E V172.89 @ V69.48 1! V0.18 
B vV88 Dp V21.4 F V435 H V200 J V139.5 


. Find an approximation of each number to the nearest hundredth. 


a V86 ec V13 — V31.89 @ V7.91 1 V0.394 
B V623 bp V18.99 F 52.89 H V3000 y V1.05 


Which number is the best approximation of V2 to the 
nearest millionth? 


[a] 1.414213. [B] 1.414214 


The cube root of 27 is 3 because 3°= 27. 
The symbol for cube rootis V . Thus, ¥27=3. 
What number is represented by each of the symbols? 


a V8 B 1000 c V64 p 125 


Each number in the sequence below is a whole number. 
Can you give the first four whole numbers of the sequence? 


V4489, V444 889, 44 448 889,... 


4 More practice, page S-32, Set 62 


UTILIZATION 
Since the exercises entail considerable compu- 
tation, you will probably want to limit the num- 
ber of problems assigned. It would be desirable 
for some students to present their solutions on 
the chalkboard. 


Solution, Exercise 5E 

Note that the cube root of ~1 is ~1 since (~1)?= 
~1. Thus, while it is possible to find the cube 
roots of negative numbers, it is not possible to 
find real square roots of negative numbers, be- 
cause there is no real number whose square is 
a negative number. 


EXTENSION 

To provide further practice, make selective 
assignments from Supplementary Exercise Set 
62 on page S-32, Workbook page 118, Dupli- 
cator Masters page 78, and Arithmetic Skill 
Card D-1S. 


Think Solution 
A drawing may help in analyzing parts | and 2 
of the problem. 


1. Dining Car Engine Ratio 
BUSI Ef = 
Caboose Dining Car Ratio 

ee Cali 14:3 or 1:2 
Caboose Engine Ratio 
[so] | evel ela 13:2 or 3:4 
B Engine 


+ Caboose Dining Car _ Ratio 


[Sal ened 33:3°-01 7:6 


3. If x is the unit of length the dining car is 3x 
units, the engine 2x units, and the caboose 
loxe Hence.63.x — 2 61cm: 
¢ (caboose) = 6 cm 
¢ (engine) = 8 cm 
¢ (dining car) = 12 cm 


Assignments 

Minimum 1A-D, 2A-D, 3A-D 
Average 1A-F, 2A-F, 3A-F, 4. 
Maximum 1-6. 
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Objective 

Given a table of square roots of whole num- 
bers, the student can use the table to find ap- 
proximate square roots of selected numbers. 


PREPARATION 
The previous lesson should have provided 
sufficient preparation for this lesson. 


INVESTIGATION 

The Investigation provides an opportunity for 
the student to study the table of squares and 
square roots, and discover patterns that will 
enable him to find the three missing numbers: 


A. Clearly this number is 14?, or 196. 

B. This number must be V17. A decimal ap- 
proximation can be found for V17 using the 
square root flow-chart method of the previ- 
ous lesson. V17 ~ 4.123. (Note that a 
good approximation for V17 is the average 
of V16 and V18, values which are given in 
the table.) 

C. This number is V10 X 3 or V30. Since 30 
is not in the table, this number must be ap- 
proximated. The average of (V20 ~ 4.472) 
and (V40 ~ 6.325) is about 5.4, which is 
a fair approximation for v 30. 


DISCUSSION 
Work through the Discussion Exercises care- 
fully, making certain that students can read the 
table efficiently. 

The method for checking the estimate of V30 
in Exercise 1C can be justified: 


(73 10)?= 73 - V3.- V10 - 10 
=3-10=30 





(V30)2 = 30 
Hence V3 - V10 = V0. 





Solution, Discussion Exercise 5 

V18 = 4.243 and V17 ~ 4.123 

Difference ~ 0.120 

0.5 X 0.120 = 0.060 

Therefore, V17.5 ~ 4.123 + 0.060, or 4.183. 
Check: (4.183)? = 17.497489, which is very 
close to 17.5. 
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Approximations for Square Roots 


Investigating the Ideas 





Discussing the Ideas 


1. 


. Explain how to use the table to 


Certain entries are missing 
in this table of squares and 
square roots. 


Can you give the missing 


entries to complete the table? 


A How did you find the number 
for a in the table? 

B Explain your method for find- 
ing the number for B. 

c The number for ¢ is V30. Check 
your estimate by multiplying 


v3- V10. 


1 
2 
3 
4 
) 
6 
if 
8 
9 

10 


RS 
On— 








find a decimal approximation of 
each of the following. 


a V5 B V8 c V13 p V20 


. Explain how you can use the table to find a decimal 


approximation of each of these. 


A V30 B v90 ce V120 bp vV190 


. How can you use the table to find each of these? 


A V324 B V169 Cc V256 Db V361 


. Close approximations of square roots of numbers not found 


in the table can be found by a process of interpolation. 
To find V7.5, we observe that this number should be 
between V7 and V8. The work can be arranged as follows: 


V7 ~ 2.646 and V8 = 2.828 
difference ~ 0.182 
0.5 x difference ~ 0.091 


V7.5 is approximately 
2.646 + 0.091, or 2.737 
V1 5 2737, 


Use interpolation to find V17.5. 


Using the ideas 


1. Use the table of squares and square roots in the 
Investigation to find the following. 


a V6 ec V13 —e Vi8 @ Vii 1 V196 

B vV60 D 130 F V180 H V110 J vV169 
2. Using the table, give a decimal approximation for a and_b. 

A V8=a B V20=a c V1i2=a 

V4-V2=b V4-V5=b V4-V3=b 

3. Use the table to find the number for n. 

A Vn= 2.646 c Vn= 12.247 F V225=n 

SOLUTION: n=7 bp Vn=9.487 e V10=n 
B Vn=3.317 —E Vn=3.875 H V121=n 


4. Using the table and interpolation, find decimal 
approximations for each of these. 


A V4.5 Gey OLS Ee V8.5 G V19.4 1 V13.6 
B V1.5 Dy Wits F V18.3 H V16.2 J V14.8 


Complete the solutions in Exercises 5 and 6 by giving the 
answers as decimal approximations to the nearest hundredth. 


5. Find the hypotenuse of a triangle 
whose legs are 2 centimetres and 
5 centimetres respectively. - 





d?= 2245? =a 
d?= 4425 

d?= 29 

d = ill 


6. It is 4 km along the road from 
Dock A to Dock C. It is 2 km 
from Dock C to Dock B. How far 
is it by boat straight across 
the lake from Dock A to Dock B? 


= 424 22 


= Ih 





UTILIZATION 

A larger table of powers and roots of whole 
numbers is given on page S-34. You may refer 
students to this page, if you wish, although the 
table in the Investigation is sufficient for this 
lesson. 


EXTENSION 
Additional appropriate practice exercises are 
provided on page 119 of the Workbook. 


Enrichment: Here is a two-part challenge 


problem for very able students: 


A. 


Can a metre stick lie flat in a box that is 81 
cm by 54 cm by 25 cm? (Answer: No. The 
diagram of the 81 by 54 rectangular base of 
the box is V812 + 542 = V9477 and V9477 
= 97.349884, which is less than 100 cm.) 








81 cm 


$4 cm 





Can the metre stick be placed completely 
inside the box? (Answer: Yes. The diagonal 
of the box is V (V 9477)? + 25? = 

V9477 + 625=V10 102, and V10 102 = 
100.5087, which is greater than 100 cm.) 


81 cm 








Assignments 
Minimum 1A-F, 2, 3. 
Average 1-3, 4A-F. Maximum 1-6. 


Objective 
The student can solve problems by applying 


the Pythagorean Theorem and using a table of 


Square roots. 


PREPARATION 
Allow a few minutes for a review of the use of 
the Table of Powers and Roots on page S-34. 


INVESTIGATION 

The Pythagorean Theorem should be familiar 
to all students by this time. The Investigation 
provides a review of its use. When students find 
c=V13 cm, they should use the table of 
square roots to find that the approximation of 
V/13 cm is 3.6 cm to the nearest tenth. 


DISCUSSION 

A careful drawing of the right triangle in Exer- 
cise | will reinforce the work of the Investiga- 
tion. The hypotenuse of the triangle will be 
about 3.6 cm long. 

Exercise 2 will provide additional practice 
using the Pythagorean Theorem. The diagonal 
is V80 cm. Using the table of square roots, 
V80 cm ~ 8.94 cm. 

Exercise 3 illustrates a common student error 
in the use of the Pythagorean Theorem. Since 
the hypotenuse and one leg are given, the cor- 
rect equation is 


[39212 
Hence ya — 32s 
pz = 169125 

p> = 144 

p= 12 
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Problem Solving with Square Roots 


Investigating the Ideas 


You can use the Pythagorean Theorem to find the length of 
the hypotenuse of a right triangle when the lengths of the 
two legs are known. Study this flow chart. 





a? = Ill 


Va? +b? 
b= | 


c = Va?+ b? 


Can you find the length of the hypotenuse (to the nearest tenth) 
of a right triangle with legs 2 centimetres and 3 centimetres? 





Discussing the Ideas 


1. Draw a right triangle with legs 2 centimetres and 
3 centimetres in length. Measure the length of the 
hypotenuse. Is this length about the same as the 
length you found using the Pythagorean Theorem? 


2. A draftsman wanted to give the 
diagonal distance (to the nearest 
hundredth) across this rectangle. 
How can he find this distance? 


3. A 13-metre wire supported a pole. 
It was fastened 5 metres from the 
base of the pole. How long was 
the pole? 

A A student started to solve the 
problem this way: p?= 52+ 132 
2= 25+ 169 
p?= 194 


What is wrong with this solution? 





B How would you solve this problem? 


Using the Ideas UTILIZATION 
In Exercise 1, you may direct students to use 


1. Find the length of the hypotenuse of each right triangle. the table of square roots and express the length 
of the hypotenuse as a decimal. Have selected 


A 8 c students place their solutions on the chalk- 
io b=1 we c a—?2 De board and explain them to the class. 
b=3 
x] a=3 


EXTENSION 
Duplicator Masters page 79 may be used for 
additional practice assignments. 

Enrichment: Challenge the more able stu- 
dents with problems like the ones that follow. 
1. What is the perimeter of AABC to the near- 

est tenth of a unit? 


2. A rectangle is 9 units long and 
3 units wide. How long is the 
diagonal of the rectangle, to 
the nearest tenth of a unit? 





B 
3. A guy wire is attached to an 
upright light pole 10 metres 
above the ground. The wire 
is anchored to the ground 3 : : bs 
metres from the base of the D 


pole. How long is the wire 
to the nearest tenth of a 
metre? 


(Answer: 
¢(AB) = V62+ 92 =VI11I7 = 10.82 
¢(BC) = V8? + 92 = V145 = 12.04 
{ (AC) =14 
P(AABC) = 36.9 units) 
. Find the area of this isosceles triangle. 

















4. Can an umbrella 60 centimetres 
long be packed to lie flat in 
a box 52 centimetres long and 


i) 





zy 
30 centimetres wide? 
11 11 
A Be Y 
5. What is the length of the —— 


diagonal brace for the gate 


(Solution: The height of the triangle is the 
in the figure? YY 


perpendicular line from point Z to XY. This 
segment bisects the base, XY, at point M. 
Then @(MY) = (MX) =3.5 
and (MZ) = V11? — (3.5)?= 

V121 — 12.25 = V108.75 














¢(MZ) ~ 10.43 
6. It is 10 kilometres from 


A(AXYZ) =¥-7- (10.43) = 36.505 = 36.5 
Fisherman’s Point to the sq units) 
Lodge and 8 kilometres from 
Fisherman’s Point to Townsville. Assignments 





How far is it from the Lodge é : Minimum 1-3. Average 1-5. Maximum 1-6. 
Fishermans 


across the lake to Townsville? Point 
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Objective 

The student can find a repeating decimal for 
a fraction or find a fraction for a repeating 
decimal. 


PREPARATION 

Repeating decimals were introduced in Unit F, 
Module 2. You might review the method of 
finding a decimal for a given fraction. Also, 
distinguish between terminating decimals (the 
repeating part consists of zeros) and nonre- 
peating decimals. 


INVESTIGATION 

Have the students carry out the division for 
;+. This will take some students several min- 
utes as there will be 16 different remainders. 


0.1764705882352941 
17 )3.0000000000000000 


The 16 remainders, in succession, are 13, 11 
Sy 2s TW, IO, Ws WERE Si, 1G, 7/5 453), Siete 
all the different possible remainders have oc- 
curred, the decimal must start repeating at this 
point. 








DISCUSSION 
A convincing argument that every rational 
number has a repeating decimal representation 
can be made by using the fraction 74 as an 
example. If a zero is the remainder at any step 
in the division process, the decimal would re- 
peat in zeros. If no zero remainders occur, 
there cannot be more than (d — 1) remainders 
where d is the divisor. Note that there are 16 
different remainders where the divisor is 17. 
Whenever one of the remainders occurs twice 
the decimal starts repeating. 

Work through Exercise 3 carefully with the 
class, making certain that they understand the 


steps. 
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Repeating Decimals Again 


“0285714. | 


Investigating the Ideas oS ovees 
In computing the decimal oe, 
for the fraction §, a student A «40 
found that six different 35 
remainders occurred before 5 a5 
the decimal started to repeat. 49 





1 <1 0 
se 
Oe 3 0 
28 


2-2 


Can you find all the 
different remainders 


when the decimal for 
s is computed? 








Discussing the ideas 0.17 
; ns 17 )3.0000000000 
1. Are you sure that 77 can be represented 17 
by a repeating decimal? Why? 130 
119 
2. It can be proved that: 11 


How would you convince someone that this is true? 


. It can be proved that: 


The examples below illustrate a way to prove the statement 
above for some particular cases. 


[1] To find a usally q nels we 7, [2] To finda traction q ay 0. 45 





Use this method to find a fraction for these repeating decimals. 
a 0.5 B 0.73 ce 0.129 


Using the ideas 


1. The period of a repeating decimal is the number of digits in the 
entire group of digits that repeat over and over again. For 
example, the period of the repeating decimal .54 is 2. Write a 
repeating decimal for each rational number and give its period. 











a3 BF c 3 D 73 Es F 27 Gi 
2. Find the products. 
a 10-06 B 10-04 p 100 - 0.07 
Answer: 6.6 ce 10-0.38 E 1000 -0.842 
In Exercises 3, 4, and 5, copy the exercises, giving the 
correct decimal for a, the number for b, and the fraction for c. 
3. g=0,4444 .... Cb p 0h) 5. .q=0.074 
{ ‘ bode: 
10q=@a 100q=/a 1000q= @ 
1q=0.4444... 1q=0.272727... 1q=0.074074... 
9q=68 99 qb 999 q=|6 


q=¢ qe 


6. Using the method illustrated in Exercises 3, 4, and 5, 
find a fraction for each repeating decimal. 


q=\e 


ARO. 55558 tan ECS.2. 27 E 0.123 G 0.05 pS ONOT 

B 0.37 p 0.015 FRO.011 ts “WH 24.027 ¥ 0.001001 
7. Find the repeating decimal for each fraction. 

A3 Bg C 99 D 39 E 999 F 999 


8. These exercises suggest another way to find a fraction for a 
repeating decimal. Give the number for a. Then give the 
number for b. 

0.111 = a— 0.222=b 

0.111 =a— 0.333=b 


H 0.0101=a— 0.1212=b 
1 0.0101 =a— 0.2323=b 
0.111=a— 0.444=b J 0.0101 =a— 0.6868=b 
0.0101 = a— 0.0202=b K 0.001001 = a— 0.002002= b 
0.0101 = a— 0.0909 = b L 0.001001 = a 0.009009 = b 
0.0101 = a— 0.1010=b m 0.001001 = a> 0.023023 = b 
0.0101 = a> 0.1111=b nN 0.001001 = a— 0.467467 = b 


ony moods Pp 


UTILIZATION 
Exercises 7 and 8 illustrate an interesting prop- 
erty of the repeating decimals for fractions of 


the form iy where n Is a positive integer. 
Since $= 0.1, z= 0.2, i= 0,3, and so on. 
oy = 0.01, fy = 0.02,.. . ate = 0.001, s55 = 
0.002, . . .. Thus, given a repeating decimal 


such as 0.73, we can immediately write 
0.73 = $3. 


EXTENSION 
Enrichment: Have students find repeating deci- 
mals for +, ?, $, +, 2, and $. Then ask: ““What 


pattern in the digits for these decimals can be 
found?” (Answer: The digits are cyclic and 
always occur in the order 1, 4, 2, 8, 5, 7.) 
This property of the repeating digits is the 
basis of a clever mathematical trick described 
by Martin Gardner in ‘““Mathematical Games” 
in Scientific American, Volume 222, Number 
3, March 1970. Some students might be inter- 
ested in finding this article in the library and 
demonstrating the trick for the class. 


Assignments 
Minimum 1-5. Average 1-6. Maximum 1-8. 
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Objective Repeating and Nonrepeating Decimals 


Given an appropriate decimal, the student 


can identify it as representing either a rational Investigating the Ideas 
number or an irrational number. 


PREPARATION The digits in each decimal below form a pattern. 


Review the fact that each repeating decimal ; 
represents a rational number and, conversely, Can you discover the pattern and extend each decimal five more places? 
every rational number can be represented by 








a repeating decimal. [a] 0.233233... [E] 02468101214... 
INVESTIGATION 0.050050005... [F] 6.262626... 
Most of the patterns for these decimals are easy [e] 0.1234567891011 ... [¢] 0.1001002003 .... 


to discover. [D] 0.1428571428571... [4] 1.41425314253142 ... 


A. Repeating decimal: 0.233 

B. The only digits are 5 and 0 with the 5’s sep- 
arated by 1 zero, then by 2 zeros, then by 3 
zeros, and so on. 


Discussing the Ideas 


1. All decimals can be considered to be “unending.” 





C. The numeral is formed by writing the nat- Certain decimals, in which the same sequence of 
ural numbers in succession. digits repeats again and again, are called repeating 
D. The repeating decimal for + = 0.142857 decimals. Every repeating decimal represents a 
E. The numeral is formed by writing the even rational number and every rational number can be 
numbers in succession. _ represented by a repeating decimal. Which decimals 
F. Repeating decimal: 6.26 in the Investigation represent rational numbers? 
G. Starting with the ten thousands’ place, each 
pce oa potural number is separated iby 2. A nonrepeating decimal is ‘unending,’ but the same 


2 zeros. 

H. The pattern indicates the repeating decimal 
0.414253. Note that the repeating part does 
not begin immediately. 


sequence of digits is not repeated over and over again. 
An irrational number is any number that is represented 
by a nonrepeating decimal. Which decimals in the 
Investigation represent irrational numbers? 


DISCUSSION 
As you discuss Exercise | with the students, 3. Can you create your own nonrepeating decimal? 
you may have them describe the patterns they What kind of a number does it represent? 
found in the decimals in the Investigation. 
The term irrational number is defined in Ex- 4. The number V10 is irrational. What kind of decimal 
ercise 2. Emphasize this point by showing that would represent V10? 
the decimals for parts B, C, E, and G in 
thewInvestigation were nonrepeating decimals; 5. Many irrational numbers do not have patterns in their 


hence they represent irrational numbers. decimal tati Th ti fei f 
Be sure the students understand that if the ecimal representations. e ratio o e circumference 


square root of a given number is not a rational to the diameter of any circle is an irrational number 


number, then it does not have a repeating denoted by the symbol z. at ~ 3.141592653589793 ... 


decimal representation. If it did, it would be ; 
rational. : What must be true of the decimal for 7? 


6. A Does 0.72 represent a rational number? Explain. 
B Does 0.9217 represent a rational number? Explain. 


H-66 x 


k 4. 


Using the Ideas 


. Tell whether each decimal represents a rational number 


or an irrational number. 


ARON 2 hil2 lee. En0,0369721518...... 
B 0.4 F3/249999999 ... 

Cece tial W/V 11 7a. G 189.647764776 ... 
D 0.142857142857 ... H 0.01020304050 ... 


. Find a decimal approximation to the nearest hundredth 


for each of the following expressions. Use V2 ~ 1.414. 


A 3+ V2 ry Asse) c V2-1 bp V2+ V2 
_ 82 - HB Ppecaks eave 
5 6 \/9 e 


. Use 7 =~ 3.14 to find a decimal approximation to the nearest 


hundredth for each of the following. 





A 10-7 B 4-7 c 7-3? pi 
ATs 2 257 
E 780 Feat G 56-7 He, 
von 
The ratio” 5 _ is called the 


Golden Ratio. A rectangle whose 
length and width are in this ratio 
is said to be the most pleasing 
rectangle to the artistic eye. 

Find a decimal approximation of 
this ratio to the nearest hundredth. 
Use V5 ~ 2.236. 





1+ V5 





UTILIZATION 

Exercises 2 and 3 involve computations with 
decimal approximations for irrational numbers. 
You may want to have some of the exercises 
put on the chalkboard and discussed. 


EXTENSION 
Workbook page 120 provides further exercises 
appropriate for use as an extra practice 
assignment. 

Enrichment: The Golden Ratio can be de- 
scribed in the following terms. 


Let AB be a segment of unit length, and let 
C be a point between A and B such that 
(AC) =x, where AC > CB. If C divides AB 
so that ae ante: 

€(AB) _ €(AC) 

¢(AC), ¢(BC)’ 
then either ratio is called the Golden Ratio. 





A % Cx B 


Ka 


In terms of the lengths in the drawing above, 
we have 











Tee 
x l-x' 
Solving for x, we obtain x? + x — 1 = 0, whence 
ote 
Sa 
The positive number nese) is the Golden 


Ratio. 


Think Solution 

A. Using division, ##3 is the best approxima- 
tion for aq, 222 — 3. 1415929 ee aeesincent 
differs with the given value of 7 only in the 
ten millionths’ place (a= 3.1415926...). 
22 =~ 3.1428571 . .. and 33? ~ 3.1403508.... 

B. Many rational numbers could be given. For 
example, 7 < 3.1415927 < #33. 


Assignments 


Minimum |, 2A-D, 3A-D. 
Average 1-3. Maximum 1-4. 
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Objectives 

The student can identify real numbers as 
being represented by repeating or nonrepeating 
decimals. 

The student can find products of square roots 
of numbers. 


PREPARATION 
You should begin work on the Discussion Ex- 
ercises without delay. 


DISCUSSION 

Up to this point, the number line has had 
“gaps” in it. By combining the rationals and 
irrationals to form the set of real numbers, these 
gaps are filled. There is now a number for each 
point on the number line. 

Although the objective of this lesson includes 
computing with radicals, students are not ex- 
pected to become proficient at this type of com- 
putation. This lesson does provide sufficient 
experience with real numbers so that students 
will be comfortable with these new ideas. 

Exercise 3 shows that the product of two 
irrational numbers can be a rational number. 
However, students should not be lead to think 
that this is always the case. For example, 
V2 - V3 is the irrational number V6. To prove 
this we observe that 


ORR 3) 2 (V2 - V/2) = (V3 - V3) 
D6 





But (V6)? = 
Hence V2 -V3= V6 


You may find it helpful to review the complete 
statements of the basic principles for real num- 
bers as you discuss Exercise 3. 
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Discussing the Ideas 


1. The union of the set of 


The Set of Real Numbers 


Real Numbers 


rational numbers and the 

set of irrational numbers 

is a set of numbers 

called the real numbers. 

A Is an integer a real number? 
Is an integer rational or irrational? 

B A certain real number is not a rational number. 
What kind of number must it be? 





. Since every decimal (repeating or nonrepeating) determines 


a certain point on the number line and every point on the 
number lines goes with a certain decimal, we say that the 
number line is complete, and call it the real number line. 


Some real numbers matched with their points on the 
real number line are shown below. 


- 30 


2 V100 ovo mee, ee SS) mi Ve4 V5) 
ee Ra br ey 1 2 3 4 5 


a Name a rational number between V2 and V5. 
B Can you name an irrational number between V2 and V5? 


3. You are familiar with the basic principles for addition 


and multiplication of rational numbers. Because the set 
of real numbers contains the set of rational numbers, we 
accept the same basic principles for addition and multipli- 
cation of real numbers. 








Commutative Principle Zero Principle 
Associative Principle One Principle 
Distributive Principle 





Use the commutative and associative principles to find 


the products. Study the examples. 
Multiply these B | Multiply these 
factors first. factors first. | 
(V5-4)-V5=4-5= Ill 


(3° V2) 30 V2 — 322M 
¢ (V3- V5) - (V3- V5) = p (8: V7): V7='lll 





Using the Ideas 


1. Give the word (rational or irrational) that best describes the number n. 


A nis areal number represented by a repeating decimal. 

B nis areal number that is not represented by a repeating decimal. 
c¢ nis areal number that is not a rational number. 

D ncan be represented by a fraction. 


. Find the products. 


A (253) NS CoVG (38> V7) E (2: V2)-(3- V2) 
B V2-(V2-9) dp V6-(V6-4) F (5- V3): (7: V3) 
. Give the integers for a and b. Then give the final product for c. 
Multiply 
a (V2: V8)2= (V2- V3) -(V2- V3) =a-b=c 





B (V8: V5)?= (V3- V5) -(V3- V5) =a-b=e 
c (W2°V%)?= (V2: V7) -(V2- V7) =a-b=c 
p (V7: V5)?= (V7: V5) -(V7- V5) =a-b=c 


. In Exercise 34, gave 6 when squared. What other symbol 
represents the number that gives 6 when squared? 


. A Using the facts that V2 ~ 1.414 and V3 ~ 1.732, find a 
decimal approximation for V2- V3. 


B What is a decimal approximation for V6? 


. Give a simple square root for the product. 





a V3-V5_ Answer: V3: V5= V15 
B V2-V7 p V3-V7 FRY oc Vel H V3: V17 
c V7-V5 eE V5-V11 @ Vi1-V17 1 V13-V13 


. Use the distributive principle to give a rational number for the 


product V2-(V2+ V8). 


UTILIZATION 

Assign the exercises as independent work. 
Careful discussion of these exercises should be 
beneficial to all students. 


EXTENSION 
Additional practice exercises are provided on 
page 121 of the Workbook. 

Remedial: Exercise 5 can be used to extend 
the use of the table of square roots. For exam- 
ple, V 115 is not found in the table on S—34, but 
since 115=5 - 23, we can find a decimal ap- 
proximation as follows: 

V115 = V5 - V23 = 2.236 - 4.796 = 10.724. 
Ask students to use the table and this method to 
find these square roots: 

A. V200= V2 - V100 (14.142) 
B. V120=V10- V12 (10.954) 
C. V136= V8 - V17 (11.660) 
D. (232 = 29: «18.4 15.229) 
E 
F 




















ful \V/ SoS SV lo win/a0 Aes 59) 

. V1001 = V7 - V11- V13 (31.649) 

Enrichment: A sum such as V3 + V2 cannot 
be represented by a simpler real number sym- 
bol. However we can locate the point for the 
sum as shown by the drawing below. 





0 | 2 3 4 
| : 
peep 
Show this method; then challenge students to 
show how to locate V2+ V5 by a similar 


drawing. 
Solution: 






ad, 


; 1 | 2 3 4 
| 
‘<a 2 ah ae V5 oe 
Assignments 


Minimum 1-3. Average 1-5. Maximum |-7. 
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Objective 


work with 


The student can demonstrate the ability to 
the concepts presented in this 


module. 


UTILIZATION 

The following statements summarize the main 
concepts developed in this module. These 
points need to be stressed as you work through 
the review material. 


it 


Using the Pythagorean Theorem, we can 
establish points on the number line for num- 
bers such as V2, V3, and V5. 


. It can be proved that these numbers, Wo, 





V3, V5, V6, V7,..., are not rational num- 
bers. We call them irrational numbers. 


. We can find decimals that represent rational 


numbers close to the square roots. We call 
these decimal approximations. 


. We can build a useful table of decimal ap- 


proximations to square roots and use it to 
solve practical problems. 


. Every rational number can be represented 


by a repeating decimal and every repeating 
decimal represents some rational number. 
Irrational numbers, such as V2, cannot be 
represented by repeating decimals, but do 
have nonending decimal representations. We 
say that irrational numbers are represented 
by nonrepeating decimals. 


. The set of real numbers includes both 


the rational numbers (repeating decimals) 
and the irrational numbers (nonrepeating 
decimals). 


Further exercises which review the major 


concepts of this module are provided on page 
122 of the Workbook. 


REVIEWING THE IDEAS 


1. 


Illl| is the positive number that 

multiplied by itself gives 5. 

B ||| is the negative number that 
multiplied by itself gives 5. 

c¢ V13 is the ? number that multi- 
plied by itself gives ||lll . 

p ~V13 is the ? number that multi- 

plied by itself gives |llll . 


> 


. Give the number for point A on the 


number line. 





. Between what two integers is the 


point for ~ V37? 


. Give the largest possible integer for 


a. Give the smallest possible integer 
for b. 


A eae 


a-‘a<12<b-b 


B V29- V29 
L 
a-a<29<b-b 
c V333 > V333 


) 
a:a< 333 <b-b 


. Give each square root to the nearest 


integer. 
A V12 c V333 —E V250 
B V29 dp V19 F V163 


. A Which number, 3.6 or 3.7, is closer 


to V13? 


B Which number, 7.28 or 7.29, is 
closer to V53? 


10. 


11. 
12. 


13. 


14. 


15. 


16. 


17. 


* 18. 


. Find a decimal approximation of 


V 18.44 to the nearest tenth. 


. Find a decimal approximation of V163 


to the nearest hundredth. 


. These numbers are approximations of 


the square roots of certain whole 
numbers. Find these numbers without 
using a table of square roots. 

Als/ (3 7/24 

B 3.16 D 2.646 


The wire braces the post. Find the 
length of the wire to the nearest tenth 
of a metre. 








Write a repeating decimal for $. 
Find a fraction for the number .2323. 


A Write a nonrepeating decimal. 


B Does it represent a rational number 
or an irrational number? 


Find the product (2- V7) - V7. 


Give a decimal approximation for 
SF vo. 


The product V3- V11 is the square 
root of what number? 


Write the decimal for a real number 
between 4.8629 ... and 4.8643 .... 


Find the length of the diagonal of a 
square whose sides are 12 centimetres 


long. 


RESEARCH PROJECTS 


A Measure the length and width of your 
mathematics classroom. Then, by using 
the Pythagorean Theorem, determine 
the length of the diagonal of the room. 
Check your computation by measuring 
the diagonal length of your classroom. 
Find the height of your classroom. Use 
the height and the diagonal length of 
the floor to compute the diagonal 
length from one corner of the floor of 
your classroom to the diagonally 
opposite corner of the ceiling. 


d the length of 
nypotenuse c 


form is LT aagies by 0. ae 


The cnran of ihe set tol rational 
jumbers and the set of irrational 
numbers is the ae a 2 number. 





10. The number x nas a Pe 


decimal representation. ts xa rational, 





or n oo number? 





B_ Do you think there are other kinds of 


numbers that are not real numbers? 
You may be surprised to find that 
there is no real number x such that 
x?= ~1. Mathematicians have invented 
complex numbers or imaginary num- 
bers so that such equations can be 
solved. Find out some things about 
imaginary numbers and give a report 
to the class or write a paper about 
them. (See Numbers: Fun and Facts 
by John Newton Friend; New York: 
Charles Scribner's Sons, 1954, pp. 
34-41; John Wiley.) 


TEST YOURSELF 

This self-evaluation test should enable students 
to assess how well they understand the prin- 
cipal concepts presented in the module. Stu- 
dents who perform well on this test should also 
do well on a module achievement test. 

When students have completed the exer- 
cises, they should check their work against the 
answers provided on page H-72. Encourage 
them to refer back to appropriate lessons within 
the module to review any topics that proved 
troublesome for them. 

Note that correlations between individual 
test items and the module objectives are indi- 
cated by annotations on the student text page. 


RESEARCH PROJECTS 
In Research Project A, if /, w, and hf are the 
length, width, and height, respectively, of a 
rectangular prism, then the distance d, to diag- 
onally opposite corners such as A and B is 
d= Viz + w? + h?. 

B 

h 


a Z 


In discussing Project B, note that the term 
real numbers, as applied to the set of rationals 
and irrationals, is in many respects unfortunate. 
It gives the uninitiated the impression that only 
the rationals and irrationals can be considered 
true numbers and that other sorts of numbers 
are somehow “artificial” or “synthetic.” 

No one type is any more “real” or “‘imagi- 
nary” than the others, but they are different. 
While the origin of the real numbers goes back 
into antiquity, imaginary numbers are a rela- 
tively recent addition to the number family, 
having come into use only in the last three 
centuries. 

See The Giant Golden Book of Mathematics 
by Irving Adler (Golden Book Press, 1960, 
1958, pp. 44-45) for a brief but readable ac- 
count of imaginary numbers. (Available from 
Fitzhenry and Whiteside Ltd., Don Mills, 
Ontario.) 
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MATHEMATICAL RECREATION 

There are 16 triangles that can be constructed 
without overlapping. The total angular measure 
about the central point is a little more than 352°. 
If a careful construction of this figure is made 
on a piece of posterboard and the triangular 
regions are colored in various colors, a striking 
spiral design will result. 


AT 
A SQUARE ROOT SPIRAL 


How many right triangles like these can you 
draw before they start to overlap? The outer 
leg is always 1 unit long and the other leg 
is the hypotenuse of the preceding right 
triangle. 


IONSI=I 


AT, 





Possible answers: 
1. See figure above. 
2. Fora figure of 16 triangles (as shown above), 
the perimeter is 
17+ V17 = 17+ 4.123 ~ 21.123 
ge The areais sd t- 1 42-1 2-V244"1-V3 
ghee SEES NodVas lh 
-1(1+V24+V34+...+V17) 


uw 
is 
oF 
‘s 
ie 


=$(1+V2+V34+...+V17) 
— 4 (48.594) 1. Try to find the length of the hypotenuse 
— 44.297 of each triangle you drew. 


Va 
Jz 
wa cilia | 


2. Can you find the total perimeter of the 
polygon you constructed? 


\v diel Vv \ = vA CR Ne) 


3. Can you find the total area of the polygon? 


ATI 





UNIT H: SOME SPECIAL TOPICS IN MATHEMATICS 


Module 4: Other Topics in Mathematics 


General Objectives 


To introduce the student to some finite mathematical systems. 
To compare basic principles for real numbers with similar principles in 


other mathematical systems. 


To investigate the properties of congruent integers, modulo 4. 


Performance Objectives 


tion of vectors. 


To introduce the system of vectors in a plane and the operation of addi- 


To examine the logic of electrical circuits. 


Pupil Text 


126 YELLOW Given two integers in modulo 4, the student can deter- H-74, 75 
mine whether they are congruent. 

127 YELLOW The student can find sums and products in modulo 4. H-76 

through 79 

128 YELLOW Given problems involving an octic mathematical sys- H-80, 81 
tem (rotations and flips of a square), the student can solve them. H-82, 83 

129 YELLOW Given a vector, the student can find the magnitude H-84, 85 
(length) of the vector and can find the sum of two vectors. H-86, 87 

130 GREEN Given problems involving series and parallel electrical H-88, 89 
circuits, the student can solve them. H-90, 91 
Reviewing the Ideas H-92 


MATHEMATICS 
There are four separate mathematical topics 
introduced in the module. 

There are many modular arithmetic systems; 
the one introduced here is arithmetic of 4 ele- 
ments, or a modulo 4 arithmetic. 

If n is a whole number greater than 1, then 
the relation is congruent to (=) is defined on 
the set of integers as follows: 


If a and b are any pair of integers, then 
a= b (mod n) if and only if a — b is a multi- 
ple of n. 


ee ” 


The relation denoted by “=” partitions the 
set of integers into n disjoint sets or equivalence 
classes. For n= 4, we have the equivalence 
Slassesi0) —s earns Cote 4 100428.) tT eee 
ee Ot arp a= |..1Ay 05 25.25 6, 10; 
ee ene to. 7. 11, ..}: Using the 


H-73TA 
le 


four elements 0, 1, 2, 3, we define operations of 
“addition” and “multiplication” on these ele- 
ments and observe that these new operations 
on these objects have many of the properties 
of the arithmetic of real numbers. Thus in 
congruence arithmetic, modulo 4, we observe 
that there are identity elements for both addi- 
tion and multiplication; the commutative, as- 
sociative, and distributive principles hold; and 
each element has an “additive” inverse, but 
not all elements have multiplicative inverses. 

A second mathematical system studied in 
this module is an 8-element system based on 
the rotations of a square around its center and 
the reflections of the square (flips) about its 
four lines of symmetry. This “‘octic system,” 
obtained by combining rotations and flips, has 
an identity element and is associative, and each 
element has an inverse element with respect 


Reteach-Reinforce 


WB 123 


WB 124, 125 
DM 80, 81 


WB 126 


To stimulate interest in mathematics. 


Related Activities 


DS e-1 through 4 


WB 127 
DM 82 


WB 128 


to the operation “followed by” (%). This 
finite mathematical system is particularly in- 
teresting because it can be shown that the 
commutative principle does not hold for the 
operation “followed by.” Technically, this sys- 
tem is an example of a noncommutative group. 

Vectors are introduced as ordered pairs of 
real numbers which are represented by arrows 
emanating from the origin. The magnitude of 
a vector (x,y) is the length of the vector 
Vx?-+ y?. Addition of vectors is defined and 
graphically illustrated by the “parallelogram 
law” of addition. The set of vectors is closed 
under the operation addition, the commutative 
and associative principles hold for addition, 
there is an identity element for addition, and 
each vector has an additive inverse. Mathe- 
matically, the set of vectors in the plane with 
the operation of addition constitute a mathe- 


matical system called a group. This term is not 
introduced to the students. 

The final special topic in the module deals 
with the switching networks of electrical cir- 
cuits. This topic introduces the students to 
some elementary aspects of Boolean algebra 
and is closely related to logic. Series and 
parallel circuits are considered, and mathe- 
matical models are constructed to analyze 
these circuits. 


TEACHING THE MODULE 

Materials 

Cardboard for a trundle wheel, adding machine 
tape, paper strips, small cardboard squares 
(one per student), graph paper, 1.5 volt dry 
cell, model door bell, two knife switches, 
connecting wire. 


Vocabulary 

arrow null vector 
associative octic mathematical 
commutative system 
congruent integers parallel 

flip rotation 

identity series 

inverse vector 

magnitude zero vector 
modulo 


Since a central objective of this module is 
to stimulate interest, you should take care 
not to be overly formal in your approach. The 
special topics in this module are closely con- 
nected to number theory, abstract algebra, and 
logic, but they should be approached intui- 
tively, in a manner that will whet the mathe- 
matical appetities of your students. However, 
there are other than purely motivational pur- 
poses that justify the introduction of other 
mathematical systems in this module. First, 
these systems often contain structures quite 
similar to those of the more familiar number 
systems, so that by examining the structure 


of finite systems the structure of the infinite 
systems will be better understood and ap- 
preciated. Second, the computational “facts” 
are quite limited; therefore the student can 
concentrate more on the structure of the sys- 
tem, rather than spend an inordinate amount of 
time learning to compute in the system. Third, 
the introduction of such material will provide 
an introduction to some work in simple ab- 
stractions of mathematics that may be useful to 
some students in later work. Nonetheless, 
probably the most important justification is 
that the material will stimulate in many stu- 
dents a deeper curiosity about the many diverse 
mathematical paths that can be explored in 
future studies. | 

Each of the topics introduced in this module 
can be taught independent of the others, if you 
prefer. Students should not be expected to 
master a great many facts or become skillful 
with the operations introduced in the module. 
If students gain insight into the structure of 
mathematics through their work in the module, 
if they find these new systems intriguing and 
motivating, the main objective of the module 
will have been accomplished. 


Lesson Schedule 

Coverage of the complete module will probably 
require a minimum of 8 days. Since the material 
will be new, you may find that progress is 
slower than normal and extra time will be 
needed. 


Evaluation 

You should not be greatly concerned about 
development of specific computation skills 
with the operations of each of the mathematical 
systems of this module. You might even con- 
sider an “open book” examination in which 
students have access to the tables of opera- 
tions in the module. You can use the review 
questions and the ““Test Yourself” page as 
models for any teacher-made evaluation device, 
or you may choose to administer the achieve- 


ment test that is available as part of the evalua- 
tion program for this series. 


RESOURCES FOR ACTIVE LEARNING 


Activities 

Aftermath 3, pp. 32, 40; Aftermath 4, pp. 13, 
39-40, 56-58, 88-89, Creative Publications 

Boxes, Squares and Other Things (motions), 
pp. 23-40, NCTM 

Cloudburst, Vol. 5 (topology), Nos. 8500 
series, Midwest Publications 

Creative Geometry Experiments (topology), 
Nos. 18-20, 25, Midwest Publications 

Developmental Math Cards, L14, L15, L18, 
Addison-Wesley | 

Experiments in Mathematics, Stage 3, pp. 22-_ 
23, Houghton Mifflin 

Geoboard Activity Cards, “Vectors,” Geo- 
cards 141-142, Cuisenaire Co. 

Mathematics Around the Clock, Rand McNally 

Mathematics: Man’s Key to Progress, Book B 
(topology), pp. 73-83, Rand McNally 

Measure and Find Out, Book 3, “Measuring 
Electricity,” pp. 37-78, Scott, Foresman 

Nuffield Project: Computation and Structure 4 
“Modular Arithmetic,’ pp. 13-21; Prob- 
lems—Red Set, Nos. 3, 9B, 10-12, 20-A, 
24, 26; Shape and Size 4 (vectors and topol- — 
ogy), pp. 11-23, 45-47, Wiley | 

Puzzles and Graphs, NCTM ) 

Sourcebook for Substitutes, pp. 81, 92-93, 
Addison-Wesley 


Manipulative Devices 

Geoboards (Addison-Wesley) 

Orbit Materials for Mathematics (Webster, 
McGraw-Hill) 

Trundle Wheels (Addison-Wesley.) 





Games and Puzzles 

Operational Systems Games—clock arithmetic 
and modular games (Webster, McGraw-Hill) | 

Psyche-Paths (Cuisenaire Co.) 

Vector (Cuisenaire Co.) 
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UNIT H: Some Special Topics in Mathematics 
MODULE 4: Other Topics in Mathematics 





OBJECTIVES: 


After completing this module, you should be able to: 

1. Solve problems in addition and multiplication, 
modulo 4. 

2. Solve problems in a mathematical system based 
on rotations and flips of a square. 

3. Represent vectors by arrows and show the sum of 
two vectors graphically. 

4. Interpret drawings and solve problems involving 
simple electrical circuits. 
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Objective 
Given two integers, the student can decide 
whether their difference is a multiple of 4. 


PREPARATION 
Materials: Cardboard trundle wheel, adding 
machine tape or strips of paper. 

Successful work in the lesson will depend 
upon students’ ability to work with integers, 
particularly subtraction of integers. Therefore, 
it would be helpful to review the integers and 
operations with integers. 

The Investigation will be enhanced if you 
or some students would make a simple card- 
board trundle wheel. A pencil pushed through 
the centre of the wheel can be used to help roll 
the wheel. Make an integer number line on a 
piece of adding machine tape by rolling the 
wheel along the line and marking points where 
0, 1, 2, and 3 touch the line. 


INVESTIGATION 
If students actually make the trundle wheel, 
the pairing of 0, 1, 2, and 3 with the various 


integers will be easily seen (Discussion Exer- 
cise 2). 


DISCUSSION 
As you discuss the questions, you will want to 
emphasize these two points. 


1. Each integer falls into exactly one of the 
four sets listed in Exercise 2. 

2. If two integers are in the same set, their 
difference is a multiple of 4, and conversely. 


The notation for congruent integers, introduced 
in Exercise 4, will be new to most students. 
The symbol = is used to distinguish it from 
the usual equality symbol or geometric symbol 
for congruence. The modulus of two integers 
is an integer which divides the difference of 
two numbers exactly. The modulus in this 
lesson is 4. 


Congruent Integers, Modulo 4 


investigating the Ideas 


The trundle wheel starts on the number line with the zeros 
aligned and rolls back and forth. The wheel is designed 

so that 0 on the trundle wheel will touch the points for 

each integer in the set {...,-16, 12, ~8, ~4, 0, 4, 8, 12, 16,. . .}. 


4 
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Can you list several positive and negative integers in 
the sets that match with 1, 2, and 3 on the trundle wheel? 





Discussing the ideas 


1. The numbers in the set that match with 0 on the trundle 
wheel are the integers that are multiples of 4. Describe 
the pattern for the numbers in the sets for 1, 2, and 3. 


2. Suppose we designate the a 
four sets above by the OO Oe 
four trundte wheel numbers. Picea the CRMRSRE! 26 2) 
A l|s every integer in exactly 2 | —6)-2,2'6 10m 

one of the four sets? ae 
B Is the difference between SeePilete GO MERE E Vili. oh 
any two numbers in the same set a multiple of 4? 


3. The integers 15 and 5 are in the same set, the 1 set, because 5 — -15 = 20 
and 20 is a multiple of 4. Which of these pairs are in the same set? 


Ane lad B 3, 14 c ~2, 34 DeLOot at 


4. We say that 18 is congruent to ~6, modulo 4 because 
their difference is a multiple of 4: 18 — -6 = 24. 
We write: 18 = ~6 (mod 4) 
Similarly, -11 = ~3 (mod 4) because ~11 — -3= ~8 and 8 is a multiple of 4. 
Which of these statements are true and which are false? 
A 1= 7 (mod 4) c 16 = 8 (mod 4) E ~47 = 1 (mod 4) 
B 15 = 9 (mod 4) pb 0 = 100 (mod 4) F 23 = 51 (mod 4) 


* 6. 


Using the Ideas 


The exercises on this page 
refer to these four sets. 


Ror eerie b2naG.0 47074, 6 12,4cre} 
=A, ae TURIN Cae ha BEES Ba 
Oho ere OngO 2922 2.6,10,14,...} 
ORs eo Ol yO, 72.11) 152s} 


. In which set is the given integer? 


A 19 c 26 Ene On G 16 1 ~1002 
B 14 p 44 F 43 H 201 A} 1/T/ 

. Find the differences. 

a 6— 2 c 17-8 Emo 53 G ~42-—2 
Beeoarcil 2) =] = 27 F 10—~20 a) RS) = 7 


. Tell whether each statement is true or false. 


Use Exercise 2 to help you decide. 
A 6 = 2(mod 4) ec 17 =8(mod 4) 
B 3 = 21 (mod 4) bp 1 = 27 (mod 4) 


13 = 53 (mod 4) 
10 = -20 (mod 4) 


. Copy and complete each statement with one of the 


integers 0, 1, 2, or 3. 


A 9 =|llll (mod 4) D 27 = lll (mod 4) @ ~39 = ||| (mod 4) 
B ~6 = |i (mod 4) E ~19 = [ll (mod 4) H ~40 = |[lll (mod 4) 
c ~16 = |llll (mod 4) F 76 = |llll (mod 4) 1-41 ='|Klll (mod 4) 


. Complete each sentence. 


A Every number in set ? is congruent to 0, modulo 4. 
B Every number in set ? is congruent to 1, modulo 4. 
c Every number in set ? is congruent to 2, modulo 4. 
pb Every number in set ? is congruent to 3, modulo 4. 


Find the sum of the two integers. Then tell whether the 
sum is congruent to 0, 1, 2, or 3. 


EXAMPLE 1: 7+ 16= 9, 9 = 3 (mod 4) 
EXAMPLE 2: 14+ 8= 22, -22 = 2 (mod 4) 
Ae Zee CeOna E 23+ 47 
Bie) 6 op 5+ 15 Fig Ore 


G 38+ 52 
H 64+ 32 


UTILIZATION 

The exercises can be assigned as independent 
work and then discussed when students have 
completed them. The problems offer an excel- 
lent opportunity to review operations with 
integers. You should refer to the four sets at 
the top of the page as “the zero set,” “the one 


See 


set,” “the two set,” and “the three set.” 
EXTENSION 
Further appropriate practice exercises are 


provided on Workbook page 123. 

Enrichment: Although this lesson deals only 
with modulo 4, some students may be interested 
in other moduli. If so, refer them to Research 
Project A on page H-93, which suggests a 
modulo 7 arithmetic. This system is often called 
“calendar arithmetic’ because the difference 
between any given day of one week and the 
same day of another week is a multiple of 7. 
For example, the Sth day of each month and 
the 19th day of each month fall on the same 
day of the week because the difference 19 — 5 
is a multiple of 7; that is, 19 = 5 (modulo 7). 


Assignments 
Minimum 1, 2A-D, 3A-D, 4. 
Average 1-5. Maximum 1-6. 


Objectives 
The student can find sums and solve addition 
equations in the modulo 4 system. 


The student can compare properties of 
modulo 4 arithmetic with the arithmetic of 


real numbers. 


PREPARATION 

Spend a few minutes reviewing congruent 
integers, modulo 4, which was presented in 
the previous lesson. You may also want to 
review addition of positive and negative in- 
tegers, which play an important role in this 
lesson. 


INVESTIGATION 

Suggest that students copy and complete each 
equation; it will be helpful to have these equa- 
tions available during the Discussion stage. 
Each problem requires two steps. First, the 
sum of the two integers must be found. Then 
the sum must be shown to be congruent to 
either 0, 1, 2, or 3. Thus, for | the student 
might show the following: 

~-3 +9 =6, 6 = 2 (mod 4) 


DISCUSSION 

The main purpose of the Discussion is to show 
that, instead of working with the complete 
set of integers, we may simply restrict ourselves 
to the four modulo 4 integers—0, 1, 2, 3. 

Exercise 4 defines addition in modulo 4. 
The symbol ©, is used to denote this opera- 
tion. Although this is not a standard symbol, 
we use it here to distinguish this kind of addi- 
tion from the ordinary addition operation with 
real numbers. 

When discussing Exercise 5, students may 
suggest such things as commutativity and the 
property of zero as being shared by modulo 
4 addition and addition of real numbers. How- 
ever, the equation 2 ©, 2=0 suggests some 
properties of modulo 4 addition which are 
quite different from real number addition. 
Equations such 3 ©, 2 = | may cause students 
to wonder if | (mod 4) is greater than 3 (mod 
4). It is not possible to order modulo 4 integers 
in a meaningful way. 
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Addition, Modulo 4 


investigating the Ideas 


O:> {45 08) w4nO 456i et 
dasa tiene Pad noon bos, cil 


Can you complete each equation below by using 
only the four integers 0, 1, 2, or 3? 


9'<> {<<, Be Ot 2Ooa6, 10; ae} 
3 <> {-) Er s)=19397, 11 ee 





[4] (-3+9) = 2 (mod 4) (-7+-1) = 2? (mod 4) 
[2] (5+ -2) = ? (mod 4) [7] (14+ -2) = ? (mod 4) 
[3] (32+ -20) = 2? (mod 4) (-4+14) = 2 (mod 4) 
[4] (7+ 10) = ? (mod 4) (13 + -4) = ? (mod 4) 
[5] (11+ 75) = ? (mod 4) (-5 + -8) = ? (mod 4) 


Discussing the Ideas 


1. 


In Equation 1 above, in which set was ~3? 
In which set was 9? 
In which set was (~3 + 9)? 


If any two numbers from set 1 are chosen, 
in which set is their sum? 


o 0 B Pb 


A In Equation 2, in which sets were the two addends 5 and ~2? 
B In which set is their sum? 


. If you Know one integer is in 1 and a second integer is in 2, 


in which of the four sets is the sum of the integers? 


. Suppose that an operation of addition, modulo 4, is defined 


on the set {0, 1, 2, 3} and that ©, designates the operation. 


We write 2 ©, 1 = 3 because the sum of any number in set 2 
and any number in set. 4 is a number in 
set 3. 

A What does this equation mean? 

B What is 3 ©, 2? 

c What is 2 ©, 0? 


1@,3=0 


- How is modulo 4 addition like ordinary addition? 


How is it different? 


oe 


1. 


. Use the table to solve each 


. One interpretation of modulo 4 addition 


Using the Ideas 


Copy and complete the addition 
table for modulo 4. 





equation in modulo 4. 





Al®,2=x orO,3=1 
Ceo @, z—0 Feo. t = 2 























. Is the operation ©, commutative? 


. Does 0 in modulo 4 have the same property as 0 in 


ordinary addition? That is, is 0 the identity element 
for addition? 


. Find the modulo 4 solution for each equation. 


B 10,q=0 


ec 20,r=0 
D 349,s=0 


. In modulo 4, 1 and 3 are additive inverses because 1 ©,3=0. 


A Give the additive inverse of 2. 
B What is the inverse of 0? 


can be made by using ‘‘clock arithmetic.” 
Using a clock with the four numbers as 
shown, you can write 3 ©, 2 = 1 because 
2 hours after 3 o’clock would be 1 o’clock. 





Complete each statement using the modulo clock. 
A 1 hour after 2 o’clock will be ||ll o'clock. 

B 2 hours after 1 o'clock will be ||| o’clock. 

c 3 hours after 3 o'clock will be |||] o’clock. 

pb 2 hours after 2 o'clock will be |lll| o’clock. 

E 3 hours after 0 o'clock will be |llll o’clock. 


Write equations using modulo 4 addition for each 
statement in Exercise 7. 


UTILIZATION 

The addition table accompanying Exercise 1 
should be referred to freely as students do the 
exercises. It is not necessary that students 
memorize the table, although many students 
will be able to do so. 

One of the objectives of this lesson is to 
compare modulo 4 arithmetic with ordinary 
arithmetic of real numbers. For addition, the 
properties of commutativity, associativity, the 
zero principle and additive inverse principle 
hold for both systems. 

Exercises 7 and 8 relate modulo 4 to a kind 
of “clock arithmetic.” 


EXTENSION 

Additional practice exercises are provided on 
Workbook page 124 and Duplicator Masters 
page 80. 

Enrichment: Military forces use a 24 hour 
clock, with noon ‘12 o’clock”’ (1200 hours) and 
midnight “24 o’clock”’ (2400 hours). Encourage 
some students to investigate this system and to 
develop a ‘24 clock” addition table. 

Because each integer, modulo 4, has an 
additive inverse, subtraction can be defined 
in the modulo 4 system. If we use ©, to denote 
the operation, we can write 


Bao eles becallscra@)ale—ss 
2S) 35) becallsess) 1@ 5) —— 
ORG Zalk— 5 becallsers uaa) 


Create some subtraction problems and have 
students solve the problems. 


Assignments 


Minimum 1-5. Average 1-6. Maximum 1-8. 
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Objectives 

The student can find products of integers, 
modulo 4. 

The student can compare properties of mul- 


tiplication, modulo 4, with multiplication of 


real numbers. 


PREPARATION 
A quick review of multiplication of integers 
would be helpful for students before they begin 
the Investigation. 


INVESTIGATION 

Students should copy and complete each equa- 
tion. This is a two-stage process. For example, 
for part 1,2 X 3 = 6 and 6 = 2 (mod 4). Hence, 
2 X 3 = 2 (mod 4). The equations will be used 
during the Discussion stage. 


DISCUSSION 
The purpose of the Discussion is to show 
that, rather than working with all the integers 
in multiplication, we can define a kind of mul- 
tiplication on the set of integers in modulo 4. 
Since the product of any two integers in set 
2 is found in set 0, in modulo 4 we define 
2@®,2=0, where ©, refers to modulo 4 
multiplication. 

You may prefer that students complete the 
multiplication table for Exercise | on pages 
H-79 at this time. 


Answers, Discussion Exercise 2 
Pattie mee nis Inset 2221S in set 22-2 <x 2-= 0 


(mod 4). 
Rattiesmes isin set le 31s inset 3: <3 x 3)=3 
(mod 4). 
Part 4. 4 is in set 0; 3 is in set 3: 4x3 =0 
(mod 4). 
Part 5. 6 is in set 2; —4 is in set 0: 6 x -4 = 0 
(mod 4). 
animes SeinusctelGums! 1S Inset slo 4a oI 
(mod 4). 
Part 7. 8 is in set 0; 12 is in set 0; 8 X 12 =0 
(mod 4). 


Pantgseeismin set 345 Lasimset 327% <1 
(mod 4). 


— 
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Multiplication, Modulo 4 


investigating the ideas 


How many of these equations can you complete 


using only the integers 0, 1, 2, or 3? 





[1] 2x3 = 2 (mod 4) [5] 6x 4 = ? (mod 4) 
[2] -2x 2 = ? (mod 4) [6] 5x -3 = 2 (mod 4) 
[3] -3x 3 = ? (mod 4) [7] 8x 12 = ? (mod 4) 
[a] 43 = (mod 4} [s] 7x 1 = ? (mod 4) 


Discussing the Ideas 


1. a In Equation 1 above, in O <> {: 4.) 07-410 54,8 ee} 
which of the four sets ea 
ie ai etre ss, 3 
Or 1; 2.0r 94s°27 Gs uke J 
B In which set is 3? 2<>{...,°6,°2, 2,6, 10,...} 
c In which set is 2 x 3? 3 <> {55S Ase 


2. Repeat question 1A—c using the factors in the 
other equations above. 


3. If an integer is from set 2 and another integer 
is from set 1, in which set is the product? 


4. If two integers are both from set 2, in which set 
is the product? 


5. The examples above suggest a kind of ‘‘multiplication”’ for 
integers, modulo 4. The operation is designated by ®,. 


Any integer Any integer An integer 
in 3 x ino = in 2 
3 @, 2 = 2 
Explain these products. 
A26,2=0 B3@,1=3 _ c 0&,3=0 


* 7. 


. Copy and complete the 


. Use the table to solve each 


multiplication table 
for modulo 4. 








equation in modulo 4. 


Using the ideas 

















A 1®@,2=x dp 3®,t=1 
B2®,2=y Es®,1=0 











. Is the operation ©, a commutative operation? 


. The equation 2 ©, k = 0 has two solutions in 


modulo 4: k = 2 or k=0. What are the solutions 
for2 ®,m=2? 


. In ordinary arithmetic, the identity element for 


multiplication is 1 because for any real number n, 
n-1=n. What is the identity element for modulo 4 
multiplication ? 


. The rational numbers $ and § are multiplicative inverses 


because 3 2 = 1. 
A Does each modulo 4 integer 0, 1, 2, and 3, havea 
multiplicative inverse? 


B Give the multiplicative inverses of the modulo 4 
integers which have inverses. 


Perform the indicated operations. 

A 2 @, (3 ©, 2) Dp (2 @,3) @, (1 &, 3) 
B (2 @,3) @, (2 ®, 2) E 1@®, (0 ©, 2) 
Cro. (2 Gril) F (1 @,0) O, (1 @, 2) 


dali au” 





UTILIZATION 
The completed table for Exercise 1 should 
be used freely by students as they do the other 
exercises. Memorization of the modulo 4 mul- 
tiplication is not an objective for this lesson. 
Exercises 2 through 7 pertain to basic prin- 
ciples of modulo 4 multiplication. The opera- 
tion @, is commutative, associative, and 
distributive over addition, modulo 4, and 1 is 
the multiplicative identity. However, there is 
one major difference for modulo 4 multiplica- 
tion as compared to multiplication of real 
numbers; this is shown in Exercise 6. The 
nonzero number 2 (mod 4) does not have a 
multiplicative inverse. This creates serious 
problems if we attempt to define division in 
modulo 4. For example, 2 ©@,2=1, and 
2 ©, 2 =3 would both be true statements. 


EXTENSION 
For further practice exercises, see Workbook 
page 125 and Duplicator Masters page 81. 
Enrichment: Have students investigate a 
modulo 5 arithmetic system and compare it 
to modulo 4. In particular, show that each non- 
zero integer in modulo 5 has a unique multi- 
plicative inverse so that division modulo 5 can 
be defined and will give unique quotients. 


Think Solution 
area (circle) _ 1 


area (square) 1 
circumference of circle 2 Vz Lee ae 


perimeter of square 4 4 


= 0.885 and 0.885 <1 








This shows that a circle enclosing the same area 
as a square will have a shorter boundary than 
the square. 


Assignments 
Minimum 1-S. Average 1-6. Maximum 1-7. 
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Objective The Rotations of a Square 


The student can solve problems in a mathe- 
matical system based on four rotations around 


the centre of a square. Investigating the Ideas 


PREPARATION Cut out a small cardboard square. Draw an outline 

Materials: Small cardboard squares (one per of the square on a piece of paper. The display below 

student). shows four rotations in which the square is turned so 
Rotations were studied earlier, in Unit G, that it fits back into the outline again. The arrow on 

Module 2. Review the idea of rotations, cen- the square shows its starting position. 

tre of rotation, and direction of rotation before 


referring students to the Investigation. Rotation R Rotation U Rotation L Rotation / 


INVESTIGATION 

The Investigation introduces four specific 
rotations of a square. The outline of the square 
and the arrow are useful in helping students 
think about the relation between the square 
and its rotation image. You might suggest to 


the students that in performing a combination : : 
of rotations, for convenience, they should start Can you show that a combination of any two of these 


the first rotation with the arrow pointing up- rotations will give the same result as one of the 
ward. This will enable them to identify the four rotations? 
combined effect of the two rotations. 

You might have designated students dem- 
onstrate some of the combined motions for 
the other students. 1. Rotation / is so named because it is the identity 
rotation. It leaves the square in its original 
position. How can the other letters U, R, and L 
help you to remember these rotations? 








Discussing the Ideas 


DISCUSSION 

Rotation / can be thought of as either a 360° 

rotation or a 0° rotation. Rotation U might be 
remembered as turning the square Upside 2 
down. R and L refer to Right (clockwise 90°) 

and Left (counterclockwise 90°) turns. 


. What single rotation produces the same result as 
a combination of these two rotations? 


The elements /, R, U, and L with the opera- A FR followed by U c FR followed by R E / followed by L 
tion “followed by” (%), which denotes a B F followed by L D U followed by U F / followed by U 
combination of the elements, can form a simple 
mathematical system. 3. Suppose the operation “followed by”’ is 






Each student should construct the table in denoted by a star (*). Copy and complete 
Exercise 3 and use it freely throughout this the ‘followed by’’ table shown at the right. 
lesson. Students should not be asked to memo- It has been completed for U * R=L 
rize this table; instead, they should be allowed 
to use the cardboard square to determine the 4. For each part, give the rotations for x 
result of a combination of rotations. and y. Then give the single rotation for z 

Work through’ the examples in Exercise 4, that is the same as the combined rotations. 


making certain that the students interpret the 
diagram correctly. x y 
Bo ey 8 eee 
z 
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a 


Using the Ideas 


. Give the rotations for x and y. Then give the combined rotation z. 


x y x y 
Lcd ll -TJ+E)*. 
z z 


eee 


. Using elements of the set {/, R, U, L} and the operation *. 
write an equation for each part of Exercise 1. The equation 
for part a of Exercise 1is L* L=U 








. Solve each equation. The replacement set is {/, R, U, L}. 
Use the table completed in the Discussion or actually use 
a square to help you find the solution. 


AL*x=R pb xx U=/ G Lx L=x 
BRx*xx=U EUxx=U HeeeekexXc—1)) 
CHexXa xan — Fe kexX— De xis a — IR 


. Solve each equation for x in the /RUL system. Use the table of 
Discussion Exercise 3 to help you. 


A (Rx L)*U =x 
R* (L*® U) =x 
(1% R)* R =x 
| * (Rx R) =x 


(U * R) x U =x 
U * (R* U) =x 
(L&R) x L =x 
L & (Rx L) =x 


0 0 B 
zo n m 


. What basic principle for the operation * is suggested by the 
equations of Exercise 4? 


. In what way is the identity element / for the operation * 
like an identity element for arithmetic operations? 


. For each equation, give the rotation for y. 
Alxy=! BRey=!/ c Uxy=/ pb Le y=/ 
. In the set of integers, each integer has an additive inverse. 

That is, if x is any integer, x + (—x) =0. 


Does each rotation /, R, U, and L have an inverse with respect 
to the operation * ? Give the inverse of each rotation. 
(See Exercise 7.) 


UTILIZATION 

Mathematicians call the finite mathematical 
system introduced in this section the “group 
of rotations of a square.”’ Students may simply 
call it the /RUL system. 

Exercises 5 through 8 deal with the mathe- 
matical properties of the /RUL system. Mathe- 
matically, the system is an example of a group. 
What iss the “elements 7/5) (ky) sla ande the 
operation % are such that commutative and 
associative principles hold; there is a unique 
identity element (/), and each element has a 
unique inverse with respect to the operation *. 


EXTENSION 
Enrichment: An additional problem to chal- 
lenge your students is described below. 

A toy soldier is constructed to make four 
moves: 


A. At Attention (Looks straight ahead). This 
is move A. 

B. Left face (Turns 90° counterclockwise). 
This is move L. 

C. Right face (Turns 90° clockwise). This is 
move R. 

D. About face (Turns to the Opposite direc- 
tion). This is move O. 


1. Make a table for combinations of these 
moves. 

. Compare this table with the table for the 
IRUL system. (This table has the same form 
as the JRUL system.) 


tN 


Solution (table) 
Let *% be the operation “followed by.” 





Assignments 
Minimum 1-3. Average 1-6. Maximum 1-8. 
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Objective 

The student can show rotations and flips 
(reflections) of a square and solve problems 
related to these motions. 


PREPARATION 
Materials: Cardboard squares (one per stu- 
dent). 

Review the basic ideas of reflections — reflec- 
tion image and lines of symmetry. (See Unit 
G, Module 2, pages G-8 and G-9.) 


INVESTIGATION 

Have the students read the Investigation and 
practice the four flips illustrated. Point out that 
the “flips” are simply the reflection images of 
the square in its four lines of symmetry. Then 
have them try to answer the Investigation 
question. It may surprise the students to dis- 
cover that a combination of any two of the 
flips is not the same as a single flip, but is 
equivalent to one of the four rotations /, R, 
Won Ll. 


DISCUSSION 
The names of the diagonal flips are arbitrarily 
designed to aid students in remembering the 
flips. In order to visualize the results of rota- 
tions and flips, students should draw a dotted 
arrow on the reverse side of their cards that 
points in the same direction as the solid arrow. 
Discuss the exercises carefully, keeping in 
mind that, since all the material will be new to 
your students, you need to allow additional 
time for experimentation and assimilation of 
the ideas. 
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Rotations and Flips of a Square 


Investigating the Ideas 


You can get some new moves of a square by turning, or flipping, 
a square around its four lines of symmetry. 











Discussing the Ideas 


1. The Aflip is called the “left diagonal’’ flip and 
Bis the “right diagonal” flip. How would you name 
the flips H and V? 


3. The figure shows that an H flip 
followed by a V flip is the same 


2. Will the combination of any two flips give the same 
as a U rotation alone. (The 
dotted arrow shows the reverse 


result as any single flip? 
; 
Pee 
side of the card.) 


What single rotation could replace these flips? 
A H followed by R c D followed by V 
B V followed by V bp D followed by # 


4. Suppose * denotes the operation ‘‘followed by” for 
both rotations and flips. Complete each statement and equation. 


Slit yell ne 
lle Se neeel ne ee 
An H flip followed by a JZ flip is 


the same as a |||ll rotation alone. 
We write: H x B= I 


is the same as a ||ll| flip alone. 
We write: L * B= Illll 


E H followed by 1 
F V followed by 1 


An L rotation followed by a ® flip 


* 9. 


. Copy and complete the table for the operation 


. Suppose we Call the system consisting 


. Use the table in Exercise 3 to show 


Using the Ideas 


. Give the rotation or flip for x and y. Then give the rotation or 


flip for z that gives the same result as x followed by y. 
x y x y 
> (Gil 9 Ede 2 {PS a ts breed bes 
= Sa ar ea ees 


a tath 24, eel 
2 eS ng I ge oN Lange 
<< ee 


“Se ae yn Lae 


. Write equations for each part of Exercise 1 using flip and 


rotation symbols. The solution for Part a is B® * L=H. 


“followed by.’ In the table, the /RUL system 
has already been completed for you. 








of the set of eight elements, {/, R, U, 

L, H, V, Q, B}, and the binary opera- 
tion *, the octic mathematical system. 
Which element in the octic system is 
the identity element? 





























that * is not a commutative operation 
for every pair of elements in the octic system. 





. In the octic system, the element / is the identity 


element. Show that each element in the system has 

an inverse element. 
EXAMPLES: Since 8 *® Q=/, the inverse of Qis Q. 
Since R * L =/, the inverse of R is L. 


. Solve each equation in the octic system. 


A (Ux*H)*x*V =x 
B Ux (H*V) =x 


c Rx (V*D) =x E 
dp (QR*V) kD =x F 


(VeV) eR =x 
V &(V &R) =x 


. Do you think that the operation * is associative in the octic 


system? (HINT: Look at the results of Exercise 7.) 


Solve the equation/x*RxeLxeUkVkeHxeReD=x. 


UTILIZATION 

Using the four rotations of a square, the four 
flips about the lines of symmetry of a square, 
and the operation ‘followed by” (4), we con- 
struct a mathematical system of eight elements. 
This eight-element system, called the octic 
system, has a structure that is quite like the 
structure of the JRUL system developed in 
the previous lesson. The important features of 
the structure of the octic system are these: 


I. The element / is the identity element. 

2. The operation % is associative. 

3. Each element in the octic system has an 
inverse element. 


The same structure was observed in the JRUL 
system, but there is one important difference 
between the /RUL system and the octic sys- 
tem: In the /RUL system the operation » is 
found commutative, but in the octic system 
the operation »% is not commutative. 

In Exercise 5 note that, in order to show that 
an Operation is noncommutative, one needs 
to show but a single counterexample to com- 
mutativity. Thus, since 

R * R=H and Q* R=V, 


the system is noncommutative. 


EXTENSION 

To provide additional appropriate exercises, 

make assignments from Workbook page 126. 
Enrichment: Some students may find Re- 

search Projects B and C interesting to pursue 

at this time. 


Assignments 
Minimum 1-4. Average 1-7. Maximum 1-9. 
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Objective 

The student can locate points for vectors 
in the co-ordinate plane and can compute the 
magnitude of a given vector. 


PREPARATION 
Materials: Graph paper or co-ordinate grid 
paper (Duplicator Masters, pages 83, 87). 
Location of points in the co-ordinate plane 
and the Pythagorean Theorem play important 
roles in this lesson. You should review these 
two concepts with the students before assign- 
ing the Investigation. 


INVESTIGATION 

The Investigation should require only a few 
minutes for students to complete. The required 
arrows have endpoints at (~3,~2), (3, 4) and 
(1, 4) for a, b, and c, respectively. 


DISCUSSION 

The term arrow is used as the name for a pic- 
ture of a vector. A vector in the plane (that is, 
a two-space vector) is an ordered pair of real 
number (x,y). The magnitude or length of a 
vector (x, y) is Vx?+ y*. In standard texts on 
vectors, letters in boldface type, such as a, b, 
r, and v, are often used to denote vectors. In 
this intuitive introduction, we use letters with 
an arrow above them to denote vectors. The 
context in which the symbols are used will 
preclude any confusion between symbols that 
represent vectors and those that represent 
geometric rays. 

To provide additional practice in finding 
lengths of vectors, have students find the 
lengths of each vector shown by the arrows in 
the Investigation. At this point the student 
can apply the Pythagorean Theorem to show 
that vector a= (3, 2) and its opposite, ai= 
(3s a2); have the same length: 

C(a) = V3?+2?= V3 

May V (3)? + C2)? = VIB 





H-84 





Veciors 
Investigating the ideas 


Three arrows are drawn from 
the origin to the points 
whose co-ordinates are (3, 2), 
(-3, 4); and ("1;>4)2 Thes 
arrows are denoted by a, 

b, and c respectively. 


Can you show three more 
arrows on graph paper 


that are the same length 
as these arrows but point 
in the opposite direction? 





Discussing the ideas 


1. What are the co-ordinates of the tips of the arrows 
you drew? Compare these co-ordinates with the original 
co-ordinates of a, b, and c. 


2. The mathematical term for an arrow is vector. Each 
vector can be named by giving the co-ordinates of its 
endpoint (the arrow tip). Thus, a = (3, 2). 

How would b and c be designated? 


3. The length or magnitude of a vector can 
be found by applying the Pythagorean 
Theorem. The length of z= (2, ~1) is 
found as follows: 


(length z)?= x?+ y?=2?+ (-1)?=4+1=5; 





length z= V5. 
What is the length of each of these vectors? 
A a= (3,4) B b= (-2,-3) 


4. What vector would have the same length as z in Exercise 3 
but point in an opposite direction? 


5. The special vector (0,0) is called the zero vector or 
null vector. What is its length? 


Using the ideas UTILIZATION 


1. Give the ordered pair that Solutions, Exercises 3 and 6 








names each vector. 3. 
Ar cs Ee t 
BU Dv FW 











}2. Find the length of each 
| vector in Exercise 1. 








13. Show the arrow for each 
vector on graph paper. 


A p=(-4,71) © r= (0, -2) 























6. (uw) = V(4)? + (-3)? = V16 +9 = V25 








Bp t= (1, ~1) F n= (-2,5) i, 
c q= (4,0) G s= (3,3) ¢(v) =V (8)? + B=V 64 + 36 = V 100 
a8 = = 10 
DEK (364) Her s( 75,0) Hence ¢(v) =2 x ¢(u) 
| 4. Find the length of each vector in Exercise 3. EXTENSION 


Enrichment: For your more able students, pose 


5. Which of the two vectors is longer? Compute their the following challenge problem. 





lengths, then check by drawing arrows. Each of these vectors, except one, has a length 
A a= (2,3) or b= (1,4) c e= (6,8) or f= (-7,7) of 1 unt Can you find the eae 
B c= (1,1) ord= (2,0) pd g= (5,0) or h= (0, ~4) A. co D. Fes, 
if f B. (0,-1) 5 sy 
. Prove that v = (8,6) is twice as long as u= (4, “3). Lars aia 
eo arasy Palen os 


What vector is three times as long as b = (2, 1) and 


: . . . . = 2 = 2 
points in the same direction? Solution:. E has length V(s) " (=) = 
Tole z= ye 
Jara] EE me a RNS 


Think Solution 

Each of the six faces of the cube can fit on the 
bottom of the box. If the cube is rotated, each 
face can be turned in four ways. Thus, there 
are 6 - 4, or 24, ways to place the cube in the 
box. 





Suppose a cube and an open-top box, 
into which the cube will just fit, 

have their vertices numbered as 
shown. How many different ways 


can the cube be placed into the 


box? Assignments 
Minimum 1-3. Average 1-5. Maximum 1-7. 
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Objectives 

The student can find the sum of two vectors 
graphically or algebraically. 

The student can compare properties of addi- 


tion of vectors with properties of addition of 


real numbers. 


PREPARATION 

Materials: Graph paper or co-ordinate grid 

paper (Duplicator Masters, pages 83, 87). 
Review the notation for representation of 

vectors and give students practice in locating 

specific vectors on a co-ordinate grid. 


INVESTIGATION 

Allow students sufficient time to make the con- 
struction called for in the Investigation. They 
should be careful to make the opposite sides 
of the quadrilateral parallel to each other so 
that the completed figure is a parallelogram. 


DISCUSSION 
In discussing Exercise 1, have students de- 
scribe any special method they used to make 
certain that the opposite sides were parallel. 
Exercise 2 defines addition of vectors by 
the “parallelogram” method. If a and b are vec- 
tors, then a © b=c, if c forms the diagonal of 
a parallelogram whose adjacent sides are a 
and b. The three vectors emanate from the 
same point, in this case, the origin (0,0). 





Exercise 3 presents an algebraic method of 
adding two vectors using ordered pairs to 
represent vectors. 


H-86 


Investigating the Ideas 





Discussing the Ideas 


Addition of Vectors 


Draw vectors a and b on 
graph paper. Suppose a 
and b are two sides of a 
parallelogram. 


Can you draw the 


other two sides of 
the parallelogram? 


1. What are the co-ordinates of the other vertex 


of the parallelogram in the Investigation? 


. Draw an arrow ¢ to the | vertex of the parallelogram 


you found. The vector ¢ is called the sum of | 
vectors a and b. We denote this asa © b=c. 

The symbol © is used to distinguish it from the 
addition symbol for numbers. Do you see any 
numerical relation between a = (Ser) 4 b= (~1, 4), 


and the ordered pair for ¢? Describe the relationship. 


. Lisa said that she found (2,5) 


the sum of two vectors by 
adding the numbers in the 
ordered pairs together. 


(Fo ance) 
b= (1, 3) 


Il 


as 
a 


a Y 4 
c= (73 +172 + 3) = (62,5) 
Try Lisa’s method for 


these sums. 

a r= (4,3), §= (1,5). 
Findr @ s. 

B j= (1,~1), k= (-2,~4). 
Findj © k. 








lt 


* 9. 


Using the Ideas 


. Sketch the arrow for each vector. 


A r= (2;2) Bes= (3-1) c t= (-2,2) p u= (-1,~3) 
. Use the vectors in Exercise 1 to find these sums. 

aAr@s c t@u —eEu@r 

Bs@t ps@u Ft@r 


. The null vector or zero vector is (0, 0). If p al Ga As) 


what is the sum of p and the zero vector? 


. Is there an identity element for addition of vectors? 


That is, for every vector j, is there a vector whose 
sum with j is vector j? What is the vector? 


. A What is the sum a © b where a = (7, ~3) and b= (-7,3)? 


B What is the sum b @ a? 
c Do you think addition of vectors is commutative? 


. If the sum of two vectors is the null vector, each 


vector is called the additive inverse of the other. 
A What is the additive inverse of t= (6, ~5)? 
B Does every vector have an additive inverse vector? 


. Let d = (2,6), e= (-3, 2), and f= (4, -3). 


aA Findd @e. 
B Finde @f. 


c Find (d @e) Of. 
D Findd © (e Of). 


. Do you think addition of vectors is associative? 


= 


nd m= (5, 4). Find the ordered pair 


Let n= (-3, 77 
forxifm@®x= 





| ae an Ong ; 


UTILIZATION 

Exercise 2 provides practice in addition. Stu- 
dents should use the graphical method to check 
each sum. 

Exercises 3 through 8 involve analysis of 
the properties of addition of vectors. 

Exercise 9 suggests that it is possible to 
define subtraction for pairs of vectors. Thus 
the set of vectors with the operation of addition 
also forms a mathematical system similar to the 
IRUL system and the modulo 4 system. 


Solution, Exercise 1 























EXTENSION 
See Workbook page 127 and Duplicator Mas- 
ters page 82 for further practice exercises. 
Enrichment: Each vector can be multiplied 
by a real number to give a new vector. The 
relevant definition is as follows: 
If r is a real number and v is a vector such 
that v= (x, y) then rv = (rx, ry). 
Example: Multiply vy = (~2,3) by 3. 
Solution: 3v = (3 -~2, 3-3) = (-6,9) 
Ask able students to solve these problems: 


1. Multiply each vector by 4. Show the original 
vector and the product on the same grid. 
Tne (ll) Baa} CA3850) 

2. Multiply each vector by +. Show both vec- 
tors graphically. 
A. (6,8) B. 


(~4,7) GC: (5 10554) 


Think Solution 
The problem must be solved by trial and error. 
Students could begin with 12+ 2?=5, 17+ 3? 
— 10 22 1)37 = 13.0. ee and eworksuntilecey, 
discover a number expressed in two different 
ways. The smallest number is 65: 

12 + 82 = 65, and 47+ 7°=65 


Assignments 
Minimum 1-2. Average 1-6. Maximum 1-9. 
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Objective 
The student can solve problems related to 
switches in series in an electrical circuit. 


PREPARATION 
Materials: Model door bell, 1.5 volt dry cell, 
two knife switches, connecting wires. 

If possible, obtain the necessary materials 
for the simple electrical circuit shown in the 
Investigation. It is quite likely that your sci- 
ence laboratory contains the necessary material 
and the science teachers may help you set up 
a suitable demonstration. 


INVESTIGATION 

If you have the circuit constructed as suggested 
in the Preparation, show how switches A and 
B are located and demonstrate that the only 
way to make the bell ring is to close both A and 
B. There are three other possible positions for 
A and B: A and B both open; A open, B closed; 
and A closed, B open. However, none of these 
will cause current to flow to the bell to make 
it ring. 


DISCUSSION 

Move through the Discussion slowly, making 
certain that students understand that in order 
for the bell to operate, there must be an un- 
broken circuit from the battery through the 
bell and back to the battery. 

Exercise 2 introduces a mathematical model 
for a series circuit. Since a switch can be only 
open or closed, we designate open by 0 and 
closed by 1; the logical connector and is de- 
signated by ® in series circuits. Then if A is 
closed and B is open, the resulting circuit is 
the same as a single open switch in a circuit. 
Hence, the equation | ® 0=0 is a mathe- 
matical descriptiomof the circuit. 

You may want to continue immediately and 
complete the table accompanying Exercise | 
on page H-89 as a group discussion activity. 
If so, use the electrical circuit model built 
for the Investigation. 


H-88 


Series Switches 


investigating the Ideas 


Electrical circuits have switches which can be opened 
or closed to determine whether or not current will 
flow through the circuit. 


eer gst 5s 


AN OPEN SWITCH A CLOSED SWITCH 
No current flows through the switch. Current will flow through the switch. 


Switches A and B are connected 

in series. The bell will not ring if 
both switches are in open positions. 
Show the circuits for other possible 
positions for switches A and B. 


Can you decide for which circuits the bell will ring? 


Discussing the Ideas 








1. a Will the bell ring in the series circuit if only switch A is closed? 
B Will the bell ring if only switch B is closed? 
c Will the bell ring if both switches A and B are closed? 


2. Suppose an open switch is designated by 0 and 
a closed switch is designated by 1. 


ma SANG is the same as eee —— 
A is open and B is open. One open switch 


We can describe this by the equation 0 © 0 = 0 where & means and. 
What equations can you write using the symbols 0, 1, and © for A, B, and C? 


A +0 Se icithesamemsee = a Cae 


B Cc 
A open and B closed One open switch 
B ee is the same as a ——— 
A closed and B open One open switch 


— 9-9 6 rs 
c 5 - is the same as = 


A closed and B closed One closed switch 


4. The bell is not ringing in 


5. A, B, and C are three 


. Use the results of Discussion 
Exercise 2 to complete the 
table for the circuits. 


. Use the table in Exercise 1 
to solve the equations. 


A0Q®1=x ec 1@®2z=0 
B1®y=0 dpt®1i=1 


. The circuit has two switches, 

A and B, connected in series. 

The bell is ringing. 

A In what position are 
switches A and B? 


B Write an equation for 
the circuit. 


the circuit. Switch A is 
closed. 


A In what position is B? 


B Write an equation for 
the circuit. 


switches in series. 
A Will current flow through the circuit? 


B Which single switch could replace these three switches, 


an open switch or a closed switch? 
c Solve the equation (0 © 1) ® 0= lll. 





$e oe 0 1 
A B 


Using the Ideas 








UTILIZATION 

Be certain that everyone completes the table 
in Exercise | correctly before proceeding with 
the other exercises. Students are not expected 
to memorize this table and should be allowed 
to refer to it freely as they do the exercises. 

Exercise 5 introduces a circuit containing 
three switches in series. Only when all three 
switches are closed will current flow through 
the circuit. 

Exercises 7 and 8 investigate the mathe- 
matical properties of the operation ©. This 
operation on the elements 0 and | forms a 
small mathematical system that is commutative, 
associative, and has an identity element (1) 
for ©. 


Assignments 
Minimum 1-4. Average 1-5. Maximum 1-8. 


6. Solve the equations. 


a (0@0) @1=lll c¢ (0@1) @1=llll 


B (1@0) @1=illl Dp (1@1) @1=llll 
7. Can you show that the operation © is commutative? 


8. Is © an associative operation? 
H-89 


Objective 
The student can solve problems related to 
switches in parallel in electrical circuits. 


PREPARATION 

Materials: Model door bell, 1.5 volt dry cell, 
2 knife switches, connecting wires (as in previ- 
ous lesson). 

It will be extremely helpful to obtain the 
necessary material and set up a demonstration 
of the switches in parallel. Again, your science 
laboratory .and science teacher may be able 
to aid you in this. 


INVESTIGATION 

Demonstrate the circuit shown in the Investiga- 
tion if you have the needed material available; 
otherwise, read through the Investigation care- 
fully with the students, making certain that they 
understand that for all combinations of open 
or closed positions of the switches, the bell 
will ring except when both A and B are open. 
This can be made clear by pointing out that, 
if at least one switch is closed, there is a com- 
pleted circuit through which the current can 
flow. Thus if A is open (0) and B is closed (1) 
the current will flow through switch B to cause 
the bell to ring. 


DISCUSSION 

The symbols 0 and | are again used to denote 
open and closed switches, as in the previous 
lesson, and the symbol © is used as the logical 
connector or to denote that the switches are 
in parallel arrangement. With these agreements, 
a mathematical model of the circuit is con- 
structed. By analyzing the mathematics, we 
can make conclusions that are valid for the 
electrical circuit. 

Make certain that all students correctly 
complete the table for the operation © in 
Exercise 3. This table should be used as stu- 
dents do the exercises on page H-89. 
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Parallel Switches 


Investigating the Ideas 


Two electrical switches 

A and B are shown in 

parallel. Current will 

flow through the circuit 

and the bell will ring 

when at least one of the — 
switches, A or B, is closed. 
Describe all the possible 
positions for switches A and B. 


Can you decide in which positions the switches 


must be in order for the bell to ring? 








Discussing the Ideas 


1. What single switch, open or closed, is equivalent 
to each of these parallel switches? 


7 + 4 


2. Suppose that 0 denotes an open switch, 1 denotes 
a closed switch, and © denotes switches in parallel. 
Exercise 1a can be described by the equation0 © 1=1 
because if A is open and B is closed, current will 
flow through the circuit. 


Write equations for the switches in parts B, c, and p 
of Exercise 1. 


3. Use the results of Exercise 2 
to copy and complete the table 
for parallel circuits. 





lea Satay 


1. 


* 4. 


Using the Ideas 


Use the table in Discussion Exercise 3 to solve 
these equations for parallel switches. 


A0O@®1=x Chalice eZ 
B y®0=0 db1@0=r 


EO@O0=t 
FO0O@n=1 


. A circuit contains two switches 


in series which are connected in 
parallel with a third switch. To BiB 
determine if a current will flow 

through the circuit, we can write 


A | | C Aand B Cc 

a eA a ers 

(1@0) ©1= 0 O1=1 

Therefore, the circuit is equivalent to one closed switch 
and current will flow through the circuit. 


9 


Series Parallel 


Write and solve similar equations for the switches below. 
A c 
| A B | | A B | 
€ 
D F 
; 
Cc 


‘ 


£ 


Cc 


. Solve the equations. Each contains © and ©. 


(1 @1) @ 0='ilil 
(1@1) ©0=illl 


A (1@0) @1=llll 


¢ (0@0)O1=KH e& 
B (160) @1='lll F 


bp (0@1) ©1=illl 


A For the circuit below, what is the fewest number of 
switches that can be closed to make the bell ring? 
B What is the greatest number 
that can be closed and yet 
the bell will not ring? 





UTILIZATION 

Assign the exercises as independent work. 
Plan to discuss the exercises after students 
have completed them. There are no specific 
skills to be mastered in this lesson. 


Solutions, Exercise 4 

A. If switch F and one of the switches D or 
E is closed, a complete circuit will be 
formed and the bell will ring. 

B. If A, F, and one of the switches J or J is 
left open, there can be no completed cir- 
cuit. Hence, seven of the ten switches can 
be closed without causing the bell to ring. 


EXTENSION 

Enrichment: Some students may be interested 

in undertaking Research Project D at this time. 
Circuits as complicated as the one shown for 

Exercise 4 may be quite difficult to analyze 

mathematically. For Exercise 4, we have the 

equation: 


{[A © (B ®C) © F] ®@ (D @ E)} 
® ((G ©@H) @ 7 @V)Il=xz 


If O and | are assigned to switches 4 to J, the 
value of x will be either 0 or 1. Hence, the ten 
switches in any combination of open or closed 
positions can always be replaced by a single 
switch which is either open or closed. 


Assignments 
Minimum 1-2. Average 1-3. Maximum 1-4. 
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Objective 

The student can demonstrate the ability 
to work with the concepts presented in this 
module. 


UTILIZATION 
The review exercises can be assigned as 
independent work, with an oral discussion 
following their completion. Students should 
refer back to the lessons in the module as they 
do the exercises; they are not expected to have 
memorized the tables of operations for the 
various mathematical systems presented in 
this module. 

Additional exercises that review the sig- 
nificant ideas presented in this module are 
provided on page 128 of the Workbook. 


H-92 


. Complete the 


REVIEWING THE IDEAS 


1. Complete the 


addition 
table for 

the modulo 4 
system. 





. Solve the equations in the 


modulo 4 system. 
A 3 O, 1=x 
B2 @, 3= y 


CHOn@ yal—ez 


multiplication 
table for 

the modulo 4 
system. 





. Using the table shown, solve the 


equations in the /RUL system. 
AR*x=U 


Bik x=L 
Cohek Ux 





px*Ll=/ 
Ea x lax 
Feeekex= 





. Solve the equations in the octic 


system. 

A BRex=!/ 

B x*V=R 

c (Ux x) kV=V 
Dp (Vx*L) k*B=x 
—E (R ®*B) & x=H 
F (Awe) *& x=! 


10. 


11. 


12. 


13. 


oa. GB 


A Give the 
co-ordinates 
of a. 

B Find the 
length of a. 

c¢ What vector 
has the same 
length as a but is opposite 
in direction? 





. What vector is aa © b? 


(See drawing for Exercise 6.) 


. If r= (-2,3) and s= (7, -1), 


what vector is r © s? 


. What vector is the additive 


inverse of v= (6, ~2)? 


Tell whether the switches are in 
series or in parallel. 


fa 
B 


Will current flow through this 
circuit? A, B, and C are 


switches. y 


A B 


Cc 
Solve the equations for series © 
and parallel © circuits. 


A (1@®0)=x E (1@0) ©®0=x 
(1 ©0) =x F (101) @®1=x 
(1 @ 1) =x Gc (0®1) @1=x 
(1 ®1)=x H0® (1@1)=x 





A 





equation for | 


vectors does © 
the drawing _ 
suggest? 


Invent a modular 
arithmetic based 
on the days of 
the week. Make 
an “addition” 
table anda 
“multiplication” 
table for the system. 


Invent a mathematical 
system based on the 
rotations and flips 
of an equilateral 
triangle around its 
centre and its 

lines of symmetry. 











There is an algebra of ‘tire switching” 
on an automobile. Find out about this 
nonmathematical system. (See 
Algebra: A New Way of Looking at 
Weybright and Talley, 1968, pp. 32-54; 
Musson Book Company.) 


Invent more complicated circuits. 
Analyze the circuits using the symbols 
0, 1, ®, and @ as developed in this 
module. (See Mathematics and the 
Modern World by Mario F. Triola; 
Menlo Park, California: Cummings 
Publishing Company, 1973, pp. 39-48; 
Addison-Wesley.) 


TEST YOURSELF 

After completing the self-evaluation test, stu- 
dents should check their answers against the 
answer key and rework any problems that gave 
them difficulty. Encourage them to refer back 
to the appropriate lessons of the module as an 
aid in correcting their own mistakes. 


RESEARCH PROJECTS 

An excellent reference source for Research 
Project A is the booklet Secret Codes and Re- 
mainder Arithmetic by Lyman C. Peck (Wash- 
ington, D.C.: National Council of Teachers of 
Mathematics, 1971). 

A mathematical system of six elements 
(Project B) can be constructed using rotations 
about the centroid of an equilateral triangle 
plus reflections about the three lines of 
symmetry. 


G B 


For Project C, students can invent their 
own systems of rotating tires. For example, 
one scheme for rotating a S-tire system is 
illustrated below. 


Left Right 
front front 
Left Right 
rear rear 


Spare 


The topic of Research Project D might lead 
students to do some research into Boolean 
algebra or into some elementary phases of 
mathematical logic. 
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Objective CUMULATIVE REVIEW 


The student can demonstrate the ability 
to work with the major concepts presented in 1 











: ’ . Six names are placed in a hat. 10. a What is the 
this learning unit. Two of the names are boys’ names. range of the 
GtiATION What are the chances of drawing heights? 
The Cumulative Review for Unit H covers SCI Muga iAcaA SIC! AEN : oe ie Mie 
the basic concepts and skills developed in a ; . arithmetic 
2 : 2. A probability experiment has six mean of the 
the unit. The exercises are grouped so that one equally likely outcomes. What is the heights? 
module at a time may be reviewed. probability of each outcome? (Par 
Exercises 1-9: Module 1 11. On five tests Kitty had scores 
Exercises 10-16: Module 2 3. A probability experiment has only of 91, 82, 88, 94, and 85. What 
Exercises 17-26: Module 3 two outcomes, A and B. If P(A) =2, was her median score? 
Exercises 27-33: Module 4 what is P(B)? z 





12. The table shows 

















Answers, Exercises 5 and 14 4. A penny and a nickel are tossed. the number of co 21 
Give the probability of each event. points scored 
5. Snes A Twoheads’ c¢ A head and a tail by each player AIMS 10 
: B Two tails D At least one tail on a basketball Marto 8 
team. 
‘ , Mills 0 
B 5. Two black marbles and two white A What is the 
/\ marbles are placed in a box. The median score? | Ford 2 
Beaewir os: WwW By WwW marbles are withdrawn one at a time B What is the 
: : Baker 6 
\ A A A \\ A until all have been withdrawn. mean? 
Draw a tree diagram that will show c¢ What is the Evans 0 
ee all possible outcomes for this 
us mode? Leeds Tie 
14. experiment. 
13. The histogram shows the results 
6. How many different arrangements of an experiment of tossing 
(permutations) are there for the three coins. 


letters A, B, C, and D? a What was the 


most frequent 
outcome? 

B What outcome 
occurred the 





7. How many combinations can be 
made with the letters A, B, C, D, E, 
and F if three letters are taken 


Degrees Celsius 





Frequency 























ime? 
at a time? fewest number 
8. Compute. ——— ch 
Sle) c¢ How many trials of the 


experiment does the graph show? 
9. A die is tossed. Let E be the 

event of getting a 3 or more and 14. Construct a line-segment graph 

let F be the event of getting a1 or 2. of these hourly temperatures. 

A What is P(E)? Z 
What is P(F)? 
What is P(E 9 F)? 
What is P(E U F)? 








o 0 B 
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15. 


16. 


ide 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


A What percent 
of the lunch 
was the chili? 

B How large is 
the central 
angle for the 


fries? Lunch $1.50 


A sample of voters in a city shows 
that 53% favor candidate A and 47% 
favor candidate B. If 20 000 

people vote in the election, about 
how many votes can each candidate 
expect to get based on this sample? 


If x2= 2, then x = Vill or x =~ Vij. 


Which decimal is the best 
approximation for V2? 1.4 or 1.5? 


Locate approximately on a 
number line the points which 
correspond to V3, V21, and V20. 


Give the best choices of integers for a 
and b. 

Ava —y10=—b c a< V95<b 
B a< V40<b Dp a< V601 <b 
Find the decimal approximation 

for the following numbers to the 


nearest tenth. 


A V48 B V930 c¢ V5625 


Write a repeating decimal for. 


Write a fraction for each decimal. 





A 0.32 B 0.071 c 0.77 


Complete each sentence with 

repeating or nonrepeating. 

A Every rational number has 
a ? decimal representation. 

B Every irrational number has 
a ? decimal representation. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


Find each product. 
A V15-V15 C5 73a 7 





Bp V7-2-V7 bp V2-V3-V2- v3 


Give a decimal approximation (to 
the nearest hundredth) for each 
expression. Use V5 ~ 2.236 and 
V2 = 1.414. 


aA V5+ V2 c V5—V2 
pB V5 -V2 p V5= v2 


Solve the addition equations in 
the modulo 4 system. 


Agnus — xX B206,3=y 


Solve the multiplication equations 
in the modulo 4 system. 


A0®©,3=x B26,2=y 


Give the rotations for rand s and 


then give the combined rotation for t. 


W-O+ 





In the octic system, R %& R= (lll. 


If v= (7,4) and t= (2, 2), 
what is v © t? 


What is the inverse vector for 
the vector r= (2,6)? 


Which switches must be closed before 
current will flow through the circuit? 


[a] Only A and C. / 

B 
Either A or C. z | 
[¢] Both A and B. é ree, 


[D] Both A and D. 
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MATHEMATICAL RECREATION 
In order to explore this application of game 
theory, students will need counters (20 per 
player) and four index cards. 

This game can provide an exciting introduc- 
tion to game theory. The players must develop 


strategies that will give them optimal chances © 


of winning. The particular game illustrated has 
a mixed strategy. It can be shown that player 
A should select card X half of the time and card 
Y the other times. However, player A should 
do this on a random basis in order to keep B 
from discovering his strategy. Player B, on 
the other hand, should select card X one time 
out of 6 and card Y five times out of 6 for his 
optimum strategy. 

Students might be encouraged to develop 


other payoff matrices (the table shown) for 


games modeled on this one. 
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GAQVIE GHEORY 


A recent and interesting branch of mathematics is 
known as ‘‘Game Theory.” The theory of games began 
with the work of the mathematician John von Neumann 
(1903-1957). Game theory not only applies to simple 
games but also has important applications in business, 
psychology, and the social sciences. The game described 
below is a simple application of game theory. 


Try playing this game with a classmate. 


Each player starts a game with 20 counters. 

Each player has two cards, one labelled X and the other Y. 
Each player chooses one of his cards and both players 
turn up the cards simultaneously. 


The table below shows how the players win counters 
according to their choices. 


Player B 


A wins B wins 
5 counters 5 counters 


B wins | A wins 
1 counter 1 counter 





The game is completed when one player wins all of the 
other player’s counters. 


Try to develop some strategies that may help you win 
the game. 





Supplementary Exercises 











ifice 





1. Write each product using an exponent. 


A 5:5 Chet eecme ue E 10-10-10-=10%10- 
B 8-8-8 D 9579579595 F313" 3>G9 3 23830 


2. Write each product as a power of ten. 





3°3 








A 102-10! C02 e102 E 102-104 Gil Oz Oe 

B 102-10? p 10*-10! F 10*- 10° H 10’-102 
3. Write each quotient as a power of ten. 

A 10°=10' cw10° 104 E 10° 3102 GH0e 108 

B 102+ 10' p 10°= 10! Fe Olcn cml Ons H 107102 
4. Write each base-ten numeral in expanded notation. 

A 38 c 802 E 2035 G 14035 1 687 524 

B 621 pb 1259 F 8001 H 81 253 J 300 050 
1. Round each number to the nearest ten. 

A 72 ce 129 E 1253 G@ 15633 1 200 008 

B 85 p 635 F 7507 H 48 106 Ay fefe}s) hots} 
2. Round each number to the nearest hundred. 

A 385 c 1258 E 9050 G 23975 1 843 705 

B 649 p 6845 F 17 883 H 105 105 J 503 507 
3. Round each number to the nearest thousand. 

A 1295 c 5765 E 20 801 G 458 358 

B 2603 Dp 15976 F 135 053 H 755555 
4. Round 5 607 384 to the nearest 

A ten. c thousand. —E hundred thousand. 


B hundred. p ten thousand. F million. 


S-2 


ee 


1. Use multiples of 10, 100, or 1000 for each lll. 


A 


Cc 


To estimate 526 + 385, find the sum 500 + ||lll.. 

To estimate 1285 — 938, find the difference ||||| — 900. 
To estimate 493 - 32, find the product 500 - |||. 

To estimate 3207 + 376, find the quotient 3200 = |||. 
To estimate 543 - 208, find the product ||ll|| - 200. 

To estimate 6388 + 5892, find the sum 6000 + ||. 
To estimate 41 850 = 68, find the quotient ||| = 70. 


2. Give an estimate for each of the following problems. 


A 


Cc 


336 + 520 Db 1538 + 48 G 2436 — 498 J 7437 + 15 805 
1640 — 1099 E 327-62 H 3208 ~ 825 K 526 -879 
873 -6 F 9051 + 832 1 3128 - 168 L 6172-983 


_ | ee 


1. Find the sums. 


A 


56 Bey.35 G 158 Dp 351 E1205 F 15873 





+33 or + 49 + 493 oe ek) 3 059 
42 H 86153 1 506 J 942 K 3841 tL 76 437 
67 48 721 267 1762 8 649 

ao iw) £. +273 +307 +4211 + 3001 





2. Find the sums. 


A 


82+9+ 105 G 364+ 721 + 480 m 99 + 999 + 9999 
86 alot 9 H 6300 + 503 + 59 N 76095 + 2649 + 850 
135 + 49 + 63 ( 784 ot -235-- 103 o 45 083 + 30 906 + 1285 


350 + 35 + 3500 J 756 + 8005 + 10 700 P 850 721 + 37 842 + 7655 
943 + 17 + 306 k 3700 + 37 000 + 370 Q@ 937 210 + 653 213 
Tie OSi-teo20 t 538 + 5603 + 809 R 8 340 756 + 4 750 095 


ee 


1. Find the differences. 


A 87 B ies 
— 54 —39 


G 1576 H 2834 
— 347 — 1843 


2. Find the differences. 
A 93—27 F 
B 150-69 G 
e 302-124 H 
bd 950 — 666 t 
E 1500 — 875 J 


1586 — 958 
4081 — 3982 
7800 — 839 
9040 — 150 
389 75— 2999 


c 





L 


fe) 


248 


=e 56 


J 





51 753 — 1845 


5350 
— 4795 


E 963 [ea 618 | 
=217 ete ys 


K 9500 L 10 000 
— 6306 — 591 





67 595 — 39 008 Q 


30 000 — 3000 
67 805 — 1800 
97 031 950 


T 


100 000 — 10 000 
100 000 — 1000 
100 000 — 100 
343 000 — 24 793 
956 000 — 955 311 


a es 


1. Find the products. 


A 52:6 D 
B 73-8 E 
c 87-9 F 


2. Find the products. 


A 54:18 D 
B 26:67 Ez 
c 46-22 F 


3. Find the products. 


A 179-201 D 
B 368 -555 E 
c 843-347 F 


S-4 


129 = 
456 - 
903 - 


253 
425 


605 - 


535 
490 
993 


-35 
- 88 


76 


- 806 
- 359 
- 865 


15765 
4609 - 


8080 -9 


1200 
5306 
7953 


1734 
5877 
7951 


-69 
-81 
-44 


-213 
- 303 
-537 


12° (les 
37, 05950 
90 903 -7 


15 000 - 18 
37 112 - 23 
53 025 - 85 


6305 - 833 
5950 - 970 
8005 - 508 
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1. Find the quotients and remainders. 


a 5)74 p 6)384 @ 3)501 J 6)1522 m 8)34 300 

B 7)105 E 4)149 H 5)419 Kk 4)1905 wn 9)51 355 

c 8)125 F 9)570 1 7)959 L 2)9999 o 7)61 499 
2. Find the quotients and remainders. 

A 42)183 D 54)1568 G@ 74)2075 J 19)51 300 

B 63)516 E 27)2245 H 68)8346 K 34)29 806 

c 36)172 F 49)1677 1 81)8000 L 99)81 565 
3. Find the quotients and remainders. 

a 189)4160 p 351)4593 @ 235)10 815 J 262)37 470 

B 304)2463 E 705)6615 H 324)22 043 K 936)105 100 

© 611)5500 F 931)9200 1 654)54 321 L_ 677)200 000 


oe ee 


1. Evaluate 2x — 1 using the numbers in the set {1, 2, 3, 4}. 


2. Find the missing numbers for each part. 


a lfa=6, then6+a='lj. F If f=4, then 5f—3= ll. 

B If b= 2, then 17— b=|ll. a If g=8, then (16—g) +2=|jj. 
c If c=3, then 6c =|. wu If h=3, then 15— 3h=|f]j). 

D If d= 42, thend=6= lll. 1 if k=5, then 4k+2=|ill. 

— Ife=17, thene—5= lll. y If j= 10, then j2= ill. 


3. Suppose {0, 1, 2.3, 4, 5,6, 7} is the replacement set for 2x + 3. 
What is the replacement for x that will make the value of the expression 


A 11? B 5? c 3? Dp 15? E 9? 





| 
EEE EE 


1. Solve the equations. Use {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10} 
as the replacement set. 


Ax—3=4 E 3y= 18 t' 4d—6=22 

B 5a= 20 F 19—2n=11 vy (13-—a) +4=15 
ec 81+r=9 G@ 3t+1=16 K 16+ 3c= 16 

bp 6+q=15 H 36+ 2m=2 Lt 2h=-5=2 


2. Find the solution set for each inequality. Use 
{0, 1, 2, 3, 4, 5,6, 7,8,.9, 10} as the replacement set. 


Ax<5 E 2w>4 VOY 2: 19 
By>9g Fal oie ate 9 JG a= li—20 
Cx act.5bi-<ai2 G 3g+1<10 K x?+x < 50 
D.d=2>5 H t?> 16 Lt d*+1< 100 





Ser 10 | ee 


1. Solve the equations. 





A7+c=13 F t+9=4 Kk 54+y= 54 
B 21—x=17 G 42=r+19 t 40w = 120 
c 72=r+23 H 21—t=16 mw t+19=19 
pb 8t= 40 1 17x=51 N 28=-x=4 
—E 38+ y=52 J 7r= 42 o 15y—3=27 


2. Give the number for the |lll|. Then give the number for x. 


A 3x+4=10 Be2xXa ss — 9 Cr4xaae —a4 pb 2x+7=15 
3x = Ill 2x = Ill 4x = lll 2x = Ill 
xX —<e, ce = Xe ae 
E) 5x — 4—6 FL 1X1. 6 = 27, Ga 4x—6=14 H 8x+5=5 
5x = Ill 7x = lll 4x = Ill 8x = Ill 
i= Te x= 7 x— 2 X77. 


a aa 


1. Give the number for the |llll. Then find the number for x. 





aA 15+ (x—1) =15 B 3(x—1)=3 c¢ 6x + 23= 23 
x—1=llll x—1=Illl 6x = Ill 
x=? x=? x=? 
D 3x + 2x = 45 E 4x— 2x= 14 F 5x+ 3x—4=20 
lilx = 45 lilx = 14 lillx = 24 
x=? x=? x=? 
2. Solve the equations. 
A 2x+ 3x= 10 c 11x — 3x= 24 Ee 2x+ (x + 3x) =12 
B 6x — 2x= 12 D (7x — 2x) + 4x = 36 F 4+ (3x—x) =10 
3. Solve the equations. 
A (7x + 2x) —5=40 D (7x — 2x) —3x=6 @ 3+ (8x — 3x) = 13 
B 7+ (9x — 3x) = 37 E (8x — 4x) +4=20 H (10x — 7x) —10=11 


a] 


ce (5x + 2x) +x= 48 





(6x + 3x) —2=7 1 


(x + 2x) + 3x = 54 





Write and solve an equation for each problem. 


1. The product of a certain number 
and 8 is 72. What is the number? 


2. Six times a certain number minus 
2 is 34. What is the number? 


Bete swe 


5. Maria bought 3 cans of soup for 


3. When the sum of a certain number 


and 8 is multiplied by 6, the 
product is 66. What is the 
number? 


57 cents. How much did she pay 
for each can? 


. Ricardo had 93 cents. After he 


bought 3 pens, he had 6 cents left. 
How much for each pen? 


7. Jan is 3 years older than Sam. In 


4. When the sum of a certain number 


and 5 is divided by 7, the quotient 


is 13. What is the number? 


5 years the sum of their ages will 

be 33. 

A What is the sum of their ages 
now? 

B How old is each person? 


1. Complete the table of numbers 
for the equation x — y = 3. 


2. Make a graph of the equation x — y = 3 using the 


pairs (x, y) from the table in Exercise 1. 


3. Complete the table for the 
equation 2y — 4 =x. 


4. Graph the equation 2y — 4=.x using the pairs (x, y) 


from the table in Exercise 3. 


5. Make a table of pairs (x,y) for each equation. 
Then graph the equation. 


Axt+y=8 B 2x+y=12 


| 


1. Factor each number completely. 


A 30 bp 18 G 27 J 105 
B 56 E 72 H 42 K 103 
c 24 F 44 a 51 tc 110 


2. Use exponents to give the prime factorization of 
each number. 


A 15 —E 54 1 336 m 308 
B 18 F 60 J 252 N 820 
c 27 @ 125 « 500 o 704 
Dp 36 H 140 ur5il2 Pp 612 


S-8 


Cc y+3=x 


fe) 








125 
136 
150 


632 


R 198 


810 
350 








305 
489 


R 512 


x s <€ ce 


750 
900 
960 
980 


Se 


1. Find the greatest common factor (GCF) of each pair. 


a 6 and 18 F 24 and 36 Kk 28 and 42 p 90 and 120 
B 11 and 12 G 14 and 35 t 30 and 70 @ 68 and 95 
Ce15 and:25 H 24 and 42 m 28 and 48 R 92 and 93 

D 24 and 6 ! 60 and 100 N 75 and 125 s 150 and 270 
E 10 and 35 J 14 and 49 © 48 and 72 T 360 and 450 


2. What is the GCF of the numerator and denominator 
of each fraction? 


9 20 18 60 75 240 
A 42 D 25 G 27 J 75 M 300 P 400 
10 20 21 25 95 270 
B 40 E 24 H 31 K 750 N 85 Q@ 280 
ae 14 27 60 33 525 
C 55 F 44 1 45 L 7450 © 705 R 3500 





aS eee 


1. Find the least common multiple (LCM) of each pair. 


A 2 and 5 F 4 and 5 Kk 6 and 15 Pp 30 and 40 
B 6 and 9 G 15 and 12 t 9 and 33 @ 10 and 13 
ce 10 and 4 H 20 and 25 m 10 and 12 R 18 and 30 
D 2 and 7 1 15 and 20 N 12 and 16 S$ 16 and 24 
E 8 and 3 J 2 and 17 o 21 and 15 tT 90 and 60 
2. Find the LCM of each group of numbers. 

A 2, 6, and 10 F 4, 6, and 12 Ke2, 7; and 5 

B 3, 5, and 10 2, 4, and 7 L 5, 6, and 15 

c 4, 6, and 15 H 2, 4, and 9 m 3, 8, and 12 

pb 10, 12, and 15 § 5, 10, and 15 nw 10, 20, and 30 

E 2, 3, and 5 J 8, 12, and 15 o 8, 12, and 16 


1. Find the sums. 








A © Sire F ~16+9 x ~50+ 70 p 120+ 119 
B4+ 6 G 14+ 712 t 95+ ~30 a 98+ ~100 
CueGiiao H ~13+ 17 m/72+ 91 Ro 175-4223 
dp 9+9 1 ieetS=o8 N 83Gbr 17 s ~106 + ~106 
EL.O+ 7 J c2i 2 o ~16+ 32 T 935 +0 

2. Find the sums. 
a 6+4+-7 F 15+-13+7 K (30 +30) + (30 + -30) 
B6+ 4+ 7 G65 119 Ew tr (30 + =30) ee (304-530) 
C76 74 17. H>26 + «20-4290 m. (30 + 30) -+.(-30- 30) 
p 6+ 4+7 i) 3377 A 35 n (~30 + 30) + (©30 + -G0) 
—e 6+4+ 7 JO 10creet o” (30 +5 30) (302 ou) 
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1. Solve the equations. Think about missing addends. 








$s A A Ss A A $s A A Ss A A 
A O- 3=n F 2-— 6=n kK 5— 9=Nn Pp _7.— 31 
B 1i1-— 3=n G 6—"2=n L 5S- 3=n @ 14-—"“6=n 
c O0-"“3=n H 6— 2=n mw -8—"2=n R -4—"6=n 
db 1—“3=n i 6—"2=n n 7— 6=n s -12-— 3=n 
—eE 1-—"“3=n J -2-— 6=n o 6—- 9=n tr 12—"“3=n 

2. Find the differences. 

a 17-8 a 0— 5 m 25 — 28 STG 0 
B 5-13 H ~4—~14 xn 35-3 T 5105S 
ec 0-19 ¥ §262-519 o 48-5 Une225'— el 
DeaG lo J ~22—13 Pp 503812 Viles09 A000 
E 20-30 57-0 a 10— 33 w 543 — 17 
F6— -9 tj12a eo n° 7547 x 418— 814 


cam] 








1. Find the products. 


A 


c 


A 


o ao B 


A 


Cc 


A 


c 

















2-~10 St2cme6 Kk 20-~14 p 1:87 u 200-8 

“4-6 ~100-0 Leeslocse @ ~1:-87 v ~500-0 

20-~3 H ~1-~53 m ~1-43 R 10-87 w 35:4 

ro 16 =30 "3 nN ~50-~30 s 10-87 x ~56- 22 

6 10°15 J 0: ~27 o -17: 2 T ~10-87 y ~30-~45 
2. Find the products. 

32323 F -5:--4--1 Reso) anne 4) 

Se) Gm Omori Lt (-5:-~4)- (5-4) 

Ocak 7c H 10-10: 8 m (5-5): (4-4) 

3:-3:3 1 §3:15-4 n (~5-~4)-(~5-4) 

She Bah) J 12-37 54 OQ) (-5= =4)= (554) 
Say a 
1. Find the missing factor. 

P F F P F F P F F P F F 

27+ 3=n —E 22+ "2=n le nl2=).8=n mw 100+ 10=n 

15+ 5=n F 49+"7=n J 27+ -27=n w ~1000+ ~10=n 

“18+ 3=n G 54+ 6=n Kk 36+ ~12=n o ~125+ ~25=n 

19+"1=n H 73+ "1=nhn t 45+ 45=n P 0+ ~128=n 
2. Find the quotients. 

15+3 oF 55+-11 « 300760 » 18 s (185) 

ml S= 20) @ 548 =16 bee 4 72-328 | 

2123 4 -65+-5 m-1000+-25 a = y (10420) 

Ae tal inesses 1 n ~1000 + ~10 

-13=13 4 -120+-40 © -3500+70 R 4 u ae 


i 


1. What is represented by each of the following? 
a |3| c |5| e |-42| a [4+2| 4 |4+2| Kk |-4—-2| 
B | 3| ov | 8 F (0 H |4-2| vs |-4+-2| 2 |4--2| 


2. Solve the equations. 


A x=|8| D |-3-1|=x @ |-14—-7|=x » |5—x|=2 
B |3| =x E |-5-0|=x H |21+-3|=x K |x — -6| = 30 
Cx = |4 — 2/0 Fo |-B a3) ix 1 (35—50| =x L |-9+x|=20 


3. Give the correct symbol (<, =, or >) for each il. 
a -5 ill |-5| c 5 illill |-5| e |3|—\6| iih3—6 
5 ~5'liiis > |-5! ill jo — 5 F |-3|—|-6! il -6|— 1-3 


ee 


1. Give the missing number for each lll . 


a If 4x+6=2, B If 3x +16 = 13, c If 2x—6=10, 
then 4x = ill, then 3x = ill, then 2x = Ill, 
and x = Ill. and x = Il. and x = Ill. 


2. Give the missing integers in each equation. 


a3x+4=5 = 3x=[l) = x=llll. 

B2ax-6=14 = 2x=(hh = x=(M. 

¢4x+5="3 = 4x=(l = x=KM. 

Db 3(x+2)=9 = x+2=(M = x=lll. 

E 2(x+14)=20 = x+14=|] = x='lH. 

3. Solve the equations. 

A3+x= "2 Dx+6= "13 G ~4x+3=15 J ~4(x +1) = 16 
B 5x= 45 e—e (x+5)—3="8 H ~2x—8=10 K 5(x+ 2) =~35 
© -17+x=—56 F 3x+1= 75 “ol 1 SX 3 =e > Lt 3(x+6) =0 
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1. Write two fractions equivalent to each given fraction. 


Ax p 3 a? ¥2 ui pe s 2 VG 

B 3 e 3 H 3 Kk 5 na ef rt Wot 

c% Fe 12 Ls of R 4 vu > xX 3 
2. Give the lowest-terms fraction for each given fraction. 

até Dm Gi 45 Mar Pa S$ io VY Ss 

Bis E€% 42 K2 Nz @24 Tao Wa 

Chom mr ! 4G Lise Os A 72 US x teh 








1. Give the missing number for each ||ll|. Then tell 
whether the fractions are equivalent or not. 


re} 3-8 = ll, 5-5 = lll 8 s 5-24 = |flll, 6 - 20 = ill 


¢ 42) 4.36 =|). 9 -20= or) 7.09 =I 5-42= 
6) 4-36 = ll, 9 - 20 = ill 5) 7-20 = lil, 5 - 42 = ill 


2. Give the correct symbol (= or #) for each li. 





a Zips =o 3s =o Blas SS mw SNE 
a Sissies om Silas we BR Sm BE illber 
© 13 illbss ceils + ZS Eso Sills 

3. Find the integer for x in each equation. 

Ae=H 0c $=K 0 E=B CB -B E aah 

o$=% oo F- b= HPs em abs 


1. Find the sums. 


1 5 
Ast+3 Ds 
1 1 
B3+4 E> 
1 
ce 344 Fz 


2. Find the sums. 








A 223 B 365 
+1776 + 9% 
G 333 H 683 
443 10 

+ 93 + 63 








1. Find the differences. 


Din 
S| 


14 

A = eK) — 
ai. ea) 3 

Bi2—6 E 8 
QF 9 

C372 F 10 


2. Find the differences. 


A 


oO 
rol 
o 
[oe] 
o|— 


| 
ol= 

| 
on 
a|— 








S-14 


+ + + 


— win wir 
ale 






































G 3+ s+-4 M20 +—a 
Hip t4 a a N 7+38 
l jo+-4 até 0 3+7%0 
532 dp = Be 765 F 10635 
+ 26§ +145 +248 +3212 
31 70 ¥ 31% 18% L 15539 
15700 1945 145 734 
8 x5 +152 + 3875 + 12835 
a a-# 3-30 u B-3 
H 7-3 3-9 N 3-5 
lis—s ay O07 4 
1675 p 253 E 633 F 5025 
925 — 185 tes = tert 
100i35 2 uy 53475 —iK:SC750GGs—“‘i j<$!SSOG BE 
1 76 — 150% — 33975 — 4925 











1. Find the products. 


Ags p 3.4 a 2-3 u 3-45 

0 ih e3-§ nee K 5-3 

c 2.4 F 2.3 1 16 8 Lt 0 2 
2. Find the products. 

Aas Dp -1°3 G 3:t yu -28-32 

B53 E 5-70 hata K 3°93 


3. Write each mixed numeral numeral as an improper fraction. 
Then find the product. 











A 15°35 p §--23 a 3-718 J 10-32 

B 23°7 E +: ~-33 H 13-12 Kk 8--93 

c -15 F 3--4% 1 43-33 L 7-63 
1. Find the quotients. 

Aat2 DE+s Geet ae yi+-9 

re eS es ee oo 

ee uence afta te eee 


2. Write each mixed numeral as an improper fraction. 
Then find the quotient. 


A 2376 D4 +32 a -23+3 J -25 +85 
B 35 +4 — 23754 Heer 45K «45 + 12 
© 45+15 F 35+17 1 -5+-3 L -3t— 168 


= 
_ 


ss 
Din Mw Wo 


aN 


ol 


ro, 
ry 
alo 


wie 


oO 


olN 
Niw 





| 

| 
= 
i=) 


—_) | i) 


|e 


ale 
|. 


=—| 1 
ole 








Write and solve an equation for each problem. 


1. Carl is 12 years old. Sam is 3 


Carl’s age. How old is Sam? 


2. Marie bought a pair of shoes at 


a ‘‘o off” sale. If the shoes were 5. 


regularly priced at $15, what was 
the sale price of the shoes? 


3. A furniture store is having a 


ool 


3 Off’ sale. What is the sale 


price of a chair regularly priced 


at $105? 





1. Find the sums. 
A 6.5+ 1.43 
B 12.32 + 0.471 
e 243.2 + 3.65 
D 0.538 + 8.469 


2. Find the differences. 


A 6.28 — 3.7 E 
B10.(0e = 9139 F 
c 38.6 — 27.7 G 


b 0.937 — 0.66 H 


3. Find the sums. 
A 3.75 + ~2.49 
Bi 73.1. 45-69:5 
c ~5.34+ ~8.09 
pb ~69.5 + 37.42 


[serso| 


4. 





Jody played volleyball for 2 hour 
yesterday and § hour today. How 
much time did she play in two days? 


If Mrs. Jackson drives 90 kilometres 
in 1k hours, what is her average 
speed in kilometres per hour? 


* 6. A football team won 3 of its games. 


It won 4 more games than it lost. 
How many games did the team 
play? 








E 0.366 + 6.2 + 0.18 


1 4.7 + 32.643 + 825.6 


F 243.2 + 3.61 + 4.438 J 55.69.= 55895-0089 


G 36+ 2.64 + 0.735 


K 0.85 + 0.937 + 0.9539 


H 0.7305 + 69.1 + 0.88 L 326.043 + 82.62 + 1.9 
35:6 — 6.45 1 30.2 — 4.86 m 84.27 — 62.99 
4.85 — 0.769 J 7.06 — 2.49 N 500 — 65.37 
1 OF aro8, K 23.56—17.742 o 830.7 — 179.03 


18.6: 5.935 L 326.1 — 44.78 P 5000 — 493.971 


F 


50:9 72550°06 
0.935 + ~0.769 
~28.9 + 33.73 
~0.0639 + 0.0115 


93 76 fe aso 
Je 595i 0:9>9 5-95 

K' 83.7 40.75 2578 
t 60.84 =25 457.904 








1. Find the products. 








A 4.72 x6 F 3.86 x 0.4 K 64.3 x 2.66 P 9.731 X 42.56 
B 32x 0.4 G 76.4 x 0.34 L 1.43 x 0.953 Q@ 0.0631 x 5.2 
c 43 x 0.07 H 8.26 x 0.65 M 23.7 X 0.564 R 504.6 X 7.31 
Deeeatex:/, | § 436.2 x 0.03 N 8.63 X 22.6 S$ 32.2 x 0.3742 
E 52.6 x 4.2 J 2.51 X 0.361 0 92.7 x 0.365 T 0.653 x 0.641 
2. Find the products. 
A 0.3 x ~0.9 ~43.9 x —0.15 205.3 x 8.61 
B -2.1x6 0:96 aa £95. 1bxers 7.00 
Cis0.0,-0.8 ~12.4 x 68.4 9.421 < ~5.631 
Dele ee 2-0 ~8.56 xX ~3.501 0.075 x ~0.99 
E 8.3 x 0.43 143.6 x ~340 3,109 <=65:13 
_SET 32 | 
1. Represent each number in scientific notation. 
A 400 F 350 000 K 0.5 P 0.0702 
B 3000 G 9000 000 L 8.49 @ 0.00009 
c 6300 H 45.600 000 000 m 0.14 R 0.000453 
p 20000 8 030 000 000 N 0.07 s 0.0000008 
E 54000 J 7905 000 000 000 o 0.003 t 0.0008002 
. Give the ordinary decimal for each number. 
A 4.2 x 104 F 3.2.<%40° KL 6x0! PH CUN0RE 
B 5.61 x 10? G 9.55 x 10° Lese<010m* @ 4.4 x 107" 
C237 5a10§ H 1.07 x 108 m 1.5 x 107! R 3.9 x 10°° 
D 9.22 x 10' 1 9.005 x 104 nN 3.4 x 10? s 8.01 x 107 
E 4.05 x 10° J 3.54 x 10’ o 6.91 x 10% TatecO2e LOe 
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ee 


1. Find the quotients. 


A 6)14.4 E 59)207.09 1 0.3)19.02 mM 0.73)17.155 
B 8)507.2 F 81)25.920 J 1.8)6.498 N 0.048 )0.01728 
© 15)139.5 G 1.3)0.3296 K 0.35)2.275 © 8.17)8.0883 


p 26)98.80 H 542)504.06 L 4.05)1.4985 P 4.96 )0.56544 


2. Find the quotients. Annex zeros when necessary. 


AnD) 41s F 0.8)92.4 k 160)24 P 0.604 )2.4764 
B 12)61.8 G 0.55)22 L 8.8)1188 @ 5.56 )4.0588 

© 18)6.21 H 7.2)28.8 mM 0.516)23.22 R 7.6)4.028 

D 32)33.6 1 0.25)8.07 N 4.68)2.574 s 0.021)0.0714 
E 95)5.89 y 1.35)621 © 0.38)2.47 T 9.012)67.69 





a 


1. Round each number to one significant digit. Use 
scientific notation and estimate the products. 


A 4264 x 7536 F 21.6 x 0.047 K 0.647 x 3846 

B 567.3 x 384.5 G 8376 x 5.66 L 54 230 x 57.62 

c 62.7 X 218.8 H 325.7 x 478 m 7.06 x 0.407 

D 0.736 x 0.38 10.731 X,537.9 N 6573 x 0.0045 

E 74.2 x 6.78 J 865.7 x 0.338 © 0.00873 x 0.00531 


2. Round each number to one significant digit. Use 
scientific notation and estimate the quotients. 


A 19.76 = 3.95 E088:6>- 331.2 1 0.00173 + 0.0041 

B 382.5 = 2.04 F 75.9 + 0.384 J 0.083 + 0.00437 

c 605.3 + 28.4 G 0.207 + 0.0039 K 0.44285 = 0.21756 
pb 86,730 + 5.99 H 6327 — 4.578 t 0.000872 = 0.00285 
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1. Find the decimal approximation for to the nearest 


A tenth. B hundredth. 





c thousandth. 


2. Find the decimal approximation of each number to the 


nearest hundredth. 


i 3 
As Bs c 


ol 


3. Find the decimal approximation of each number to the 


nearest thousandth. 


ot 8 
A 46 Bo Cc 


ae 


1. Solve the proportions. 


— 
a 


as 
oa 


ge Xe Agr 
A 5-40 C 945 
iS) 28 Ale) 
B 6-54 D 24 = 40 








Di E iG F 33 
D # E a F 38 
Enoe4 — x30 G x:9=16:24 
F Bev — srr H 9:x= 36:60 


2. Write and solve a proportion for each problem. 


A Apples sell at 6 for 43 cents. 
How much for 18 apples? 


B The ratio of boys to girls is 
5:7. lf there are 42 girls, 
how many boys are there? 


c If a car averages 8 kilometres 


per litre of gasoline, how many 
kilometres can it go on 23 litres? 


pv A basketball player made 7 free 
throws out of every 10 attempts. 
How many free throws did he make 
in 130 attempts? 


E Onamap, 3 centimetres represents 
75 kilometres. How many kilometres 
of actual distance is represented 
by 6.4 centimetres on the map? 





EEE Se 


Solve the following problems involving scale drawings. 


ib 


1. 


Measure the length of the bolt in centimetres. 
What is the actual length of the bolt, if the 
scale is 


A 1:4? B 1:8? cee li? Dee 725i, 





. If the scale on a map is 1 cm = 90 km, what is the actual 


distance between two cities whose distance apart on the 
map is 3.1 cm? 


. The actual distance between two cities is 720 km. What is 


the distance on the map if the scale for the map is 1 cm = 40 km? 


. A lot for Mr. Hoppe’s new house measures 80 metres wide by 


150 metres long. What would be the dimensions of a scale 
drawing of the lot using the scale 1 cm = 20 metres? 








Write a decimal for each percent. 
A 18% c 10% E 5% G 100% 1 2% K 7.5% mM 1.5% 
B 33% D 9% F 70% H 1% J 75% L 4% N 33.3% 


. Write a percent for each decimal. 


A 0.38 CmO0r2 Ee 1.5 G 1.30 1 0.093 K 16.3 m 0.017 
B 0.65 dp 0.03 F 0.15 H 2.05 4 Be L 0.178 N 0.309 


. Give the lowest-terms fraction for each percent. 


A 37% c 40% E 75% G 2% 1 15% K 28% m 520% 
B 50% dp 30% F 5% H 1% J 16% L 8% N 64% 


. Find a decimal for each fraction to the nearest hundredth, 


when necessary. Then express the decimal as a percent. 


_59_ 1 Aled EL Te 5 9 
A 400 © 700 E 50 G 25 1 46 K 7 M 45 
Boe 3 41 J 5S. th 27 
B 700 D4 F 40 H 46 J 42 L 23 N 39 





ee eK 


Solve these percent problems. 


1. 





Price of sweater: $15.75. 
Sale: 20% off. 


A Find the amount of discount. 
B What is the sale price? 


. Class: 35 students. 


Today: 28 present. 
What percent is present? 


. Earnings: $650 per month. 


Deductions: 26%. 
A How much deducted? 
B How much take-home pay? 


4. Price of 10-speed bicycle: $155. 
Sales tax: 6%. 
A What is the amount of sales tax? 


B What is the total cost of the 
bicycle? 


5. Purchase price of house: $38 000. 
Selling price: 120% of original 
purchase price. 
What is the selling price? 


6. Which costs less? how much less? 
[a] $25 coat at 20% off. 
$30 coat at 30% off. 





. Write a decimal for each percent. 


A 270% 
B 850% 


e¢ 1000% 
bp 795% 


E 1250% 
F 3500% 


. Find the amounts. 


A 300% of 650 
B 425% of 400 
c 170% of 1600 


Db 1200% of 525 
E 750% of 300 
F 903% of 8000 


. Solve each percent problem. 


A Population in 1940: 76 500. 
Population in 1970: 225% more. 
What is the population in 1970? 


1 
i 3% 


J 0.35% 


w 
x 


K 0.06% 


= 
oy oO 
x 


L 4% 


G 0.6% of 750 J 0.04% of 3000 
H 3% of 988 K 3% of 1500 
1 £% of 1280 L 4% of 5000 


B Length of material: 3 metres. 
Percent of shrinkage: 0.25%. 
Find the greatest amount of 
shrinkage. 
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1. Express each measure in metres. 


A 300 cm p 15km G 46 km J 0.1 km m 0.1 cm 
B 1300 mm Ee 40dm H 40 dam K 0.1 hm nN 0.1 mm 
ec 5km F 74cm 1 530 mm L 0.1 dam o 0.003 km 


2. Find the perimeter of each region. 


A B Cc D 
2.3.cm 


1.8 cm 
Wo g’} 











1. Find the area of each rectangular region. Use the formula A = Iw. 
bp /=65cm 














A B c 
w = 32.1 cm 

: ate eE /!=8.75m 

git w= 3.09 m 

2.6 cm 
2. Find the area of each parallelogram. Use the formula A= bh. 

A D b= 48.3 mm 
h = 56.1 mm 
E b=3.88 dm 
h= 1.36 dm 
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| SET 43 | inal 


1. Find the area of each triangular region. 








22 cm 


2. Find the area of each triangular region. Use the formula A =4bh. 


A b=150cm B b=85m c b=83m Dp b=9.54dm 
h=93 cm h=49m h=45 m h=9.07 dm 


* 3. Find the area of each region. 


A 


10 cm 





Le 35 mm-el<30 mm-} 


| SET 44 cal 














1. Find the sums of the angle measures. 


A 38°15’ 14” B 22°34’ 47" c 45°22’ 16” Be 62°.15'°28" 
27° 33’ 42" 35° 13’ 35” 53° 49' 33” 32° 44' 40" 

E 87° 26' 54" F 55°36’ 45” G 73° 48' 16” H 145°36' 52” 
43°15’ 7” 57° 48’ 48" 16° 11' 44” 38° 14’ 18” 


2. Find the differences of the angle measures. 


A 36°38’ 25” B 48°37’ 15" c 86°25’ 39” D 123° 9' 37” 
14° es 19” ?1 te} 13% 28” 35° 41 ' 28" 95° 48’ 50” 
E 136° 38’ 14” Feli2enoe22, G 75° 48’ H 90° 
74° 52’ 36" 88° 55' 28” 49759 11” 43° 52' 47" 
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1. Find the length of the hypotenuse of each right triangle. 





3. Find the length of the third side of each right triangle. 


Ana— 5a bpi— 20 D a=21,b=28 Geal—rlon Cc 134 
B a=10, b= 24 Enal—o7C—al> H b=44,c=5.5 
c a=18, b= 24 F b=48,c=52 1 a=6, c=68 








1. Find the volume of each rectangular solid. Use the formula V = Iwh. 













A 2mm B c p /!=220 mm 
3.1m w=175mm 
h=30 mm 
15 mm 
eE /=86m 
an w=49m 
h=7.05m 


4.2m 


2. Find the volume of each space figure. 
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1. Find the volume of each prism. 


A B 
B= 49 
5.3 
9 
2 CO 


2. Find the volume of each pyramid. 






Cc Es a D 


nNi= 








1. AABC ~ ADEF. The letters a, b, 2. AGHJ ~ AKLM. The letters g, h 
c, d, e, and f represent the lengths j, k, 1, and m represent the lengths 
of the sides. of the sides. 





G K 

aa Ue eergaeen tae - L 
l= 6 Find g, ifj=8,k=7, m= 14. 
Find m, if j= 8, != 18, h =12. 
Find j, if m= 24, g= 12, k = 32. 
Find h, if /= 12, j= 15, m= 36. 
Find k, ifg=6, m= 72, j=9. 
Find J, if h= 10, k= 48, g= 16. 
Find g, ifh=5.5,/=11, k=7.8. 
Find j, if h= 33, = 10, m= 12. 


Find b, ifa=2,e=9 
Find f, if c=.16,e=3, b= 
Find a, ifd=8, b= 24, e= 
Find d, if a= 21,c= 18, f=6. 
Find c, if a= 42, d= 14, f= 13. 
Find e, ifa=6.4, b= 4.2, d= 3.2. 
Find b, ife=1s,f=13,c=35. 
Find d, if a=0.9, c= 0.8, f= 0.4. 


zonmen9goios Pp 
zonmeoois >»p 
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1. Refer to AABC and ADEF. , -¢ 3. Suppose =’ =§. Give the ratios. 
D 








AZ AL=IZe a ®: 
2 lll : a 
c AABC ~ A? 





2. Refer to AMNP, AQRS, and ATUV. 


ee? N 
a MN_RS_ Ill | 


NP iil ill p 


B4Q=47 =242 Ss: 


c AMNP~A? ~A2R 








T ey! 
Vv 
1. In right AABC, b = 8, tan 36° ~ 0.73, 
and cos 36° ~ 0.81. Find a and c. 
A B 
tan 36°=§ cos 36°=8 
g ~ 0.73 c ~ 0.81 
a = lll c = Il 
2. In right ADEF, f = 22, sin 42° = 0.67, 
and cos 42° =~ 0.74. Find d and e. 
a sin 42°=5 B cos 42°=55 
5 ~ 0.67 o> ~ 0.74 
d ~ Ill e = Ill 


3. In right A TWX, w= 16, sin 40° = 0.64, 
tan 40° ~ 0.84. Find t and x. 


4. Use the figure to compute the trigonometric 
ratios for ZA to the nearest hundredth. 





A tanA B siInA c cosA 
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1. Find the circumference of each circle with the given diameter. 
Use the formula C = zd and the fact 7 ~ 3.14. 


Gmdi—si4-cm FaOi—si-onm 
Dp d=23 cm Ged —sli/7G.cm 





E d=310 mm H d=0.9 km 


2. Find the circumference of each circle with the given radius. 
Use the formula C = 2zr and the fact 7 ~ 3.14. 


A Can eecemm Fearn—o- om 
p r=440m G r=0.35 mm 
E r= 523 cm H r=6.15mM 








1. Find the area of each circular region. Use the formula A = zr? 
and the fact 7 ~ 3.14. 


A B © r=20m F r=3ym 
pb r=12cm G r=3.2 dm 
EP e— 1-5 mM H r=0.4mm 

2. A circular hole is cut in the 22 cm 


rectangular board at the right. 

A lf the diameter of the circle 
is the same as the width of the 
board, what is the area of the 
circle? 

B What is the area of the rectangular 
region after the circular region is 
removed? 


46 cm 





3. A Find the area of the inner region 
of the track. 


B Find the area of the track. 





S-27 


| 
| 








1. Find the volume of each right circular cylinder. Use the 
formula V = mr?h and the fact 7 =~ 3.14. 





bp r=10m, h=20m 
—E r=12cm,h=15cm 
F r=3.1m, h=5.2m 
G r=2.2m, h=1.53m 


2. Find the volume of each right circular cone. Use the 


formula V=37r7h and the fact m ~ 3.14. 





db r=5cm, h=7.5cm 
—E r=40m, h=60m 

F r=1.02m,h=4.2m 
Gc r=08m, h=18m 





1. Suppose the cube has 2. Refer to the spinner. SW» 


the letters A, B, B, C, 
C, and C on its faces. 
Give the probability 
that each event will 





Give the probability 
that each event will Vay 


occur. 


A P(even) ce P(multiple of 3) 


appear. 
a P(A) B P(B) c P(C) 
3. An experiment of tossing a die has a sample 


space {1, 2, 3,4, 5,6}. Give the probability 
that each event will occur. 


A P(x=1) Db P(x > 5) 
B P(x > 1) E P(x <5) 
c P(x <3) F P(x = 4) 
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B P(odd) bp P(multiple of 4) 


HES 
G P(1 <x < 4) 


H P(x is even) 
1 P(x >6) 








_ SET 55 aa 


1. Compute each of the following: 





A 4! B 6! Giz! D 2! 4! E 3! 5! F 6!=3! 
2. How many different arrangements of 4. How many different ways can 8 

the letters in the word CART are students be arranged in a row 

possible? List them to verify your of 8 desks? 

answer. 

5. How many different ways can 9 

3. How many different arrangements of pictures be arranged ina 

the letters in the word CANDY are straight line on a wall? 

possible? 


6. Solve the equations. Give your answer as a factorial, when possible. 


A7:6!=n p 6!+30=n G 7!:8:9=n 
B 9!-n=10! Eo) > — H 6!=3!=n 
Ceolan— a. F 8!=~n=8 ioe oan 








a a 


1. From the set {3, 4, 5, 6, 7, 8}, 3. There are 5 roads from Athens to 
a 2-digit numeral is to be selected. Booneville and 3 roads from 
A How many different digits can be Booneville to Carson. How many 
used for the tens’ digit? different routes are there from 


B How many different digits can be Athens to Carson? 


used for the ones’ digit? Booneville 






c How many 2-digit numerals are Athens Carson 
possible? 
2. Susan has 6 sweaters and 4 skirts. 4. From a menu of 8 items, you can 
How many different outfits does choose any 3 of them. How 
she have if any sweater can be many choices do you have? 


worn with any skirt? 


5. Compute the number of combinations indicated. 
A 4C> B .C; cr, GC: p ,C; E.G, F.C; 
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. Suppose an experiment consists of tossing a die. 


The sample space is {1, 2,3, 4, 5, 6}. 

A Let E be the event of getting a 1 ora 6. @20% 
What is P(E)? 

B Let F be the event of getting a 2, 3, or 5. BR 


What is P (F)? 
c Find E 1 F. What is P(E 9 F)? 
pb Find E U F. What is P(E U F)? 


. A spinner is divided into 8 parts of equal size 
and numbered 1 through 8. 
A Let E be the event of getting a 1, 2, or 3. 
What is P (E) ? 
B Let F be the event of getting an odd number. or >) 
What is P (F) ? 


© What is P(E 9 F)? p What is P(E U F)? 


. An experiment consists of drawing two cards from those 
labeled E, F, G, H, I. Let E be the event of getting 
a vowel and let F be the event of getting a consonant. 


A What is P(E)? B What is P (F) ? c Whatis P(E U F)? 








. What is the average (arithmetic mean) of each set of numbers? 


[Asya pb 123, 101, 132, 130, 114 
B 66, 65, 70, 67 E 208, 206, 199, 244, 235, 216 
c 253, 250, 213, 248 F 4500, 4498, 4603, 4555 


. What is the average (arithmetic mean) to the nearest whole number? 


A 38, 50, 49, 61, 56 E 1266, 1313, 1288, 1295 

B 305, 299, 316, 278, 366 F 102,995 75,8796G92)67, 
c 135, 164, 173, 122, 155, 90 G 58.2, 56.7, 52.5, 54.3 

bd 675, 701, 699, 693, 711, 700 H 48.73, 53.71, 59.77, 49.99 
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1. Find the median of each set of numbers. 


A 46, 48, 49, 51, 55 

B 89, 84, 88, 80 
CmcOmico vice, 127 

Dp 38, 35, 41, 42, 39, 44 

E 1200, 1300, 1400, 1500 


Solve the problems. 


2. Test scores: 
Goce wo eho .01,.70, 00, 
77, 65 
What is the median score? 


3. Bowling scores: 
foOml4amlogel 1G, 121, 125, 
1041255 110,.120, 142 

What is the median score? 


=e 


FeO cO,OmtOmO. Wales, 12,12 
G21, 19 towel 18,°19; 235.20 
H 303, 305, 333, 306, 325, 321 

1 1560, 1545, 1598, 1534, 1555 
J 72.6, 68.1, 93.1, 79.4 


4. Masses of 6 teen-agers: 
58.2, 56.7, 52.5, 54.3, 
Siee200)4 

A What is the median? 

B What is the mean? 

c Which shows the more 
“average’”’ of the masses, 
the mean or the median? 








1. In 120 tosses of a die, a class 
found the frequency for each 
outcome as given in the table. 











e ®l|e @|/e @/e@@e@ 
e e e 
e e e@ @e1|e@ e/eee0 





What is the mode for the experiment? 


2. A student survey of the number 


of books read in a month is 
shown in the table. How many 
books did the greatest number 
of students read? 


3. The table shows the 
temperatures of some 
cities on a certain 
day in March. What 
is the mode? 








1-2 2-3 3-4 4-5 5-6 
12 18 10 6 4 











1-5 | 6-10 | 11-15 | 16-20 | 21-25 | 26-30 
15 26 1& 32 8 10 





S-31 


ae 


1. a How many students 
are represented oe 


by this histogram? ¢ “ 
DESO 

B What percent are 2 ss 
13 years old? 38 

c What percent are 0 


over 13 years old? 


2. a Whatisthe _ 
highest Se 
temperature? § 
B What is the 3 
lowest E 
ke i 
temperature? aaa Sa 


c¢ How many degrees 
did the temperature rise 
between 8 A.M. and noon? 








4 
A.M. P.M. 


12 13 14 15 








3. The circle graph shows how 


Marcia accounted 
for her monthly 
earnings 

of $600. 

A How much 


was spent 
for rent? 





B How much was spent for food? 


. The circle graph shows how 300 


students are taking foreign 
language classes. 


A What percent 
take French? 


B What percent 
take Italian? 








1. Find the positive square root of each number. 


A 169 Ee 1156 
B 529 F 5041 
c 441 G 2916 
D 256 H 2209 


J 


L 


3136 
7396 
6889 
8836 


m 98.01 Qa 46.24 
N 77.44 R 14.44 
o 70.56 $~ 0.3259 
P 37.21 T 0.1849 


2. Find an approximation of each number to the nearest tenth. 


A V14 pb vV150 
B V23 —e V425 
c v69 F 485 


$-32 


G vV500 
H V9100 
V3000 


J V12.5 m V51.9 
K V26.5 V0.55 
L V41.3 o v0.11 


Mathematical Symbols 


= Is equal to 
# Is not equal to 
> Is greater than 
< Is less than 
<= Is less than or equal to 
= Is approximately 
= Is congruent to 
~ Is similar to 
{a, b,c} Set with elements a, b, c 
d@ Empty set 
U Union 


Intersection 


Metric System Prefixes 


kilo- 


hecto- 


one thousand 
one hundred 


deca- ten 


Formulae 
P=a+b+c 
P=2-1+2-w Perimeter of rectangle 


Perimeter of triangle 


A=I-w Area of rectangle 
A=b:-h Area of parallelogram 
A=::b-h Area of triangle 

a?+ b?=c? Pythagorean Theorem 
V=I!-w-h Volume of rectangular 


solid 


AB Line through points A and B 
AB Ray AB with endpoint A 
AB Segment with endpoints 
A and B 
ZABC Angle ABC with vertex B 
mZABC Measure of angle ABC 
AABC Triangle ABC 
RS Arc with endpoints R and S 
35. Thirty-five degrees, 
14’ fourteen minutes, 
20" twenty seconds 
%o Percent 
7 Pi 
deci- one tenth 
centi- one hundredth 
milli- one thousandth 
C=7-d Circumference of circle 
A=7'r Area of circle 
V=i-7-rFr* Volume of sphere 
V=7-r?-h Volume of cylinder 
V=3-7-r*?hVolume of cone 
V=B-h Volume of prism 
(B = base area) 
V=i1-B-h_ Volume of pyramid 
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Table of Powers and Roots ore 


Square root |: 


of 10 timesn 


ViOXn | pt Vi0 Xn 


22.583 
2704 22.804 
2809 23.022 
2916 | 7. 23.238 
3025 | 7. 23.452 
3136 | 7. 23.664 
3249 | 7. 23.875 
3364 24.083 
3481 24.290 
3600 24.495 


3721 24.698 
3844 24.900 
3969 25.100 
4096 25.298 
4225 25.495 
4356 25.690 
4489 25.884 
4624 26.077 
4761 26.268 
4900 26.458 


5041 26.646 
5184 26.833 
5329 27.019 
5476 27.203 
5625 27.386 
5776 27.568 
5929 27.749 
6084 27.928 
6241 28.107 
6400 28.284 


6561 28.461 
6724 : 28.636 
6889 28.810 
7056 28.983 
7225 295155 
7396 29.326 
7569 29.496 
7744 29.665 
7921 29.833 
8100 30.000 


8281 30.166 
8464 30.332 
8649 30.496 
8836 : 30.659 
9025 : 30.822 
9216 : 30.984 
9409 31.145 
9604 SiesO5 
9801 31.464 
10 000 31.62 
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GLOSSARY 


abacus A device used for calculating, usually in- 
volving sliding beads or counters along a wire. 


absolute value The undirected distance from a point 
on the number line to the origin. The absolute value 
of a number x is either x or ~x, whichever is non- 
negative. We denote absolute value with vertical 
lines: |~5| = 5; |5| = 5; |O0| =0. 


acute angle An angle smaller than a right angle. 


addend Any one member of a set of numbers to be 
added. In the equation 7 + 9 = 16, 7 and 9 are 
addends. 


addition An operation that combines a first number 
(addend) and a second number (addend) to give 
another number (this number is called the sum of 
the two addends). 


additive inverse Each of two numbers whose sum is 
zero is said to be the additive inverse of the other. 


adjacent angles Two angles 
with a common vertex, a 
common side, and no common fe 
interior points. In the 
figure, 21 and 22 are adjacent angles. 


adjacent sides Two sides of 
a polygon with a common 
vertex. 


adjacent 
sides 





algorithm (algorism) A computation procedure. For 
example, the algorithm for finding the quotient of 
two numbers. 


B AR: 
altitude (of a triangle) The A Bene aie 
segment from any vertex Se 
perpendicular to the opposite / 


side. Also, see height. Ame DEG 







angle The union of two rays 
with a common endpoint 
(vertex). 


angle bisector The ray which 
divides an angle into two 
congruent angles. In the 9 
figure DB bisects 2 ADC. Cc 


apex angle The angle of an 
isosceles triangle whose vertex Apex 
is the intersection of the two angle 
congruent sides of the triangle. A B 


approximation A number that is suitably ‘‘close’” to 
another number. For example, a decimal approxi- 
mation for 3 is 0.22. The symbol “=” denotes “is 
approximately’; for example, 7 ~ 3.14. 


AC is the base. 


arc If ZAOB is a central angle A C 
of a circle, arc ACB (ACB) is the 
set of points on the circle which D B 


are interior to 2AOB or on ZAOB. 


ACB denotes a minor arc. ADB denotes a major arc. 


area The measure of a plane region in terms of a 
chosen unit, usually a square. 


arithmetic mean The quotient of the sum of num- 
bers in a set divided by the number of numbers in 
that set (Often called the ‘‘average.’’) 


associative (grouping) principle The principle which 
states that the sum (or product) of three or more 
numbers is the same regardless of grouping: 
(a+b) +c=a-+ (b+c) 
or (a: b) -c=a-: (b-c) 


average See arithmetic mean. 


axes (x-axis, y-axis) The coordinate axes in a plane 
are perpendicular number lines used to match each 
point in the plane with an ordered pair of numbers. 
Usually, the x-axis is the horizontal number line 
and is directed to the right while the y-axis is the 
vertical number line and is directed upward. 


bar graph See histogram. 


base (of numeration) The term “base’”’ refers to the 
type of grouping involved in a system of numera- 
tion. For example, in base eight: 25,,, means 2 eights 
and 5; 346.4, means 3 sixty-fours, 4 eights, and 6. 


base (of a polygon) Any side of a polygon may be 
referred to as a base. See figure for altitude. 


base (of a space figure) See examples below. 


Bases of 
a cylinder 


Base of acone’ Base of a pyramid 


bisect To divide into two congruent parts. 


Celsius temperature Temperature based on the Cel- 
sius scale in which water freezes at 0° and boils at 
100° 


centre A (fixed) point of symmetry for a geometric 
figure. See the figure for circle. 


centi- A prefix meaning one hundredth. 
centimetre A unit of length that is 799 of a metre. 


central angle An angle with its vertex at the centre 
of the circle. See the figure for circle. 


centroid (of a triangle) The 
point of intersection of the 
three medians of a triangle. 


median 


centroid 


chord A segment with both endpoints on a circle. 
See the figure for circle. 


circle The set of all 
points in a plane 
which are a specified 
distance from a fixed 
point called the 
centre. 














Oo <— | Central angle 





Cen 


circle graph A diagram 
used to show statistical 10% 
information, particularly  °*”'9 
to show how a given 
quantity is divided into 
fractional parts. ESS 
Monthly expenses 


circumference The limit of the perimeters of regular 
inscribed polygons in a circle. The circumference of 
a circle is the product of its diameter and the num- 


ber 7. The formula is c = 7d. 


Points of 
tangency 


circumcentre The point of 
intersection of the per- 
pendicular bisectors of 
the sides of a triangle. 
It is the centre of the 
circle circumscribing 
the triangle. 





circumscribed circle A circle 
drawn through the vertices 
of a polygon. A circle can 
be circumscribed about any 
triangle but only about 
certain other polygons. 






circumscribed polygon If the 
sides of a polygon are 
tangent to a circle, then 
the polygon is circum- 
scribed about the circle. 
Also, see inscribed circle. 


closed curve Intuitively, a 
curve is closed if you can 
begin at any point and 
trace the curve until you 
return to the starting point. 





closure A property of a subset of a set A relative to 
an operation defined on the set A. For example, 
the operation of addition on the set of whole num- 
bers is closed relative to the subset of even whole 
numbers, for the sum of any two evens is even. 
It is not closed upon the subset of odd whole num- 
bers, for the sum of two odds is not odd. In the set 
of rational numbers the subset of integers is closed 
under subtraction, but the subset of whole num- 
bers is not. 


collinear (points) Two or more points lying on the 
same line. 


combination Essentially, the word combination 
means the same as ‘‘subset.'’ We say that from a 
set of 4 elements, 6 combinations of 2 elements 
can be formed, meaning that the set of 4 has 6 sub- 
sets of 2. We denote this as ,C,. 


common factor A number that is a factor of each of 
two or more given numbers. For example, 3 is a 
common factor of 6 and 9. 


common multiple A number that is a multiple of 
each of two or more given numbers. For example, 
18 is acommon multiple of 2, 3, and 9. 


commutative (order) principle The principle which 
states that the sum (or product) of any two numbers 
is the same regardless of the order in which they 
are added (or multiplied): 
a+b=b+aora-b=b:-a 


complementary angles Two angles whose measures 
have a sum of 90°. 


complex fraction A fraction that has a fraction for 
the numerator or the denominator, or both. 


composite number Any whole number greater than 
1 which is not prime. Composite numbers have 
more than two factors. 


concave figure See convex figure. 


cone A space figure formed by 
a closed plane curve and all 
line segments from a point 
not in the plane of the curve 
to all the points of the curve. 





congruent angles Angles which have the same 
measure. 


congruent figures Two figures are congruent if one 
of the figures is the image of the other by one of 
the rigid motions (reflection, rotation, translation) 
or by any combination of motions. 


congruent integers Two integers a and b are con- 
gruent, modulo m if the difference a — b is divisible 
by m. We write a= b (mod m). 
23 = 7 (mod 4) because 23 — 7 is divisible by 4. 
5= ~13 (mod 3) because 5 — ~13 is divisible by 3. 


congruent segments Segments whose endpoints 
are equally far apart; segments which have the 
same length. 


convex figure A figure is convex if every segment 
joining any two points on the boundary of the fig- 
ure contains only points on the figure or in its 
interior. 
convex 


non-convex or ; 
figure concave figure 


coordinate axes Two inter- 
secting perpendicular 
number lines used for 
graphing ordered number 
pairs (coordinates). 





coordinates An ordered number pair matched with 
a point in the coordinate plane. See the figure for 
coordinate axes. 


correspondence A matching of elements in one set 
with those of another set. 


corresponding angles Two angles matched by any 
one-to-one correspondence between angles of 
two triangles. \ ye 


For example, y= 
B G F 


ZA and 2D. 

corresponding points Two points matched by any 
one-to-one correspondence between points of two 
triangles. For example, point C corresponds to point 
F above. 


E 


corresponding segments Two segments matched 
by any one-to-one correspondence between seg- 
ments of two figures. For example, AB and DE are 
corresponding segments above. 


cosine See trigonometric ratios. 


cross section The intersection of a space figure and 
a plane. 


cube (geometry) A regular 
polyhedron each of whose 
six faces is a square. It is 
also a regular hexahedron. 





cube (numeration) A number raised to the third 
power. 8 is the cube of 2 because 2?= 8. Also, to 
raise a number to the third power. 







cylinder The space figure 
formed by two congruent 
curves in parallel planes 
and the parallel segments 
connecting corresponding 
points of the curves. 


Right 
circular 
cylinder 


deca- A prefix meaning ten. 
decametre A unit of length that is 10 metres. 
deci- Aprefix meaning one tenth. 


decimal (numeral) Any base-ten numeral written 
using a decimal point. 


decimal system of numeration A system of numera- 
tion in which powers of ten and place value are 
used. 


decimetre A unit of length that 1s 7 of a metre, or 
10 centimetres. 


degree A unit angle that is 36 of a right angle. 


denominator For each fraction = b ~ 0, b is the 
denominator. 


diagonal A segment connecting two nonconsecutive 
vertices of a polygon. 


diameter Any chord that 
contains the centre of a 
circle. 





difference The number resulting from subtraction. 


digits The basic symbols used in a place-value sys- 
tem of numeration. In base ten, the symbols are 
OF ae CA CHC eh Sy Latch Elave) CD, 


distributive principle The fundamental principle con- 
necting addition and multiplication. 
a: (b+c)=a-bta-c. 
3 — Quotient 


dividend The number to be 5317 <2 pidend 
divided in a division 15 


Divisor 
problem. 2 <— Remainder 


divisible A given number is divisible by a second 
number if the remainder is zero. If a= 6b- c with 
b #O andc #0, then a is divisible by either b orc. 


division The inverse of the operation of 
multiplication. FOF 


P 
34 dl 2a 


divisor See dividend. 


mney 


F 
+4 
+3 


hon 


dodecahedron A polyhedron 
which has 12 faces. A 
regular dodecahedron has 
12 congruent pentagonal 
faces. 





domain The set of all input numbers for a function. 


edge A segment that isa 
side of any face of a 
space figure. A cube has 
12 edges. 





element A member of a set. 


empty set The set containing no elements. It is 
denoted by ‘‘{ }" or the symbol ¢. 


equal sets Sets containing the same elements. 
They may be listed in different order. 


equality The relation of identity. A statement of 
equality asserts that two symbols name the same 
object or number. 


equally likely outcomes Outcomes or results that 
have the same chance of occurring. 


equation A mathematical sentence using the equal- 
ity symbol (=). 7 + n= 9 is an equation. 


equiangular triangle A triangle all of whose angles 
have the same measure. 


equilateral triangle A triangle having all sides the 
same length. 


equivalent decimals Decimals which represent the 
same number. For example, 0.5, 0.50, and 0.500 are 
equivalent decimals. 


equivalent fractions Fractions which represent the 
same number, such as 3, 75 and yap. 


equivalent ratios Two ratios which represent the 
same rational number. For example, the ratio 5:10 
is the same as 1:2. 





equivalent sets Sets having the same number of 
elements. 


estimate An approximation for a given number. 
Often used in the sense of a rough calculation. 


even number A whole-number multiple of 2. The 
set of even numbers is {0,2,4,6.. .} 


event Any subset of a sample space for a probability 
experiment. If a die is tossed, the event of getting a 
number greater than 3 has occurred if any number in 
the subset {4, 5, 6} results from the toss. 


expanded notation A representation of a number 
as a sum of powers of ten such as: 
3424=3-10°9+4-102+2-10'+5- 10° 


exponent In a symbol such as 5‘, the numeral 4 is 
an exponent and 5 is the base. Positive exponents 
indicate how many times the base is to be used as 
a factor; 5‘=5-5-5- 5. Negative exponents are 
used to indicate reciprocals of powers of numbers; 
63 =s,10-4=a0r. 


exterior angle of a polygon An angle formed by 
extending any one side of a polygon. A triangle 
has six exterior angles. 


A 


~ 







_~ 
Exterior 


angle 





BEé 
ZACD is an exterior angle of AABC. 


extremes The first and last terms in a proportion 
written in the form a:b =c:d. The numbers a and 
d are extremes and b and € are called the means. 


face Any one of the bounding polygonal regions of 
a space figure. See the figure for edge. 


factor Any one member of a set of numbers to be 
multiplied. In the equation 5 - 7 = 35, 5 and 7 are 


factors. 
SX or 205) 
factor tree A diagram x ye \ A 
suggestive of a tree 9 10 
showing the prime fac- 
torization of a number. 90 


x 


factorial If n is a positive whole number, factorial n 
denoted by n!, is defined to be 

pH oR eghe the 25. OSA (ty ay oie: 

0! is defined to be 1. 


flow chart A diagram which gives instructions in a 
logical order. 


formula A general fact or rule expressed by using 
symbols. For example, the area any parallelogram 
with base b and height h is given by b- h. The for- 
mula is usually presented with the equation A=b- h. 


fraction A symbol for a fractional number of the form 
= such that b # 0. 


fractional number The set of non-negative rational 
numbers. 


frequency The number of times an outcome occurs 
in a probability experiment or the number of times 
a bit of data occurs in a collection of data. 


function A correspondence that associates each 
element in a first set with a unique element of a 
second set. Different elements in a first set may 
possibly be matched with the same element of the 
second set. 


gram A unit of mass. The mass of one cubic centi- 





metre of water at 4°C. f(x) Graph of 
graph A set of points 2 Senter a 


associated with a given f f(x) =2-x 
set of numbers or number =+— 
pairs showing a relation 


or function. ;; 


graph (statistical) A picture used to illustrate a given 
collection of data. It may be in the form of a bar 
graph, a circle graph, a line-segment graph, or a 
pictograph. 


great circle A circle formed by the intersection of a 
sphere and a plane containing the centre of the 
sphere. 







Small circle 


Centre Great circle 


greater than A number x is greater than a number 
y (written x > y) ifx=y+pand pis positive. 3 is 
greater than -5, for -3= 5+ 2. Wewrite, 3 > 5. 


greatest common factor (GCF) The largest, or great- 
est, number that is a factor of each of a set of 
numbers. 


greatest possible error Half of the basic unit in 
which a measurement is given. For example, if a 
length is given as 18 centimetres to the nearest 
centimetre, then the basic unit is the centimetre 
and the greatest possible error is 0.5 centimetre. 


hecto- A prefix meaning one hundred. 


height (of a prism) The perpendicular distance be- 
tween the planes of the parallel faces. 


heptagon A 7-sided polygon. 
hexagon A 6-sided polygon. 


Hindu-Arabic numeral A numeral for a whole num- 
ber formed from the basic Hindu-Arabic numerals 
(0, ik sh Zh yO. Ma teh Elatell), 


histogram A bar graph showing the frequency dis- 
tribution of a set of data. 


hypotenuse The side ofa 
right triangle opposite 
the right angle. 





icosahedron A polyhedron 
of 20 faces. A regular 
icosahedron has equilateral 
triangles for its faces. 





identity element For addition, zero is the identity 
element since a + 0O=a for any number a. Similarly, 
for multiplication, 1 is the identity element since 
a:1=a. 


identity principles For any number a, a+ 0=a and 
a-1l=a. 


image The figure obtained after a rigid motion of a 
given figure. From a functional viewpoint, y is the 
image of x if there is a function f such that y is the 
output when x is the input; that is, f(x) =y. 


improper fraction A fraction whose numerator is 
greater than or equal to its denominator. 


incentre The point of inter- 
section of the angle 
bisectors of each angle of 
a triangle. The centre of 
the circle inscribed in a 
triangle. 






incentre 


inequality A mathematical statement using either of 
the symbols < or > such as <g. A 


inscribed angle An angle that 
contains three points of the 
circle and has its vertex on 
the circle. B C 


inscribed polygon See circumscribed circle. 


integers The set consisting of the natural numbers, 
the negatives of the natural numbers, and zero; 
{reer ee ieails Onliner mete 


interpolation When we wish to find a number be- 
tween two entries in a table, we interpolate. For 
example, if a table of square roots shows 


V7 =2.646 and V8= 2.828 


then a good approximation for V7.5 can be inter- 
polated between these numbers by choosing the 
number midway between them: 
2.646 + 2.828 
2 
intersection The intersection of two sets is the set 
of all elements common to both sets. 


V7.5 is approximately = 2.737. 


inverse (operation) Operations which are opposite 
in effect such as addition and subtraction or multi- 
plication and division. 


irrational number A real number that cannot be 
expressed as the quotient of two integers; a non- 
rational number. Irrational numbers have infinite 
nonrepeating decimal representations. 


isosceles triangle A triangle with at least two con- 
gruent sides. 


kilo- A prefix meaning one thousand. 


kilogram A unit of mass that is 1000 grams. 


kilometre A unit of length that is 1000 metres. 


lateral edges An edge of a prism connecting the 
parallel faces. 


A 







Lateral face ABCD 


«—Lateral edges AB and CD 


C 


lateral face One of the faces of a prism containing 
two lateral edges. (See figure for lateral edges.) 


least common denominator The least common mul- 
tiple of the denominators of two or more fractions. 
for example, the LCD of and 3 is 12. 


least common multiple (LCM) The smallest non- 
zero number that is a multiple of each of two or 
more given numbers. The LCM of 4 and 6 is 12. 


legs (of a right triangle) 
The perpendicular sides 


of a right triangle. eos 


length The measure of a segment in terms of a 
chosen unit. 


lessthan ais less than b (written a <b) if bis greater 
than a. (See greater than.) 


line of symmetry Line t is a line of symmetry of a 
set S of points if for each point A of S there is a 
corresponding point B such that tis the perpendic- 
ular bisector of AB. 


line-segment graph A 60° 
diagram used toshow — 3 
statistical informa- 20. 
tion, particularly 10° 
that of a continuous Oe Saraiaancha 
nature. A.M. P.M. 


litre The basic unit of capacity in the metric system. 


1000 cubic centimetres. 


lowest-terms (simplest) fraction A fraction is in low- 
est terms if the numerator and denominator of the 
fraction have no common factor other than 1. 


mass The amount of matter in a physical object. Ex- 
cept in scientific work, the word ‘‘weight’ is used 
synonymously with mass. A rock whose mass is 1 
kilogram on earth will have a mass of 1 kilogram on 
the moon, but its weight on the moon will be only 
about its earth weight. 


mean See arithmetic mean. 


means _ The second and third terms in a proportion 
written in the form a:b =c:d. See extremes. 


median (of a set) The middie number of a set con- 
taining an odd number of elements that are arranged 
in order. If a set contains an even number of ele- 
ments, the average of the two middie numbers is 
the median. 


median (of a triangle) The segment from the vertex 
to the midpoint of the opposite side of a triangle. 


metre The basic unit of length in the metric system. 
Defined as 1 650 763.73 times the wave length of 
the orange-red spectral emission line of krypton-86. 


metric system A system of measurement in which 
the metre, the litre, and the kilogram are the basic 
units of length, capacity, and mass. 


midpoint (middie point) A point which divides a seg- 
ment into two congruent segments. 


milli- A prefix meaning one thousandth. 


minute A unit of angular measure that is a of a 
degree. 


mixed decimal numeral A combination of a decimal 
and a fraction such as Ay and read as ‘‘four and 
one-third tenths.” 


mixed numeral _ A numeral such as 43 indicating the 
sum of a whole number and a fractional number; 
2 2 
43=4+3. 


mode The most frequently occurring element of 
a set. There may be more than one mode of a set. 


multiple A first number is a multiple of a second 
number if there is a whole number that multiplies 
by the second number to give the first number. 
For example, 24 is a multiple of 4 and 6 since 
4x 6= 24. 


multiplication An operation that combines a first 
number (factor) and a second number (factor) to 
give another number (this result is called the 
product of the two factors). 


multiplicative inverse See reciprocal. 


negative integers The set of numbers 
Sl 23: 963 ewe 


nonagon A 9-sided polygon. 


nonrepeating decimal A decimal not formed from 
any point on by repeating blocks of digits. Each 
nonrepeating decimal represents an irrational num- 
ber, while each repeating decimal represents a ra- 
tional number. 


number line A line with a subset of its points 
matched with a subset of the real numbers. We 
say that the rational number line has “‘holes’’ in it 
because some points are not matched with rational 
numbers. The real number line is said to be ‘“com- 
plete’ because each point is matched with some 
real number. (See real number line.) 


0 1 2 3 Aas 
Whole number line 
<j__4___¢-___e—____o________e—___o—__» 


See Sil 0 1 2 3 Clas 
The integer number line 
Uatpe ae eB 
ye 12 3 2 1 
Bag ets 14 O02 3 les 3 233 334... 
The rational number line 


number pair An ordered pair of numbers such as 
(3, 4); often, co-ordinates of a point in a plane. 


numeral A symbol for a number. 


numerator For each fraction a a is the numerator. 


oblique prism A prism in 
which the base is not 
perpendicular to its 
lateral edges. 





Oblique prism Right prism 
obtuse angle An angle greater than a right angle 
and smaller than a straight angle. 


octagon An 8-sided polygon. 


octahedron A polyhedron 
having eight faces. Each 
face of a regular octahedron 
is an equilateral triangle. 





odd number Any number in the set 
eRe fg a-o nth 


one principle For any number a, a- 1=a. 
See identity principle for multiplication. 


one-to-one correspondence Two sets S and 7 are 
in one-to-one correspondence if there is a match- 
ing so that each element in S is matched with 
exactly one element in 7, and vice versa. 


operation A binary operation like ‘‘multiplication” 
associates each order paired of numbers with one 
number. Usually we speak of the four fundamental 
operations: addition, subtraction, multiplication, 
and division. 


opposites principle For any integer a,a+ a=0. 


origin The intersection of the co-ordinate axes; the 
point associated with the number pair (0, 0). 


outcome A possible result in a probability 
experiment. 


parallel lines Lines in the same plane which do not 
intersect. 


parallelepiped A space figure all of whose faces are 
parallelograms. 


parallelogram A quadrilateral whose opposite sides 
are parallel. 


pentagon A 5-sided polygon. 


percent Literally means ‘‘per hundred’. A symbol 
such as 3% is an abbreviation for ‘3 per 100” or 
“on 


perimeter The distance around a polygon. 


period Each set of three digits in a numeral. In the 


numeral 421 365 761 409, there are 421 billions, 
365 millions, 761 thousands, and 409 units. 


permutation Any ordered subset of a set is referred 
to as a permutation. For example, six permutations 
of subsets of 2 can be formed from any set of three 
elements. 
{a, b,c} —— (a,b), (b, a), (a,c), (c, a), (b,c), (c, b) 
m 


perpendicular bisector 
A line which bisects a 
segment as well as being 
perpendicular to it. 


m 1 bisAB 
B 


_ perpendicular lines Two intersecting lines that form 
right angles. 


pi (7) The ratio of the circumference of a circle to 
its diameter. 7 ~ 3.14159. 


pictograph A diagram 
used to show statistical 
informationwith the use 
of pictures. 


CityA RRR? 
CityB RZ 


City C RRZRR 


as = 1000 people 





plane figure A set of points in one plane. 


point of tangency Ifa line 
and circle intersect in just 
one point, the intersection 
is the point of tangency. 


Point of 
tangency 





polygon A closed plane figure whose boundary is 
made up of segments. 


polygonal path A path consisting 
of a union of segments which 
are connected end to end: 


polyhedron A space figure each of whose faces is 
a polygonal region. 


positive integer Any number in the set {1, 2,3, .. .}. 


power In the statement a = b”, a is the nth power 
of b. For example, for 1000 = 103, 1000 is the third 
power of 10. 


precision One measurement is more precise than 
another if its relative error is smaller than that of 
the other. 


prime factorization An expression of a composite 
number as a product of prime factors. 


prime number A whole number greater than 1 whose 
only factors are itself and 1. 


prism A 3-dimensional (space) figure whose bases 
are congruent polygonal regions in parallel planes 
andwhose faces are parallelograms. 





Triangular prism Pentagonal prism 


probability The ratio of the number of times a cer- 
tain outcome can occur to the number of total 
possible outcomes. 


product The number a: b which results from apply- 
ing the multiplication operation to the numbers 
a and b. 


proportion An equation stating that two ratios are 


-a:b=c: Cee 
equal: a:b=c:d or a 


protractor An instrument for measuring angles. 


pyramid A 3-dimensional 
(space) figure with a 
polygonal base and 
triangular lateral faces. 


Pythagorean Theorem In any 
right triangle, the sum 
of the areas of the 
squares on the legs is 
equal to the area of 
the square on the 
hypotenuse. 





a?+b?=c? 


quadrilateral A 4-sided polygon. 


quotient The number a — b (or b = a) which results 
from applying the division operation to the num- 
bers a and b. 


radian A unit of angular measure. A central angle 
of a circle subtended by an arc whose length is 
equal to the radius; approximately 57.3°; exactly 
(GGO ks 77) ee 


radical sign The sign V which indicates that a 
root is the be extracted. For example, V7 is the cube 
root of 7 and Vé8 is the positive square root of 8. 


A 


radius Any segment from the ve 5. 
Radius OA 


centre of a circle toa 
point on the circle. 





ratio The ratio of two numbers a and b is their 
quotient, =. 

rational number The quotient of two integers, the 
divisor not being zero. 

ray A half-line together A B 
with the point deter- <«———e—————_e————_» 
mining it (endpoint). Ray AB or AB 

real number line Any line with its points matched 


one to one with the real numbers is called a real 
number line. 


xX Y 


x =i O Miky¥2 2 37 4 
The real number line. A point for each real number 
and a number for each point. 





real numbers All numbers, either positive, negative, 
or zero, having decimal representations. Those 
real numbers with nonrepeating decimals are the 
irrational numbers. 


reciprocal lf a- b= 1, each of the numbers a and b 
is the reciprocal (multiplicative inverse) of the 
other. Each nonzero real number has a unique 
reciprocal. Zero has no reciprocal. 


ial 


rectangle A parallelogram 
with four right angles. 


reflection A rigid motion 


that maps the points of Ke 
a plane onto itself. If P P, 
point P is reflected in @ e 


a line with a reflection 
image P,, then the line 
is the perpendicular 
bisector of PP,. 


region All the points in the part of a plane bounded 
by a simple closed curve. 


The interior of 
a quadrilateral 
is a region. 





This curve forms two regions. 


ie 


relative error The ratio of the greatest possible 
error of a measurement to the measurement itself. 
For example, if a measurement is given as 10 centi- 
metres to the nearest centimetre and the greatest 
possible error is 0.5 centimetre, then the relative 
error is the ratio of 0.5 to 10 or 5%. 


regular polygon A polygon that 
is equiangular and equilateral; 
for example, a square. 


remainder !n whole-number division, if dividend D 
is divided by divisor d and the relation D= (q-d)+r 
is obtained where 0 <r <d, then, r is called the re- 
mainder. Note that r = 0 if d is a factor of D (see 
dividend). Also, the difference in a subtraction 
problem. 


repeating decimal A decimal whose digits can be 
grouped from some point on in repeating periods. 
Examples: 0.333 .. .; 0.2727 .. .; 4.273149149 .. .. 
In these examples, the repeating decimals have 
(respectively) periods of 1, 2, and 3 digits and can 
be written as 0.3, 0.27, and 4.273149. 


ay 


right angle An anglewhose measure is 90°. 


rhombus An equilateral 
parallelogram which is 
not a square. 


rigid motion A transformation of the points of the 
plane that preserves all distances. 


Roman numerals The numerals |, V, X, L, C, D, M, 
and combinations of the numerals used in the 
Roman numeration system. 


rotation A rigid motion in which the points of the 
plane are turned about a fixed point. 


rounding A process of replacing a number by an 
approximation (another number) with fewer sig- 
nificant digits. For example, rounding 456 789 to 
the nearest thousand would be 457 000. 


sample space The set of all possible outcomes of 
a probability experiment. 


scale drawing A drawing of an object made so that 
distances in the drawing are proportional to actual 
distances. A scale of 1:10 indicates that distances 
in the drawing are 7o of the actual distances. 


scalene triangle A triangle with no pair of congruent 
sides. 


scientific notation A notation used for writing any 
number as the product of a power of ten and a 
number between 1 and 10 (including 1). 


second A unit of angular measure that is 56 of a 
minute. 


segment A set of points A B 
consisting of two points os 


A and B and all points Segment AB or AB 
between them. 


semicircle An arc that is exactly half a circle. One 
of two arcs cut off by a diameter. 


set A group or collection of objects. 


Sieve of Eratosthenes A process of determining the 
set of all primes that are less than a finite number n. 


significant digits All nonzero digits reported in a 
measurement are significant, but if terminal zeros 
occur, then it must be specified whether or not 
they are significant. For example, suppose a popula- 
tion is reported as 43 000. 

43 000: If only the 4, 3 are significant, then the 
population is expected to fall between 42 500 and 
43 500. 

43 000: If the first zero is also significant, then the 
population is expected to fall between 42 950 and 
43 050. 

In scientific notation, all digits in the factor times the 
power of ten are significant. 

2.3 x 10‘ has 2 significant digits. 

2.370 x 10% has 4 significant digits. 


similar polygons Two polygons are similar if there 
is a one-to-one correspondence between the ver- 
tices such that corresponding angles are congruent 
and corresponding sides are proportional. Congru- 
ence is a special case of similarity. 


sine See trigonometric ratios. 


skew lines Lines that are not in the same plane. 
They do not intersect, yet they are not parallel. 


space The set ofall points. This term usually denotes 
a 3-dimensional quality. We also refer to a plane as 
2-dimensional space and a line as a 1-dimensional 
space. 


space figure A geometric figure whose points are 
not all in the same plane. 


sphere The set of all points 
in space at a fixed distance 
from a given point. 


square root If x?= yy, then x is a square root of y. 
We use the sign V_ to indicate the operation of 
extracting the positive square root of a number. 
For example, in the set of integers, 9 has two 
square roots, 3 and ~3. The symbol V9 by agree- 
ment denotes only the positive square root, 3. 


statistics The science of analyzing numerical 
information. 


straightedge An unmarked ruler. 


subset Set A is a subset of set B if every element 
of A belongs to B. 


subtend Literally means ‘‘to 
be opposite to.’’ For 
example, central angles 
and inscribed angles in a 
circle are said to subtend 
the arcs they cut off. 
Also, chords and arcs) 
in a circle subtend the AB subtends 2 AOB or 
angles of a circle. AB is subtended by Z2AOB 





subtraction The operation that is the inverse of the 
addition operation. 


Ss A A 
id US ee) 
11-6=5 


sum The number a+ b which results when the oper- 
ation of addition is applied to the numbers a and b. 


supplementary angles Two angles whose measures 
have a sum of 180°. 


surface area _ The total area of the polygonal regions 
(faces) of a polyhedron. 


symmetric figure A plane figure which can be 
divided into two congruent parts by a line (of 
symmetry). 


tangent A line which A 
intersects a circle in 
just one point. See also 
trigonometric ratios. 
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AB is tangent to 
circle O at pointA. 


terminating decimal A decimal such as 0.5, 1., 1.24, 
0.0307, and so on, that represents the quotient of 
a whole number and a power of 10: 


0.5=75, 1.24 = 78, 0.0307 = 382 


tessellation A repeated pattern of geometric figures 
which will completely ‘cover a plane’ without any 
gaps or overlapping. 


tetrahedron A polyhedron having 4 faces. BA 


theorem A statement to be proved true by means 
of basic assumptions and mathematical reasoning. 


translation A rigid motion in which each point of 
the plane is moved the same distance and in the 
same direction. 


trapezoid A quadrilateral 
with a pair of parallel 
sides. 


bases, or 
parallel sides 





triangle A 3-sided polygon. 


trigonometric ratios If one of the acute angles of a 
right triangle is chosen, then each of the six pos- 
sible ratios that can be formed between two of the 
sides of the triangle is called a trigonometric ratio 
of that angle. 


is the sine of ZA (sin A). 


is the cosine of ZA (cos A). A 





is the trangent of ZA (tan A). 


T/9OITO|H 


union If A and B are sets, then the union of A and B 
(A U B) is the set consisting of all elements that 
belong to at least one of the two sets. 


unit The object adopted as a standard of measure- 
ment. For length, we choose a unit segment; for 
area, we choose a unit square; and for volume, 
a cube. 


variable A symbol, usually a letter, used to repre- 
sent any number in a given set. For example, we 
may say: ‘‘If x is a whole number, then 2 - x is an 
even number.” 


vector A directed line segment. y 
In the co-ordinate plane a 
vector is often denoted by an 
arrow emanating from the (a, b) 
origin and is denoted by the 
ordered pair of the point at 
the tip of the arrow for the x 
vector. 


vertex A point that two rays 
of an angle have in common. 
Also, the common point of 
any two sides of a polygon. vertex 
vertical angles Two pairs of 
angles formed by two inter- i oe 
secting lines. 


volume The measure of a space figure in terms of 
a chosen unit. 


whole numbers Any number in the set 
{ONE 2, 3) eae 


zero principle The principle which states that for 
any number a, a + 0 = a. Also, see identity element 
for addition. 


ic 
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Abacus, E-3 
Absolute value, E-112 
Absolute zero, F-44 


Addend, E-6 
Addition 
of decimals, F-42 
of integers, E-94 
in modulo 4, H-76 
of rational numbers, F-10 
of vectors, H-86 
of whole numbers, E-6 
Addition Mystery Trick, E-41 
Additive inverse, E-94, F-7 
Algebra, 
graphing linear equations, E-32 
writing equations, E-46 
Ammeter, F-78 
Ampere(s), F-78 
Angle(s), G-38 
adjacent, G-38 
apex, G-41 
base, G-41 
central, H-40 
complementary, G-39 
congruent, G-12 
corresponding, G-12 
exterior, G-41 
measure of, G-38 
right, G-22 
straight, G-39 
sums of, G-38 
supplementary, G-39 


unit, G-38 
vertex of, G-38 
vertical, G-39 


Angle-Side-Angle Theorem, G-20 
Apex, G-41 
Approximation 
of rational numbers, F-56 
of irrational numbers, H—56 
Arc, G-74 
Area 
of a circle, G-84 
of a parallelogram, G-34 
of a rectangle, G-34 
surface, G-37 
of a trapezoid, G-37 
of a triangle, G-36 
Arithmetic mean, H-30 
Associative principle 
for addition of integers, E-94 
for addition of rational 
numbers, F-10 
for addition of whole 
numbers, E-8 
for multiplication of 
integers, E-102 
for multiplication of rational 
numbers, F-16 
for multiplication of 


whole numbers, E-8 
Average, H-30 
Axes, E-118 


Babylonian numeral(s), E-2 
Bar graph, H-36 
Base, E-10 
angle, G-41 
of a pyramid, G-50 
one-third, F-64 
ten, E-4 
of a trapezoid, G-37 
twelve, E-25 
two, E-18 
Basic principles 
for addition of integers, E-94 
for multiplication of 
integers, E-102 
for rational numbers, F-16 
for unit fractions, F-16 
for whole numbers, E-8 
Biased Sample, H—42 
Binary operations, E-24 
Binary system, E-18, E-20 
Birthday Problem, H-47 
Bits, E-27 
Buffon’s Needle Experiment, H-26 


Capacity, metric, G—48 
Cardioid, G-76, G-87 
Celsius temperature, F-44 
Centre of a circle, G-74 
Centi-, G-32 
Central angle, H-40 
Chances, H-2 
Chord, G-44 
Circle(s), G-74 
area of, G-84 
chord, G-74 
circumference of, G-80 
diameter, G-74 
graph, H-40 
great, G-76 
radius, G-74 
tangent to, G-74 
Circuits, electrical, H-88 
Circumference, G-80 
Clock arithmetic, H-77 
Closure, E-96 
Coefficient of linear expansion, 
F-79 
Combinations, H-18 
Common denominator, least, F-12 
Common factor, greatest, E-70 
Common multiple, least, E-74 
Common side, G-17 
Commutative principle 
for addition of integers, E-94 
for addition of rational 
numbers, F-10 
for addition of whole 
numbers, E-8 
for multiplication of 
integers, E-102 


for multiplication of rational 
numbers, F-16 
for multiplication of whole 
numbers, E-8 
Complementary angles, G-39 
Complete factorization, E-68 
Composite number, E-64 
Conclusion, H-42 
Cone, G-78 
lateral surface area of, G-88 
oblique circular, G-78 
right circular, G-78 
volume of, G-80 
Congruence, G-12 
Congruent 
angles, G-12 
integers, H-74 
segments, G-12 
triangles, G-14 
Constant function, E-53 
Coordinate(s), E-52, E-118 
axes, E-118 
first and second, E-54 
Correspondence 
of angles, G-12 
of points, G-12 
of sides, G-12 
Cosine, G-66 
Counting Principle, H-16 
Cross section, G-79 
of a sphere, G-76 
Cube, G-46 
of a number, E-10 
root, H-59 
Cumulative reviews, E-126, 
F-94, G-94, H-94 
Cycloid, G-54 
Cylinder(s), G-78 
lateral surface area of, G-88 
oblique circular, G-78 
right circular, G-78 
total surface area of, G-89 
volume of, G-88 


Deca-, G-32 

Deci-, G-32 

Decimal(s), F-40 
adding, F-42 
approximations for rational 

numbers, F—56 
approximations for irrational 
numbers, H—-56 

dividing, F-52 
equivalent, F-42 
estimating with, F-54 
and fractions, F-42 
mixed-numerals, F-60 
multiplying, F-46 
nonrepeating, H-66 
notation, F-40 
and percent, F-82 
repeating, F-60, H-64 
and scientific notation, F-48 
subtracting, F-42 


terminating, F-60 
Decimal system, E-4 
Decrease, decimal percent of, F-90 
Degree, G-38 
Deltoid, G-87 
Denominator, F-2 

least common, F-12 
Descriptive statistics, H-42 
Diagonal, G-45, H-63 
Diagrams, tree, H-10 
Diameter, G-76 
Difference, E-6 
Digits, E-2 

significant, F-50 
Dissections, puzzle, F-96 
Distributive principle 

in algebra, E-42 

for integers, E-102 

for rational numbers, F-16 

for whole numbers, E-8 
Divisibility rules, E-76, E-78 
Division 

using decimals, F-52 

of integers, E-104 

of rational numbers, F-24 

of whole numbers, E-6 
Dodecahedron, H-5 
Domain, F-30 
Drawings, scale, F-76 
Duodecimal system, E-25 


Egyptian numerals, E-2 
Electrical circuits, H-88 
Element of a set, E-30 
Empty set, E-30 
Equality of rational numbers, F—26 
Equally likely outcomes, H-4 
Equations 

graphing, F-32 

solving, E-38, E-44, E-46 

writing, E-46 
Equilateral triangle, G-9 
Equivalent 

decimals, F—43 

fractions, F-2 

ratios, F-68 
Eratosthenes, Sieve of, E-65 
Error, relative, F-51 

greatest possible, F—50 
Estimation, E-14 
Euclidean Algorithm, E-72 
Event, H-6 

intersection of, H-22 

union of, H-22 
Expanded notation, E-11 
Expansion, coefficient of linear-, 

F-79 

Exponent(s), 

negative, F-38 

positive, E-10 
Exponential notation, F-40 
Extremes, F-70 


Face 
of a cube, G-24 


of a prism, G-25 
Factor(s), E-6, E-10, E-62 
greatest common, E-70 
tree, E-68 
Factorial, H-14 
Factorization, prime, E-68 
Fibonacci sequence, E-81 
Finite set, E-30 
Flips of a square, H-82 
Flow chart, E-46 
Fraction(s), F-2 
and decimals, F-—42 
denominator, F-2 
equivalent, F-2 
improper, F-3 
lowest-terms, E-70 
numerator, F-2 
and percent, F-82 
proper, F-3 
unit, F-16 
Frequency, H-34 
of a pendulum, H-28 
Function(s), E-50 
constant, E-53 
domain of, F-30 
graphing, E-52 
identity, E-53 
machine, E-6 
range of, F-30 
and rational numbers, F-30 
Fundamental Theorem of 
Arithmetic, E-68 


Game Theory, H-96 
Generalization, E-37 
Geodesics, G-96 
Geometric numbers 
square, E-82 
triangular, E-83 
Geometry, Unit G 
angles, G-38 
lines, G-22 
planes, G-24 
points, G-12 
Pythagorean Theorem, G-42, 
H-52 
segments, G-22 
triangles, G-14 
Goldbach’s Conjecture, E-87 
Golden Ratio, H-67 
Googol, E-11 
Gram, G-48 
Graph(s) 
bar, H-36 
circle, H-40 
of equations, E-32, E-54 
of functions, E-52 
of integers, E-122 
line-segment, H-38 
Toothpick, H-50 
Gravity, specific, F-63 
Great circle, G-76 
Greater than, E-48 
Greatest common factor, E-70 


Greatest possible error, F-50 


Grouping principle, see 
Associative principle 


Handicap, H-31 
Hecto-, G-32 
Height, G-46 

slant, G-88 
Hemisphere, G-76 
Hexominos, G-28 
Hindu-Arabic numerals, E-2 
Histogram, H-36 
Hypotenuse, G-36 


Identity element 
in modulo 4, H-79 
in the octic system, H-83 
for rational numbers, F-16 
for vectors, H-87 
for whole numbers, E-8 
function, E-53 
Image 
reflection, G-8 
rotation, G-6 
translation, G-2 
Implication, in logic, E-116 
Improper fraction, F-2 
Increase, percent of, F-90 
Inequalities, E-48 
of integers, E-108 
of rational numbers, F-—26 
Inferential statistics, H-42 
Infinite, set, E-30 
Input number, E-52 
Integer(s), E-90 
addition of, E-94 
basic principles for 
addition of, E-94 
basic principles for 
multiplication of, E-102 
congruent, H-74 
division of, E-104 
graphing, E-122 
inequalities, E-108 
multiplication of, E-100 
negative, E-90 
opposites, E-90 
pair, E-118 
positive, E-90 
subtraction of, E-96 
Integral exponents, F-38 
Interpolation, H-60 
Intersecting lines, G-22 
Intersection of sets, E-32 
of event, H-22 
Inverse 
additive, E-94, F-7 
multiplicative, F-20 
Irrational number(s), H-54 
decimal approximation to, 
Isosceles triangle,G-17 


Kilo-, G-32 
Kilogram, G-48 


Kilowatts, F-22 


Lateral faces, G-25 
Lateral surface area 
of a cone, G-85 
of a cylinder, G-88 
of a sphere, G-90 
Least common denominator, F-12 
Least common multiple, E-74 
Legs of a right triangle, G-36 
Length, G-30 
Less than, E-48 
Limacon, G-75 
Linear equations, graphing of, 
F-32 
Linear expansion, coefficient of, 
F-79 
Lines 
intersecting, G-22 
parallel, G-22, G-56 
perpendicular, G-22 
of symmetry, G-9 
Line-segment graph, H-38 
Litre, G-48 
Lowest-terms, F-2 


Mariner Flight, E-23 
Mass, G-48 
Masses and springs, F-74 
Mayan numerals, E-3 
Mean, arithmetic, H-30 
Means, F-70 
Measure angle, G-38 
Measurement 
of angles, G-38 
of area, G-34 
greatest possible error, F-50 
of length, G-30 
metric system of, G-32 
of perimeter, G-31 
precision of, F-51 
Pythagorean Theorem, G-42 
relative error of, F-51 
scale drawings in, F-76 
of surface area, G-37 
tables of measures, S—33 
of triangles, 304, 307 
units of, G-30 
units of, and ratio, F-72 
using ratio and proportion in, 
F-72 
of volume, G-46 


Median, H-30 

Metre, G-32 

Metric capacity, G-48 
Metric system, G-32 
Milli-, G-32 

Minute, G-28 

Mixed decimal numerals, F-58 
Mixed numeral, F-12 
Mode, H-34 

Modulo 4, H-74 
Motions, rigid, G-12 


Multiple 


least common, E-74 


Multiplication, 92 


basic principles for integers, 
E-102 

basic principles for rational 
numbers, F-16 

basic principles for whole 
numbers, E-8 

of decimals, F-46 

of integers, E-100 

in modulo 4, H-78 

of rational numbers, F-16 

of whole numbers, E-6 


Multiplicative inverse, F—20 


Negative integers, E-90 
Negative rational numbers, F-6 
Nephroid, G-87 

Nonrepeating decimal, H-66 
Null vector, H-84, H-87 
Number 


bases, E-4, E-10, E-18 
composite, E-64 
cube, E-10 
geometric, E-82, E-83 
input, E-50 

irrational, H-54 
output, E-50 
partitions of, E-45 
perfect, E-63 

prime, E-64 

rational, F-6 

real, H-68 

square, E-82 
triangular, E-83 
whole, E-8 


Number line 


and absolute value, E-114 
and integers, E-91 
rational, F-4 

real, H-68 


Number theory, E-68 
Numeral(s), E-2 


Babylonian, E-2 
base-ten, E-4 
Egyptian, E-2 
Hindu-Arabic, E-3 
Mayan, E-3 

mixed, F-12 

mixed decimal, F-58 
Roman, E-2 


Numerator, F-2 


Oblique circular cone, G-78 
Oblique circular cylinder, G-78 
Octic mathematical system, H-83 
One principle 


for multiplication of integers, 
E-102 

for multiplication of rational 
numbers, F-17 

for multiplication of whole 
numbers, E-8 


Open sentences, E-36 
Operation *, H-80 
Opposite, E-90 
Opposites principle 
for addition of integers, E-94 
for rational numbers, F-6 
Ordered pair, E-118 
graphing integers, E-118 
Order principle, see 
Commutative principle 
Outcome, H-4 
Output, E-52 


Palindrome, E-17 
Parallel 
lines, G-22, G-56 
planes, G-24 
Parallelepiped, G-25 
Parallelogram(s), area of, G-34 
Partitions, E-45 
Pentominos, G-72 
Percent, F-80 
of increase and decrease, F-90 
large and small, F-88 
types of percent problems, 
F-85, F-87 
Perfect number, E-63 
Perimeter, G-31 
Period, E-4 
Permutation, H-14 
Perpendicular 
lines, G-22 
planes, G-24 
Physics, using ratio and 
proportion in, F-74 
Pi (7), G-82 
Place value 
decimals, F-40 
whole numbers, E-4 
Planes 
parallel, G-24 
perpendicular, G—24 
Points 
corresponding, G-12 
of tangency, G-74 
Polygon(s) 
angles of, G—40 
perimeter, G—-31 
similar, G-58 
Population, H-42 
Positive integers, E-90 


Powers and roots, table of, H-60 
Powers of ten, E-10 


Powers of two, E-18 
Precision in measurement, F-51 
Prime(s), E-64 
factorization, E-68 
relatively, E-71 
a short table of, E-66 
twin, E-67 
Principles, see 
Basic principles 
Prism(s), G-25, G-50 


oblique, G—50 
right, G-50 
volume of, G-50 
Probability, H-2 
combinations in, H-18 
counting principles, H-16 
equally likely outcomes, H-4 
“or and ‘“‘and” in, H-22 
permutations, H-14 
sample spaces, H-14 
Product, E-6 
Proper fraction, F-3 
Proportion, F-70 
Puzzle 
Dissection, F-96 
Topological, E-60 
Translation, E-88 
Pyramid, G—50 
triangular, E-51 
volume of, G-50 
Pythagorean Theorem, G-42, 
H-52 


Quadrants, E-118 
Quotient, E-6 


Radical sign, H-53 
Radius, G-74 
Random sample, H-42 
Range, F-30 
of a set, H-30 
Ratio(s), F-68 
comparing, F-68 
equivalent, F-68 
Golden, H-67 
and proportion in measure, 
F-72 
and proportion in physics, F-74 
and scale drawings, F-76 
simplest-terms, F-68 
trigonometric, G-66, G-68 
and units of measure, F-72 
Rational number(s), F-6 
addition of, F-10 
approximations of, F—-56 
basic principles for, F-16 
comparing, F-26 
division of, F-24 
multiplication of, F-16 
names for, F-6 
negative, F-6 
positive, F-6 
set of, F-6 
subtraction of, F-14 
Real number(s), H-68 
and the number line, H-68 
Reciprocals, F-20 
Rectangle, area of, G-34 
Reflections, G-8 
Region, G-34 
Relative error of measurement, 
F-51 
Relatively prime numbers, E-71 
Repeating decimals, F-60, H-64 
period of, F-60 


Replacement set, E-34 
Review Exercises, E-26, E-58, 
E-86, E-124, F-34, F-64, 
F-92, G-26, G-52, G-70, 
G-92, H-24, H-48, H-70, H-92 
Right angle, G-22 
Right circular cone, G-78 
Right circular cylinder, G-78 
Right prism, G-50 
Right triangle(s), G-36 
isosceles, G-17 
ratios for, G-66 
similar, G-62 
Rigid motion, G-12 
Roman numerals, E-2 
Root 
square, H-52 
cube, H-59 
Roots, table of, H-60 
Rotation image, G-6 
Rotations of a square, H-80 
combinations of, H-82 
combining with flips, H-82 
Rounding, E-12 


Sample(s), H-42 
biased, H-42 
random, H-42 
Sample space, H-4 
Scale drawings, F-76 
Scientific notation, F-48 
Second, G-28 
Segments 
congruent, G-12 
unit, G-30 
Sequences, E-80 
term of, E-80 
Set(s), E-30 
disjoint, E-32 
element of, E-30 
empty, E-30 
of equivalent fractions, F-3 
finite, E-30 
infinite, E-30 
of integers, E-90 
intersection of, E-32 
replacement, E-34 
solution, E-36, E-56 
union of, E-32 
Side-Angle-Side Theorem, G-18 
Side-Side-Side Theorem, G-16 
Sieve of Eratosthenes, E-65 
Significant digits, F-50 
Similar 
polygons, G-58 
right triangles, G-62 
triangles, G-—60 
Simple polygon, G-58 
Sine, G-66 
Slide (translation), E-2 
Slide rule, F-54 
Slant height, G-88 
Solid(s), volume of, G—46 
Solution set, E-36, E-56, E-110 


Specific gravity, F-63 
Spheres, G-76 

surface area of, G-90 

volume of, G-90 
Spherical cap, G-76 
Spherical triangle, G-77 
Spiral, G-87 

square root, H-72 
Springs and masses, F-74 
Spring scale, F-74 
Square 

. flips of, H-82 

rotations of, H-80 
Square numbers, E-82 
Square roots, H-52 

approximation of, H-58, H-60 

spiral, H-72 

table of, H-60 


Statistics 

descriptive, H-28 through 

H-41 inferential, H-42 
Stylus, E-2 
Subset, E—30 
Substitute, F—33 
Subtraction 

of decimals, F—42 

of integers, E-96 

of rational numbers, F—10 

of whole numbers, E-6 
Sum(s), E-6 

angle, G—38, G—40 

vector, H-86 
Supplementary angle, G—39 
Surface area, G—37 
Switches, H-88 

in parallel, H—90 

in series, H—88 
Symmetry, line of, G-9 


Table 

of measure, S-33 

of powers and roots, H—60 

of trigonometric ratios, G-68 
Tangent 

of a circle, G-74 

of a right triangle, G-66 
Temperature, Celsius, F-44 
Term (of a sequence), E—80 
Terminating decimal, F—60 
Tetromino, F—5 
Theorem, G-16 
Toothpick graphs, H-50 
Toothpick patterns, E-128 
Topological puzzle, E-60 
Translation (slide), G—2 
Translation puzzle, F—88 
Transversals, G—22, G-56 
Trapezoid, G—37 

area of, G-37 
Tree diagrams, H-10 
Tree, factor, E-68 
Triangles 

angles of, G—14 


area of, G-36 

congruent, G-14 

corresponding parts of, G—14 

equilateral, G-9 

isosceles, G-17 

right, G-36 

similar, G—60 

similar right, G-62 

spherical, G-77 
Triangular numbers, E—83 
Triangular patterns, F—36 
Triangular prism, G—50 
Triangular pyramid, E—-51 
Trigonometric ratios, G—66 

table of, G—68 
Twin primes, E—67 


Union and intersection of events, 
H-22 


Union of sets, E-32 
Unique Factorization Theorem, 
E-68 
Units(s) 
angle, G—38 
cube, G—46 
segment, G—-30 
Unit fraction principle, F-16 


Variables, E-34 
Vectors, H-84 
magnitude of, H-84 
null, H-84, H-87 
Venn diagram, E-31 
Vertex, of an angle, G-38 
Vertical angles, G—39 
Voltage, F-78 


Volume, G—46 
of a cone, G—-88 
of a cylinder, G—88 
of a prism, G—50 
of a pyramid, G—50 
of a rectangular solid, G—46 
of a sphere, G—90 


Watts, F-22 

Whole numbers, E-2 
addition of, E-6 
associative principle for, E-8 
commutative principle for, E-8 
distributive principle for, E-8 
division of, E-6 
multiplication of, E-8 
one principle for, E-8 


subtraction of, E-6 
zero principle for, E-8 


x-axis, y-axis, E-118 


Zero principle 
for addition of integers, E-94 
for addition of rational numbers, 
F-6 
for the addition of whole num- 
bers, E-8 
Zero vector, H—-84 


Answers 





UNIT E: MODULE 1 


E-2 DISCUSSING THE IDEAS 
PAA aes 32237, 


E-3 USING THE IDEAS 


1.A 34 B 122 C 12364 D 230123 E 1020262 
F 2200306 2.A7 B35 C 43 D 620 3.A 27 
B 1616 © 2877°4.A5 B6 €4 D110 (E11 
F9 G60 H 40 1600 J 400 K 1100 L 900 
M 1159 N 178 O 1970 
S.A PPANAAIINI 
C CCXLVI] 6. MMMCLXXIX 

Think 1776 


B HHAAAAL I 


E-4 DISCUSSING THE IDEAS 

1.4 126 2.A 125 B group 3.A ten thousands; 
hundred thousands; millions B millions, billions, trillions 
and so on 


E-5 USING THE IDEAS 


1.B 900 C 4000 D 600000 E 5000000 
2.A 874 B 3691 C 28437 D 100101 E 67080 
F 3700000 3.A 6000000 000000 000 
B 73000000000 C 276000000000 000 000 000 000 000 
D 1000000 000 000 000 000 000 000 000 000 000 
E 439000000 000 000 000 000000000000 F 89000000 
4. 1000000 000 000 

Think 61 


E-6 DISCUSSING THE IDEAS 


PAROS salen 42d OwnouhO uae Oral Os On Goan OF 
BilesOs2ul Ga Gallow4s 0.0 el eOme en Omen SOM 4.80 


E-7 USING THE IDEAS 


1.A14 B13 C 25 D 80 E 200 F 1300 G8 
Heo e/a JO Kom Ea soe Mpsom Nees O00 Pail 
ORSERES 25A09 SBeiae Coss DE OMNES7s F) 90 

G 502 H10 I 63 3.A 729 B779 C 786 

D 1265 E 1295 F 1303 G 563 H 513 I 507 
JISI ian K, 2iif. L269 

Think A,C,D,F 


E-9 SOME SPECIAL FUNCTION MACHINE RULES 


1.A 24 B120 C 200 2.A°18 B 34 C 90 
3.A6 B20 C 28 4.A 110 B 82 C 200 
5.A 11 B30 C 800 6.A 21 B45 C 39 
7. cubeachadd 

Thinks (4.915 2.05424 OO nCD mE 410099 
5. 20,399 6. 100, 9999 


E-10 DISCUSSING THE IDEAS 
22a ATOM baO4 am GHOmDEOl O26 me2rA Osnd, O° 


E-11 USING THE IDEAS 


ib/\ 7 )e8 fe 22 i) ile 12 eB 12 itor terse 
Hao kas 2VARCe BecmuCeoenDi7 JE 19) E50 
G 1000 3.A 1000 B 100000 C 1000000 

D 100000000 £E 1000000000 F 1000000000000 


10 4.A 10* B 105 C 105 D104 E 107 F 108 
10° H 109 1 10'3 5.A 102 B 10° C 10! 

102 6A2 B3 C4 7.D 8.A (2:10) + (7:10) 
(4: i + (7-101) + (3-109) © (5-102) + (7-109) 
(9-103) + (6-102) + (2:10') + (5-109) E (8-104) + 
(7-103) + (3-101) + (4-109) F (4-108) + (6-105) + (3-104) + 
(2: 103) + (4-102) + (7-10") 

Think 21000 


E-12 DISCUSSING THE IDEAS 


2A 280 B 46000 C 2400000 D 3200 
E 760000 F 54000000 1. 300 2. 3200 5. 3000 


G 
G 
D 
B 
D 


E-13 USING THE IDEAS 


1.A 6000 B 6000 2.A 2857460 B 2857500 
C 2857000 D 2860000 E 2900000 3.A 437000 
B 2084000 C 1639000 D 31000 4.A 9976000 
B 10000000 5.A 6100 B 6000 6.A 8500000 
B 9000000 

Think 639 


E-14 DISCUSSING THE IDEAS 
1.A yes Byes C 390 
4. A 200 + 400 + 100 + 400 = 1100 
B 60 x 600 = 36000 C 1600 = 40 = 40 


E-15 USING THE IDEAS 


1.A 600 B 700 C 80 D70 E 700 F 4000 
G 500 H 300 1! 90 J 8000 K 400 2.A 900 
B 6300 C 4800 D 30 E 500 F 24000 G 900 
H 18000 | 230 J 10000 K 280000 3.A 1400 
B 1100 C 400 D 2400 E 200 F 49000 G 9000 
H 200 1! 100000 J 1000 K 11000 L 18000 4.5 
5. $20000000000 6.A 10 B 2 C USSR 


E-16 DISCUSSING THE IDEAS 
21. 13556 2. 144835 3. 18642 4. 376, R39 
4. 90000 6. B 7. 608, R42 


E-17 USING THE IDEAS 


1.A 525 B 2442 C 881188 D 69696 E 15851 
F 43911934 2.A 1089 B 1089 C 1089 D 1089 
3.A 4416 B 4416 C 215418 D 215418 4.A 52 
B 3713, R90 C 839 








5.A 5837 B 4007 Cc 476 D 76)836 
+ 9678 — 2989 999 76 
15515 1018 4284 76 

4284 76 
4284 0 
475524 


E-18 DISCUSSING THE IDEAS 

1. No 2.A 68=32+16+8+4+2+1 
B 31=16+8+44+24+1 C15=8+4+2+1 
D7 =42 2-61 EB 32-1 SACO ei Be oe Cad 
DiS Ev SF ls (GLO 45A 100 5B 15296553 

5. 111011 
E 


-19 USING THE IDEAS 


1.A 1000110 B 1101111 C 0110001 D 1010011 
E 1111010 F 1100010 2.A 102 B39 C 8 D 59 


E44 Ea2680377A 65) B53) CH95)9Di77." EVS6 
F117 4.A 111 B 1101 C 11010 D 11110 
E 101010 F 110010 G 0111101 H 1000011 
1 1001001 J 1010000 K 1100100 L 1111101 


E-20 DISCUSSING THE IDEAS 


PO5a 117 eet 1 1010tee 1.27.20 

3.A (1:21) + (1-20) B (1-22) 

© (1-22) + (1-21) + (1-20) D (1-23) + (1-21) + (1-29) 
E (1-24) + (1-22) + (1-20) 


E-21 USING THE IDEAS 
1.A twos, 1 x 2' 8B sixteens,1 x 24 

sixty-fours,1 x 22 2.A1 B2 C7 D4 E5 
(sy Coy S) (a) aT Se eal) alate 1 aie eh Ue ih 
16, 32, 64, 128, 256, 512, 1024, 2048, 4096, 8192 4.A 14 
BrsimCe28e DG SEs J Frs2e Galio) Hai70 
§.A 11¢, B 101~, C 11000., D 101110,., 
6. A 10011100... B 101110100... C 1000011011, 
D 1010101100.) E 1110000100... F 1111111111.) 
G 10011111111,., H 11000110000,,, 

Think A 23 B 133 C 225 D511 E 433 


E-22 DISCUSSING THE IDEAS 

1. 00101 2.13 3.A Dave B Mary C Paula 

4. 01110 00101 10110 00101 10010; 01111 
00100 00100; 01111 10010; 00101 10110 00101 
Ohaes Gy ts Gs 2 


Cc 
F 


E-23 USING THE IDEAS 
1.A 41 B black 2. 111110 3. 000001 
4. 011111, 100000 


= Pa. Shae), Moped 





eal Ch alah tos Ou 
E-25 USING THE IDEAS 


1.411 B101 C110 D 10010 E 10110 
FSi ieecrAnlO =O nieeCole DilO  EatOftme re titit 
3.A 11 BO C100. D 1000 E 10000 F 1001 
G 1111 H 110001 111000 J 10101 K 100011 
L 11110 4.A 101 B11 C1011 D 1000 5.A 10 
Bi c10 D111 E11 F1110 G100 H 100 11 


Think 

a) tb 2 a th ey BE) BD) AB 
OMO We 1E 25 G4 SG ay ee Ome Oe 
laps eS 4 SC jae ONO ee en eae O 
CE 7 eS CM Gah Se 8) TE 1). 
ce ch Rey GE Te a eh (SQ) ahh 2 
4°547 25 26.078 8 {OR De Ea Oeil 2 res 
hy BO 7 MS Pe ID 1S Ue We ale a4 
66) 78 285 9 Da EN OF Ati CaS ap aaa. 
1 ty A oy tS aK) ah ec) aS A. 
ch ey (TO) 1S Ah) We as} Te I iby 
99 DRE OR 2a Seen 4 See Caen genio 
By 1B) 1 A) Wie Wai GIZA) KS AW TG) IG 
SS 10 i Ws VW) as a Wy We Ve Vo 
Xo Ope 2 4 pO ORME 

OO Oe OR Oe OR Ol Oe Oke Ome ORmnC 

I 0) 5 25 SA oy Cie ees ee Ole eD) 

re (0) GEG} 8) KO) 2 WA ie) AS Ne 
3 Ose 6 9 elO e136 mel See 20 23m 2Ome co 
4 0 4 8 10 14 18 20 24 28 30 34 38 
5 0 5s Des M 1821 262k 34394247, 
6 0 6 10 16 20 26 30 36 40 46 50 56 
7 O 7 12°19 24 2E 36 41 48 53> SD) 65 
8 0 8 14 20 28 34 40 48 54 60 68 74 
es) eye) eh a) EO) eS) ZS) ) sl) RY) EE) 
D O D 18 26 34 42 50 5D 68 76 84 92 
EOE 1D 29538547 4565655 7483 92D 


E-26 REVIEWING THE IDEAS 


1.A 110213 B 1668 C 1464 2.A 3000000000 
B 748000000 3. first 3 on left. 4. 53-—27=n 
§. 234+9=y 6.A commutative (+) B one 
C commutative (x) D associative(+) E zero 
7.A 6 B45 C102 D2”? 8.0 9.A 10° B 2’ 
C 10* D 8 E 75 F 10' 10.A 7463500 
B 7463000 C 7000000 11. 8B 12. 500 
13.A 18481 B 5638 C 399280 D 247, R14 
14. 10100 *15.A 101 B 1100 C 10011 D 11101 
E 100000 F 1000010 16.A6 B11 C8 D 27 
E15 F 43 17A 1010 B 1001 C 100011 D 1001 


UNIT E: MODULE 2 


E-30 DISCUSSING THE IDEAS 

24.0) 1eS.5 ai eet ee ae 
3. {0, 1,4, 9, 16, 25, 36,...} 1. allinfinite 2.A yes 
Bno Cno 3.8,D 5. yes,O 


E-31 USING THE IDEAS 
1.A infinite B infinite C finite D finite 
2.A true B false C false D false E true F false 
G true H false I true J false 3. ©, {2, 4,6}, {2}, 
{4}, {6}, {2, 4}, {2,6}, {4,6} 4.16 5.BCA;CCA: 
CleiBEIG Ove MNOreNANNGIM me Tadrethe S.A C 
Think 18 
E-32 DISCUSSING THE IDEAS 
1.B {5,6,7,8,9,10,11,12} 2.B {7,8,9, 10} 
3.XandZ 4.AP BQ 
E-33 USING THE IDEAS 
1.A {1,3,5,6,7,9,12} B {3,9} 


2.A {0,1,2,3,4,5,6,7} B {0,1,2,3, 4,5, 7,8, 9} 

C {3,4,5,6,7,8,9} D {3,45} EO F {7} 

3.A {7} B {3,4,5,7,8,9} CO 

BC aes pag a4 5) eke 0152: 3.4.5, 7} 

G {7} a 1 13;.4,5,6, 7} 5 J {3, 4,5} 

K13;455,7} LC {3,45 7) 4 mes ' 
Cesyiom 


So Al 407 t2, 161 B62) 18124) 
C {12, 24, 36,...} D common multiples of 4 and 6 


Think 
a 2. 


GH) 


E-34 DISCUSSING THE IDEAS 

@ Busioy 7, 9; dilset3s 159 Ceo 6, 954621530) 4 1 
3.Ay Bn Cr? Dz 4A 14 B8 C 43 D 32 
ERom EeomeG al 20a HE 20 


E-35 USING THE IDEAS 


Us WO, Wil Wa 7. We Gets ee = 2h IO aI, Zhe Ww 
BeoteGCesesDe49 E29. Face Gros H 65518 
Gree oa/l os CleeiarAy 4.9 a6 Be449. 916 

Think 207°, then pattern repeats 


E-36 DISCUSSING THE IDEAS 
B x = 0, false; x = 1 false; x = 2 false; x = 3 true 
C x = 0 false; x = 1 false; x = 2 false; x = 3 true 
LA BE De! {O24 5) Smo 4 Ee 


E-37 USING THE IDEAS 


1VAC8 9 B15") CoD 
E {0,1,2,3,4,5,6,7,8,9,10} F10 G7 HO 
Ee OPt. 2) 66475).6, 2a8, 9) 10} aca Odee, ay 
B {6,7,8,9} C {0,1,2,3,4,5} D {5,6,7, 8,9} 
‘ © F {6,7,8,9} G {0,1,2,3, 4,5, 6} 

H {0,1,2,3,4} 1 {6,7,8,9} 3..A, C, D, F,G,H, K are 
generalizations 4. A, C, D, F, G, H, K 

Think 6 


E-38 DISCUSSING THE IDEAS 
27A8 B16Ci13 D3 1.A addend 2.A sum 
3.A factor B factor 4.A 8y Biw C (z+ 2)7 D 6r 


E-39 USING THE IDEAS 

Wale eek Ale 9 Leta fed yaks}: 12 ist) 
Felow(ae2rAl 4a BuGm CrlOeeD Sin E On Fecbas Gress 
H7 190 J10 K12 L£ 42 M24 N19 O83 
PZT STAN 4m Be20n5iCe20m 0) Dail8) 6. E9147 7 
FE 20745 45 A15 > Bal0 C23 3 Di0s Es Fs 


E-40 DISCUSSING THE IDEAS 
? A,B,C,D,E 1.F 2.A no Byes 3.0,5 4. 1,4 


E-41 USING THE IDEAS 


TARO lee Beitcms C0 S25 D milbed a Ee Oat men ince: 
CURIS TC Oo Teck ali di Mol 7 Lee, JE 2 
27 AGC BLO CoO Ewe e/a ORG mati ROM lic 
Think 
4728 
3524 
6953 + 9999 22367 
soo9 | 6475 
- 3046 
24726 


E-42 DISCUSSING THE IDEAS 

2? 0,5,10,15, 20,25 1. multiplesof5 2.A yes 
Biuyes' © 3292:.8, 5 747A) 8s B 10PNCeS DAIS ES 
Fath S Ai CxeB ali;xXeu Gun OA eexXe bn OX 


E-43 USING THE IDEAS 

1, A d2x” Bollx” C 6x) Dol2x” EW/xe Fesx Gix 
H 9x 1 18x J 21x K 23x L 8x 2.A 3x B 3x 

C 2x D 6x E 9x F 4x G 8x H & I.3x J 4x 
K 10x LO 3.B 4x C 8 D 7x E 2x F 8x Gx 
Hx 16x Jx Kx 4.A 45 B90 C63 D 48 
E1205 F) 140) G45) Hi60, eOnr IO Keser ke2 


Think SfO/MYFEMLATETZHTFEUANS 


E-44 DISCUSSING THE IDEAS 
a= 9) b= 89 25) 7 


E-45 USING THE IDEAS 


1Ax3 BOG (Cos D 7 ESSy4 Fe27SmGE2One, 
H 35; (IAS 25 2,AG25 Bede 4e5D 5s Ess are 
G°3) Hi S92) sc Ass Bes = Cra Dic EeomEa 
GaSe Heomalac 
Think 11, 15 


E-46 DISCUSSING THE IDEAS 
2A 3x-5=7 B 2t+12)=36 C 6n-n=25 


Subtract Multiply 


2A - C2 - By - 
BIB esl Ald Blon Ges 


E-47 USING THE IDEAS 

1.A (x +10)4=56 B6y—8=10 C 5z+z=18 
21AG4 Se BiS ee GhoeG:1O8N 4m MOM Ou OrolOomur ans 
8.A 33. B Beth19;Tina14 9. Dave 18; Chuck 15 


Think 


Le SY 





E-48 DISCUSSING THE IDEAS 

2 Bac Ag tc, 3) te G.4,5,6,7,8, 9) 45 A x= 7 
BuG i xe (BC ex 5D) lx) Ol xg 
Fx 26 


E-49 USING THE IDEAS 
1.A A = {0, 1, 2,3, 4,5, 6, 7}; B = {6, 7, 8, 9, 10}: 


101, 102,...,998,999} FO 

244, 245,..., 341,342} H {577,578,..., 674, 675} 
1527.28, ees COnCi tad. A 19:10), 14) 
arene C {1,2,3,4} D {13} 

3, 4,5, 6,7,8,9} F {14} G {8,9, 10, 11, 12} 

© 1 set of whole numbers 


A 
ee 4999, 5000, eae D {1, 2, 3} 
{ 


B 
E 
H 


E-50 DISCUSSING THE IDEAS 


2?A4 B9 C121 D 256 E 484 F 1849 
(} CHS) In) O20) ik. Za i2) eb @.6, 10s 


E-51 USING THE IDEAS 

1.A81 B9 CO 2.A 42 B72 C 216 3.A 39 
B54 C69 4.A 18 B 100 C 448 D900 5.A 3 
B4 C9 D99 6.A9 B17 C33 D 65 

7. 10n — 1 

Think 55 


E-52 DISCUSSING THE IDEAS 
2.A 4,3,2 





C no 


AnB={6,7} BC = {3,4,5,6,7, 8, 9, 10}; 

Di 10m, 243; 4, 5, 67,8); Cm Di= 13,455, 6,7, 8) 
C.E£ = {0, 1,2}; F = (8,9, 10}-£ uF = {0\4, 2,8, 9, 10} 
D G = {6, 7, 8, 9, 10}; H = {2}; 

GU H=12)6,7,8,910\) 2.A2—x = 10 

Bi 2 x19 Cs Oh xa i Dia </be Ex = 9) 
Fx>3 3.A {6,7,8,9} B {3, 4,5, 6} 

C {0,1,2,8,9,10} D {7,8,9, 10} 

E {0,1,2,3,4} F {6, 7, 8,9, 10} 

4. A {24, 25, 26, 27, 28, 29,30} B {4,5,6,...,18, 19} 


E-53 USING THE IDEAS 


15A.3)) BY Cr13 


‘2°Al5°aBe2) CH 


E 5 
































9-H YEHNSCIANG =, Ft 





AQ-PO_ Yr rnVGH 
































































































































OT He HE IM 









































Think 4 





BYE REPRR eon 



































































































































E-54 DISCUSSING THE IDEAS Cc 
2C 2.A 14, 4; 16, 6; 18, 8; 20, 10; 










































































@- VPLeENe ya Sx 





























E-55 USING THE IDEAS 
MemOwon4, Gucel,0 


























Think Chris: 3; Juanita: 6 
E-56 DISCUSSING THE IDEAS 



























































































































































































































































1.15 
B 
y 
5 
5. 5:10, 7; 12,9 4 
| v 
/ 
Oc onaEead Sika 
B 
7.A BS 
y 10) 
4 4 
4 & 
7 ty 
6 
5 5 
4 
3 3 
2 a 
4 si SS 5 
SREVRVPSaea 































































O@- bSs NEw 45 





























G-bEErne < 
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E-58 REVIEWING THE IDEAS 

1.A yes Byes C no Dyes 2.A true 8B false 
C true Dtrue E false 3.A {1, 2,3, 4,6, 8} 

B {2,4} Cc {1,2,3,4} D {1,3} E {1,2,3,4,6,8} 


A Ce 


4. 





5.6 6.50 7.A {9} B {8} C {0,1, 2, 
D {8,9,10} 8 yes 9.A7 B3 10.A 
11.A 11,4 B4,5 12. 8+9=33 13. 
15.A {6,7} B {0,1,10} C {0,1,2,3, 4,6, 7,8, 9, 10} 
D {3,4,5,6,7,8} 14A3 B4 C7 12 





17. 



























































So - P&E U eI MHS ~~ 









































18. 





0 ~boH or< 








UNIT E: MODULE 3 


E-62 DISCUSSING THE IDEAS 
2? Number Factors 


5 St 
Cumile2.386, 

7 AST 

8 ean 

9 1,3, 9} 

10) 445-2) 55 10} 

11 {1, 11} 

12 1,264, 12} 
13 ae 


14 a2 ria} 
159 Oe) 13,5015) 
16 1, 2, 4, 8, 16} 


17 i, 7h 
18 1,2, 3,6; 9; 18} 
19 1, 19} 


20 41,2, 4,5, 10,20" 
11) -2.912)18, 20° 3.2. 3,5, 7119613) 17 te a aAnyes 
BO 5.A yes Byes C ono 6. yes 


E-63 USING THE IDEAS 
1.A 84 B42 C 28 D21 E14 F 12 
6 


2. 1, 2,3, 4,6, 7, 12, 14, 21,28, 42,84 3.4 4.6 

5.A 1,2,5,7,10,14,35,70 B 1, 2,3, 6, 11, 22, 33, 66 

C 1, 2,3, 4, 6, 8, 12, 16, 24, 48 

Diy 273, O16) 105 15,25, 30) 505759 50 miGmino ssa o mG m7E 
10, 12, 14, 15, 20, 21, 28, 30, 35, 42, 60, 70, 84, 140, 210, 
420 6.A yes Bono C yes D yes Eno F yes 


7.A 28 B 496 8. 6,10, 15,30,1 9.A 1,3,5, 7, 13, 15, 
21, 35, 39, 65, 91, 105, 195, 273, 455,1365 B 1,2,3,5,6,7, 
10, 11, 14, 15, 21, 22, 30, 33, 35, 42, 55, 66, 70, 77, 105, 110, 


154, 165, 210, 231, 330, 385, 462, 770, 1155, 2310 
Think no 


E-64 DISCUSSING THE IDEAS 

122 92. no 57 = 193) S5A\ 51, 187, 1001 
B 109,1009 4.A neither B neither 5. yes — 2 
27, Se, Ths feY/ 


E-65 USING THE IDEAS 
2.4 3.A3 B6-3,2 C9 DS 4.B 25 


E-66 DISCUSSING THE IDEAS 

Te OteOOW2O me 2am OOL a 200ml mE sesAnOO Im Biol 
C 853 D 241 E 409 F 1091 G 709 H 907 
4.A 83 B 128 C 26 D111 E 194 F99 G 37 


E-67 USING THE IDEAS 


1.A79 B179 C 379 D 479 2. no; 1, 3,9, 31, 93, 
279 3.A 64 B89 C5 D120 E 198 F 167 
4. 13,113 5. 101, 401,601, 701,1201 6.A 3and5;5 
and 7; 11 and 13; 17 and 19; 29 and 31; 41 and 43; 59 and 
61;71 and 73 B 1019 and 1021; 1031 and 1033; 1049 and 
1051; 1061 and 1063; 1091 and 1093 C 1217 — 2 = 1215; 
5.243 = 1215 and 1217 + 2 = 1219; 25.53 =1219 7. 3,5, 
WH 45 See il GEN alr, eh Shi, Ahk eh rey BES NO, We 
143. B No, 121 and 143 are not prime 10. 17, 19, 23, 29, 
37, 47, 59, 73, 89, 107, 127, 149, 173, 199, 227, 257, 289, 323, 
359, 397; No, 289 and 323 are not prime numbers. 

Think 1, 4, 9, 16, 25, 36, 49; perfect squares 


E-68 DISCUSSING THE IDEAS 

Ane G2 2 Korx 2 B26 282 2 x3 
C3x2x2x2x2 1.A yes B yes 

72, Poe Pes Byes Sh ELV 2 ek Pye [3 sh [FS 
GuieeHise lle 4A 2542503565. BrZeasea7 
Groene?) 58 7 Die 2 3X OG Ebest 


E-69 USING THE IDEAS 


inl\ Boxee) (Aes ew ee) (eo Byes See} 525) 
Asean Beeee peso Gece cil D aoians 

2pe 5x Se Fa2ex Sai i Grerxraixeo 

AS POOR se (Six Be she) dd) AXA XSI 
Pex See (E APxXerx<ose® LN 2x 17x 
ZpSeeloe if {el eres scpisehy [e) Ps woes s< ae) 
DAS UST (Pee xe SxS (cp ahh xe x pees 
elie Gye Be ASS BY [| B)oe b) x Bk Bee 
CPE RI Mees Tf LLG Ok AI8e Ak B56 6) OR) 

OOo 1x1 4, Ae o es Bact Gea Gee53= Di 34 
23-33 F 103 G 23-3:°5 pacaae | 22-33 J 22-112 
25-32 L 32-52 M 32:72 N 22-32-17 O 32-112 
7AL8 = Bi8) Cr95 DD 12e EM6e F8 

PH: % 6 8 2, 24} tiles Sip 6; 10,915, 30} 
c ft, P), 4 ty TNO); ey 25700) {1, 2, 3, 4, 6, 8, 9, 12, 
18, 24, 36,72} E {1, 2 0, 25, 40, 50, 100, 120, 
125, 250, 500, 100 O} ea 91, 143, 1001} 


POAmMrerIMAaAITMN 


B 
100} 
5, 8, 10, 20, 25 
Pere teds 77, 


Think 


E-70 DISCUSSING THE IDEAS 
2? 28 —cmsquares 1.A 1, 2, 4, 7, 8, 14, 28, 56 
ek is CRC 7 I eS Bil eh CAE! 
Cali2s4) (/al4-28) D282 Onn osALo 8 BiG eGal0 
D5 E2 
E 


-71 USING THE IDEAS 
1.A {1,2,3,4,6,12} B {1,2,3,6,9, 18 } 


CH 2nGy6) me DACmen AUN cnon4 nnd 2) 1036) 
B {1, 2,3,6,9, 18, 27,54} C {1,2,3,6,9 18} D 18 
NA 2 OY bys 2A ao 7 H 24 
[17.3210 4,055) B8kC 3) (D024 | Eal4 E24 


G 22 5.A relatively prime B3 C relatively prime 
D relatively prime €E relatively prime F 3 G relatively 
prime H relatively prime 13 J13 6.A 15 B2 
(| eb ieee 12 So) iF Sis 
Think 3 


E-72 DISCUSSING THE IDEAS 
?23 1.4 3.B 28 4. 47 


E-73 USING THE IDEAS 

1 At 145 B23% Ce23% Di 2755E735 Rh 64.GH6 
HS7 I nSr Ie 1S) Kes6 eb 21S esc Ani ee BEOr 24.eno: 
Wal GEN eye eh 

Think yes 


20 


E-74 DISCUSSING THE IDEAS 
? 360 2.-3 3.24 4.A 30 B60 C 36 


E-75 USING THE IDEAS 


1A 6, 12, 18, 24, 30, 36, 42, 48,54,60,66 B 20, 40, 60 
C60 D60 2.A 12 B30 C 36 D30 E 56 
F 40 G40 H 80 1 42 J 120 3.A 60 B12 
Cr36 D GO EF 249 F125 Gal20™ Hal sOmetan2 
J 60 K 36 L120 4.A 28 B100 C 210 D 72 
E 165 F 180 G 108 H 432 

Think 1. 20 hrs 2. 1200 km 


E-76 DISCUSSING THE IDEAS 


2A yes Bno Cono D yes 2.a if itis even 
B ifitendswithaOor5 C if it ends with 0 
D if it ends with 25,50, 750r00 €E if it ends with 00 
3. divisibleby3 4.C,D 


E-77 USING THE IDEAS 

1.A 12, 20, 24, 30, 48,70 8B 15, 20, 30, 35, 70 
C 20,30,70 2.A true B false C true D true 
3.A 6,yes B5,no C 12,yes D 18,yes E 3, yes 
F 16,no G 27,yes 4.A,B,C,E,F,G,! 5. A,D,F,G, 
HI URKG La GsANSUXGG (MB BoeaOl<alOnGEObwco 
DS3x5x13 E3x2x5 xX 367 


E-78 DISCUSSING THE IDEAS 
? A,B,D,E 2.B yes, no 
E-79 USING THE IDEAS 


TeANBR EVEN GHH die 2cAn By One shs Gal ad Ante 
3.A yes Byes C yes 4.A,B,D,E 5. A,D,E,G,/ 
Oh (G5 1850s (Gy lal 

Think 2520 


E-80 DISCUSSING THE IDEAS 

2A 16,19,22 B 27,35,44 C 37,50, 65 
D 243, 729, 2187 E 713,851,989 3.A 13 B 19 
C21 4. 16, 21, 26 


E-81 USING THE IDEAS 


1.A 11, 13,15 B 10000; 100000; 1000000 
C 32,64,128 D 23,27,31 2.A 15, 19, 23 
BelOm Ss 2m Calon2o7GOmeD all owen 
3:22 fn O mile 4a aoe On laOndi oy A cOnem Bniet 
Cn(n+1) Dn? 6.A 34, 55, 89, 144 
B (n — 2)™term + (n — 1)" term 

Think 2, 4, 8, 15, 26, 64 


E-82 SQUARE NUMBERS 

1 1625536749) 25 1-3) 5-7 — 16; 

i) ae Chae op i/o) 4 a) se shar ce 7 se Sse la) SS eh 
3.A9 B16 C25 D 36 E 100 F 2500 4.A D:1 
4+24+34+44+34241=47°E6:1424+34+4+54+443+ 
2+1=57; B1+2+3+4+5+6+7+4+8+7+6+5+ 
44+34+2+1=8? C14+2+34+4+4+5+64+7+8+9+ 
104+9+84+74+6+5+44+3+2+1=10? 5.A 62 
Ba7aenCe92 

E-83 TRIANGULAR NUMBERS 

TOMO eel Comme moO el 2O 1 30140,,007 OOmOn9ilh 
WO) Sb WG Sass Bae SB ae thar ey Al = ae Bar Ose Gs sei (ee 
28 =1+24+34+4+4+54+6+7;36=14+2+34+4+5+6 
+7+8 4.A 10+ 15 = 25; 15 + 21 = 36; 21 + 28 = 49 
B 45+55=100 5. 28; 55; 210; 5050; 500500 


E-84 DISCUSSING THE IDEAS 


1.A 46 B58 C 288 2.A yes Bono C no 
D yes E yes 3. yes 


E-85 USING THE IDEAS 

1.A 22 B76 C148 D 244 E 313 F 2998 
2.A yes Bono C yes D yes Eno F no G no 
Hno Ino J yes 3.A {1,4,7,28} B {1,4, 16} 
CoO Dei 34) Ei, 7;10;-70} 
F {1,4, 19,76} G {1,25} H {1, 4, 10, 25, 100} 
1 {1,4,13,52} J {1,7,13,91} 4.A yes B yes 
C yes Dno Eno F yes 5.4 6.A 4:4 B 4-22 
C 7-10 D13-4 E7-7 7. 10-10; 4:25 


E-86 REVIEWING THE IDEAS 
1.A {1,2,3,6,9, 18} B {1, 2,3, 5,6, 10, 15, 30} 
Cee 241522) 9 Def 19275)10;25, 50} 
E {1,2,4,8,16} F {1,2,4,7, 14, 28} 
G {1, 3,5, 15, 25,75} H {1, 2, 4, 8, 16, 32, 64, 128} 
27 43) 974.069 852A 2) 5°39) Bi 23 x5) C22 x § 
prey Is Assess te eect ahh (ei 22 se7A| 


H 22x 53 | 22 x 32x 52 6.A19 C 41 E 29 F 61 
Ho/73 7A BLS) Crs = D(a Ee22e ro eGanl 
H13 124 8.A 21 B37 C 43 D 47 9.A 6, 12, 
18, 24, 30, 36, 42,48,54,60 B 10, 20, 30, 40, 50, 60, 70, 80, 
90,100 C 30,60,90,120 D 30 10.A 24 B 40 
C36) D¥42) E60) F 20) 1G 77a HecGln3e.52 

J 52725 KK 22°35 E872" Sel A oe. 

C 120 D105 E 36 F60 G60 H 54 1 180 
12. A 54,66, 70,222 B 54,66,111,222 C 54, 66, 222 
D 65,70 13.A yes Bno C yes Dono 14. ifsum of 
digits is divisible by9 15. B,C,D 16.A 26, 31, 36, 41 
B 81, 243, 729, 2187 17. 5,8,11,14 18. triangular; 
prime; none; square; triangular 


UNIT E: MODULE 4 


E-91 USING THE IDEAS 
ISA —3 9B 7 1C —10) D100) Er4aerases Gienil 
H 99 | 89,376 D —10000 K 1000000 
L —10000001 2. —87 3. -86 4.A positive 
B negative C negative D negative E positive 
F negative G negative H positive 1! negative 
J zero 5.A negative B positive C negative 
D positive E zero 6. —392 


E-92 DISCUSSING THE IDEAS 


AO) (B36) Co—6) Deo 2 Sc 0) — ao Am 
B3 CO D-5 4. -9+14=n;n=5 


E-93 USING THE IDEAS 


ATs BO Crs Dr —30 ER 25 2rAGOmB ae 
Ce 705) Dr20 Ev — 600 a At— so Bee Ces 
Deo Es 2 Ree Gee OMe Om ms 
4°A)18B —/,(C.— 33) Da3s/ Ea FeceGuOmHinO 
12 5.A -10 B —10° C $5.00 D 22km south 








E-94 DISCUSSING THE IDEAS 
1.411 BO C yes 3. 0 (opposite); 
0 (commutative); 0; —8 (opposite); 4 addition fact; 
associative; opposite; zero 
E-95 USING THE IDEAS 
1. A00;:0 \B' 9,9 C 0,0) D0) 0% 2) AN454)  BiS"5 











Ce 474 D5 ae ie Cran 
H°9;9) 110) SOs Usa SS Ke on 6 Leo 6 
37 AN) 8B i2C 12m DE CeV Ee lee eo Gecwmr a4 
i=l We Mes Ub =e tba hil @ a7 
P583Q dime Re-8 3S) S13 ete come UE Com Va 200 
W161 eX 103 2 453A 37. Be 4 a Cece ID TORRES 
[aah Caveat 1} al te <b) fle) da =z) [eo 
G31 H —20° 6) AQ7) B85 C0) D8 Es 
Fa 2a Gee Oman a/ee lO 
Think 

a tee eres 

es eee ae 

(eal ele 2] ells 
ahs 


“= 


E-96 DISCUSSING THE IDEAS 
Pome 4 © Soe Oe 4 go 5642) Ao—1) Bs 
C3 D4 3.A yes B yes 


E-97 USING THE IDEAS 

Ag 4a hoe Gu- Oa Daa ee Ome 4 es G6 
hi 0 0-3 d= ie =O 1% =o (i) =i Ls 
Co) 83) (P12) 4b ie Gy ch) PAN GES} 
ENS yeh) ) =a! ie Se ae} (tk il 
3 1 
H 
Cc 





i ES) We We) j@ (se =5 Te =O" (eh 
(ie Sei lee Ke lee Om 4 Andon B) = 10 

fay 0) 2h fa les ie Sa (ae) In = 2h ale) 
Vea Ke 63 5 L395, A10 8B 165 C0 

Think D:30;£:55 2. 204 


E-98 DISCUSSING THE IDEAS 

Ply = 7h =e) eh = eh =) GO Co mee 
CHS Gh a! ale Gs hv Whe 7S 4b [ef sha a) ons) 
C—9+3——6 D-—7+—-6——13° 4,A —-4 B 4 
Cc -3 

E-99 USING THE IDEAS 

1tARGIe eee Closes De— Smee be 4 eG ia 
CtAR eo KK 6 4 27A5s Be 108 CS 


H 
Boil 1 A (2 =i ( =i@ ff} a IG do 
Ke 143e 228 oy AG one BON Ge OneDi 2a Ee e—4 
F 

B 











=45 fe} 3} ial T= aS is 2 1b We ChE: 

ig} fe Sey ty tS Sek te} ep a] a) ae males 

Think CheckAO bag. IfA thenAA, and OO, AO, AA. If O 
then AO, AA, OO. 


E-100 DISCUSSING THE IDEAS 


AGO B20 Cr20 Ml VAGIOR 2es Ba On 2 
22 A020 5B) 1052 





E-101 USING THE IDEAS 
1.B 5--3=-15 C —5--3=15 D —-10-4=-—40 
10:—4 = —40 F —10-—4=40 G 15:2 =30 
—-15:--4=60 112:--5=-60 2.A -12 B —-16 
=§8 D110 E —24 F116 G—70 Hi8 I —49 
90 K -40 L-10 3.A12 B8 C4 DO 
4 F=8 G—12 H —-12 1-8 J-4 KO 
4 M8 N12 
Think 














remeQqrm 





E-102 DISCUSSING THE IDEAS 

1. —5 (one); 1 (one) 2. commutative 3.A 3 B 3 
Ci associative 74.) 00; 0s0n tee li2m 5.80, OO) Olni2, 12 
E-103 USING THE IDEAS 

ARO 9B oe 8 a Om Ge 24-24 DES, 66, 
Pp =e ie |e) —“ltsh alls (fee Stel) 0) ee 
E)—126,—126) F125 12) 30 Ay —16; —16 
Beso C64" 84D) 27, —27 EE —384, —384 











Fea, Ge 45.—40 enh GOO, —3o0 

4.A 0,0,0,0,-12 B0,0,0,0,-10 C0,0,0,0,0 
STA Cm Be 42m Cra oD Ol E) 1 Ol pera 443 
G 686 H 1200 1 —972 J —2436° K 2813 L 0 
M —920 N -—4800 O 62000 P 10000 QO 

R -125 S 256 T -360 6.A negative B positive 
C zero 


E-104 DISCUSSING THE IDEAS 

27A3 B—5 C —4 D —12 1.B —4n7 = 20 
C 7n=-—28 D-—-in=12 2.3 4. -6 5.A 0 
B every integer except 0 


E-105 USING THE IDEAS 

We N =e) yh Yeo =f] Jo) Sai (3 =o {e} ik 
nt eh @. Uels Te S=7e 1G Sh ii ies 2 
OF 2a 228 4a Ceo) Delmer Ge Peon Gua 
in] a We SP IL Sib TS Se I Sei Shy N 
Be—6@ C2) De 4 EV Foe Ge 4 eh 4 
| -3 J —-1 4.A positive B negative C positive 


Think b=9,a=10 


E-106 DISCUSSING THE IDEAS 

SNe 16 13 10 7 4 il 2 Sy ©) 
1 ARS On Biome 2 Ault BeOmeChomE Svan 
B12 Ce 272 D2 Es 6) FE 965 47A 5 65 Bi2s Co22 


E-107 USING THE IDEAS 


lei a key te =e Lar tS a) a il Lee 
C28 Dis) E03 AR? S Beso Ce Sue Dilio 
E795 47 A5) B75 Ce26. De26s Eve onA Om baa 
C 64 D —27  E —2 6. A —2, Bi 4 C64 Di3 
ES 272A 9B 60 Cec DO bec ao 














G25 H -46 1-3 8A-5 B-92 C6 D -4 
E14 F-1 G-4 
Think 


E-108 DISCUSSING THE IDEAS 

2A? BB —o) Ce Sie DOs Ese Fe /eGae 
H S35 WB es 2 ClO ORD ea 
E4<10 F8>1 G =l<1 Ho —9>—12 

| =10;= —=3% 25A533 IBe2t< 5a tC 3 DE Sian 
3.A left B right 


E-109 USING THE IDEAS 
15A52, 4B Y4> Cor Di 98s 23An= = Be Cr 





D = ES] Fe<. Ge Hi ee Kee 
35 Ay 105 Bal0— Cols 2a 0 

1h =e. Ole) ie = =2 1) tO 8 
H —8, —9, —-10,8,9,10 4.A less B greater C less 
D greater E less 


Think 





E-110 DISCUSSING THE IDEAS 
2A {- : ~7,-8,-9,-10} B {5,6,7, 8,9, 10} 











c {-3, —2, -1,0, 1, 2} 

D {-7, e 547 on 2 Ont, 2) 3745,6) 

E {-6, -7, -8,-9,-10} F {—9, —10} 
1.Ax>4 Se ee 

2.A {-3, —2, -1,0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10} 

B {—10, -9, -8, -7, -6, —5, —4, -3, -2, -1,0,1, 2} 
C {-3, -2,-1,0,1,2} 3.A {—8, —9, —10} 

B {7,8,9,10} Cc {-8, —9, -10,7, 8,9, 10} 


E-111 USING THE IDEAS 
1.A {-2, -1, : 1,2,3,4} B {-4, —3, -2, -1,0, 1} 
4 























c {~2,-1,0,1} D {-4, —3, 4} 

E ns 2,-1,0,1 ‘aa F {-4, -3, -2, -1,0, 1} 
2.A {-3, —2,-1,0,1} B {-—3, —2} 

Cc {—2,-1,0,1,2,3,4,5} D {-3, —2, -1} 

E {-3, -2,-1,0} Ff {-3, -2, -1} 11, 2, & 4S} 
ue Se tle Ole 2.374, 5) Jato} 

K ;0,1,2} L {0,1} M {-3,3, 4,5} 

N {=3, -2,2.3,45) © {-3,3, 4,5} 

P {0} Q {-2,=3} RS 3. A-{8, 9, 10} 

B {-8, -9,-10} ec {-10} 

a2 See edn PONG ee 56877048 10) 

EM 10,078) 574.6, 5,4) 

F {—10, —9, -8, -7, -6, —5, —4, -3} 

G {-4, -5, -6, -7, —8, -9, -10} 

H {-10, -9, -8,-7,-6} 1 {5,6,7,8,9, 10} 

J {=2, =1, 0,1, 2} 

K {-2, —-3, -4, -5, -6, -7, -8, -9, —10} 

L 3, 4, . Sous 6, 7, -7, 8, —8, 9, -9, 10, —10} 


E-112 DISCUSSING THE IDEAS 

2B 4,5,7,13,10,30 1.A positive B positive 
CoO 2.A4 B10 CO Dil Et Fi5 3.A 2 
B8 C23 D114 £100 4.A2 B6 C8 D2 


E-113 USING THE IDEAS 
1.A 8, 2,20,53,3,16 B 4,2,2,3,4,6 


Cre iis 27ASS eBEoe Chis Di2m Ec4 70k 04 
G4H3 16 J20 3.A5 B66 C5 D5 E8 
Fi9 G9 H4 4.A3,-3 B8,-8 C 4,-4 
D10,-10 E£€5,-5 F3,-5 G4,-2 H3,-3 
5.Al— 7) BSC —3" D2 E —2 F=13 
Think label coins A, B,C,D,E,F,x,y,z 
Weigh 1 
A Ta Weigh 2 Weigh 3 
Qa > HO Z heavy 
xs 
“i “Se x Light 
BF oy ligne 
at ~s 4 m 
at B light 
Mine FE Ope. 
3 ve x heevy 


B atc Weigh 2 Weigh 3 


oe - 
EF ae ei? S Sk F neevy 
“ c ( 
pee Lg Ns 
AO 
Sr BEY eS E hea 
i Fe) ait a 
(S34 3 
ot \ ; 
cna otf Cae SS a Da eee, 
—K similar'to B 


E-114 DISCUSSING THE IDEAS 
1.A 7units B7 C 20units D 20 2.9,-9 
3A5 BS C7 D7 4A 2 B —6,2 


E-115 USING THE IDEAS 


1.A8 B12 C8 D12 E15 F2 G49 
H 100 114 J 14 K15 L11 2.A 0,12 BO,8 
C0,-4 DO,-18 E 1,11 F1,7 G -1,-3 
H -1,-19 3.A—.B > C= D> .E%=) Fe 
4.A {-10, -9,9,10} B {-3, —2, -1,0, 1, 2,3} 


Cc {0, 1, 2,3, 4} 

D {-10, —9, -8, -7, -6, —5, —4, —3, 9, 10} 

Think 1. B 2. A: $8800; B: $8900 3. A: $16 400; 
B:$16600 4.A 





E-116 DISCUSSING THE IDEAS 
= 


me 


2, ©, = =2 8 112, =o 





E-117 USING THE IDEAS 

1-AS—3) B 8) )C)—5) Di —8 Es 10m rat 
2. A —9'—3 Bl —6) —3) © —45 21,35 A) 1045 
B =6,=2 C 8,—4° D —3/—6 Ens) 45An2 
Be 4 Ceo DieO Es 3 reomGr Omnis omen m2 
oh 1h UA, eG ae ee Spi 6}, 2 

Think INTEGERS; ADDITION 








E-118 DISCUSSING THE IDEAS 

C (4,4) D (—3,—2) E-(3,—2) F (0,3) G (—2,1) 
i (8,3) Veo) JELLO) ik (je) =) kb GO 
3. second coordinate is zero 4.A first B second 

C fourth D third 


E-119 USING THE IDEAS 




































































































































































































































































4) Se ORO vO MOOR eel eel eale On Til 











= 6h iy nich Sh 7 
























































120 DISCUSSING THE IDEAS 


Wea Re 2: 





B 4, 1,0, 1, 4,9, 16 


E-121 USING THE IDEAS 
1.A 


B 
= 


































































































































































































































































































10 -§ -b 


























E-123 USING THE IDEAS 


04 6 Sy Al 


1. 


3.125 16, 7 

















































































































12, 





Cyr se4nGue, 


5. Answers will vary. 



























































7. y=x+2 
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jo-§ oe" Go] 2 + bf 
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aoa Fae 
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fy 





E-122 DISCUSSING THE IDEAS 
Ch i 0 ey teh, ill 



































SSS Esl ie 
>| >| >| > 

Al/AlALALA 
xr}m|m{mim 


E-124 REVIEWING THE IDEAS 


iv ACOmD eo miChl ml 26zefomsyALOMmB L7iCe—31 
4.A2 B-2 C10 DO 5.A 16 (zero) 
B -9(one) C —8 (opposite) D 17 (commutative + ) 
E 8 (associative + ) F 2 (distributive) 
G -20 (associative x ) 6.A 42 B -42 C 42 
7.A-9 B-6 C8 DO 8.A {-5, -4, -3, -2} 


B {0,1,2,3,4,5} C {-1,0,1,2} D {4,5, -5} 
STA 9 B 9 10.A13 B27:'C6 D3 E 3,1 
Fe2 sO 11sA0 772) Bi 6 mCaGe om Dae 4 


ED 8,9 
13. 







































































































































































B 0, —3, —4, -3 
15.Ab6b Ba Cb Db 


E-126 CUMULATIVE REVIEW 
1.A MDCCCXCIIl B 1617 2. 74 3.A 10° B 27 
C 102 D1 4.A 5004039 B (7-107) + (8-108) + 





(4-105) + (6-104) + (3-109) + (0-102) + (9-101) +7 
5.A 747000 B 750000 C 700000 6. 32000 

7. 700 8.A 1176 B 8424 C 631896 D 1795, R4 
9.A 101 B 11001 C 1001101 10.A 1111 B 110 
C4111" 112A" {1,3, 5,7, 9) B10) 2/46, 8,10) “Cc x 
12.B 13. 22 14.A {4} B {0,1,2,3} c {3,4,5} 
D {3,4,5} 15.A 7x B 15x C 12x D 10x 

16. 6x —4=26 17.5 18.A {15, 16, 17, 18} 

Bits, Sia C13,6,9) 0D ainsyi9: Ai 3) 5,791. 
13, 17, 19, 23,29 B 4, 6, 8, 9, 10, 12, 14, 15, 16, 18 
200A02 Xi <7 Bo2ocs <AvaG 5x 5 x 5x5 
21.A2 B10 22.A 40 B 105 23.A 3,5 

B 273; 5) 10 Cl2,.3) (Di 3.15.59) 24. Anz, 11219228 
25.A 46 B -97 C 1000 26.A 18 B -8 

275A) =6(B2=130 (C2) Di25 285 Ae=30" 18) 45 
CO 29.A-5 B-9 C50 D-3 30.A 3 
B-6 C -225 D -4 

31.A —1,-8,10,0 B —2,10,00r3,40 32.A > 

B &i (Cy < 1D = 33. A 44,6) 

B {-4, -2,0,2,4,6} c {-4,-2} pb {-4, -2} 
34.A 4 B12 C68 D68 EO Fi 35.A0,7 
B 1,5 36.A 2,1,5,6,7,8 

B 












































UNIT F: MODULE 1 


F-2 DISCUSSING THE IDEAS 
2.3 3.23% 4.A 38 B 3 C 38 5.A2 B?2 
Ci D % ER 


F-3 USING THE IDEAS 








1.4; to, 35, Of zo 2A qe, 20,22 Beattie Ce saterce 
D 26, 28,4 E 23,423,323 F %233 3A%% BY 
ice Danes IATA Pia Gee G) as 
113,33 J #%3% KR LB 4A 6,3 B 4,3 
C 24.1 D773 E23) F334 1G 452 yes oll Sha 
J 10,0 K7,7% L 15,2 M 16,3 3) OMte-al 
SrA eB AiGE rey (See Lee Bx 


5 D; 
6.A improper B proper C proper D improper 
E proper F improper 

Think 622 
F-4 DISCUSSING THE IDEAS 


2.A no Byes C no Dyes E yes 3.A 5 
B10 C3 D60 E 30 


F-5 USING THE IDEAS 
1A% Bt Cw D# E? 2.A 45, 45, yes 
B 24,24, yes C 120,150,no 3.A yes Bono C yes 


Dyes E yes Fno G yes H yes 4.A 3 B15 
C45 (D8) EZ eral) G25) SHe60 al 2. J66 
Kaeo ean 25 
Think 








F-6 DISCUSSING THE IDEAS 
7 
8 





2.A -+ B Cel Oe ee 
chi =e (2) @ 

F-7 USING THE IDEAS 

1 Al=s) Bee Cy D = Ce) 25 03h A 2 
B-i C4 D-{ E-? Fi} G-} 4A-3 Bi 
G@=/ Ds 2H FH) 6 =—2 Gl =e 3 J0 
Koa EvOe Min4N 08 O02 5.0 cron 
6. A negative B positive C zero 


Think 19 units minimum 


F-8 DISCUSSING THE IDEAS 
1.0 2.0 3. -%3 5.0 6.A positive B positive 
C positive D negative E negative F positive 


F-9 USING THE IDEAS 








1.A-$ Bi C-3? D#% E$ 2AT BF CF 
DT ET 3AP BQ CP DQ EQ FQ 
4.AS BR CU DS ES FR GT HT IR 
ES PKS aeNe 

Think 3 

F-10 DISCUSSING THE IDEAS 

4.A -% B-i C-} 6.ate 

F-11 USING THE IDEAS 

1.43 Bw C-} D-} E11 FR G re 
H-# 1-$ J K® L-¥ 2A-} B? 
C-% D-} Et F%¢ G-% H-$ 1-% JO 
Ki L-$ 3A7 BE Cry DO E-} F -3 
G-% Hi 11 4A1 B-1 C-} D-§ E1 
F-% G-# H-1 I% J1 K-} L$ M-4 
N3 O-1 P#® Q-% RW 





Think A4 B5 C5 D5 


F-12 DISCUSSING THE IDEAS 

Clee So wAgw4 E85... e2,A 12 BG 
C 20 D110 £100 3.A 15 B-4 C20 D -9 
Ey 9450 


F-13 USING THE IDEAS 
1.A3,4,7 B 4,9,13 C —30,7, —23 


Pe} =8), =20, =) NS had (ap ble [So 
Foe f=) i= ba deh ee Li M -% 
NH O23 P -% 3.A 1012 tw C46 D 533 
E 683 F 733 G 184% 4H eer 4.A 27§ B 183 
C 123 D 15% 





F-14 DISCUSSING THE IDEAS 
VANS? Bi C4 S25 Ae. Boe Gite o-rarC 
4.A%; B-1 C-— 


F-15 USING THE IDEAS 














F-16 DISCUSSING THE IDEAS 


F-17 USING THE IDEAS 

1A Br Ct DOD} EX Fu Gu Ht 
2A% Bi CO Di E4 3.1 4 Aone Bone 
C commutative x D associative x 

E commutative x F distributive 5.A —; B —*% 
Cc -2? D-3 E -2 F -i+ 6. additive; inverse 
7.A % Cw, D? &8.A —-} B-% CE D-II 
9A-} B-+ Cr Dw E -wo F it 





F-18 DISCUSSING THE IDEAS 
2Aa 3.A —5 40 





F-19 USING THE IDEAS 

1A® Bae C3 DH ER 

ea i1¢@ Tey chy Lt a 
-# Ci D-*% Ed Fi G 
K M6 Nit On eee 
T 63 3.A positive B positive 
4 B-14 C12 D-25 E9 
4 C =2 Dy Eee E40 


Think Start at 5 (49 lots) 
F-20 DISCUSSING THE IDEAS 


2A Bia (Ce) Di ale An eB aoe Gres 
E 1 2.B wholenumber 3. negative 4. 1, —-1 


Zo 


1 


lo 


D 
5 


q 


F-21 USING THE IDEAS 


1.A% B-3 C$ D# E-3 F% G1 H -% 
ly Jae Kw L-100 2A# Bt CHE D? 
Exae Pha Gin H6 le Ja Ks Ll 3Aa 
Bea Chom Dn Oren Ee ose ers an AGsis Bro 


GP bay 24 Ee 
Think 1. yes 2. yes for A and B but not for C 


F-22 ELECTRICAL ENERGY 

NOON 2 loon Syl Ose40 4s Daeg Omi 7.9 10000 
8. 173 9.A $11.70 B 13¢ C $65.70 D 50.4¢ 
F-23 IMPROVING COMPUTATIONAL SKILLS 

1.A 453 B 20; C 2203 D100 E 19935 F 125 
G into H 1 13% Ji} 2.A% Ba Cis 
D -6%; E 3% F 8 G 8i H 7 1-453 J 
Sivds Ee Gas 1) ia 12 20 iF ile © 
H 1833 1100 J 88% 

Think A} BO Ci D4 


F-24 DISCUSSING THE IDEAS 
1,48 2.ciid 3.A -2 BR C -13 D —-} 
4. the multiplicative inverse 
F-25 USING THE IDEAS 
U/N Lig (@ ye ls [3 =—2 (7 =) (2 Male 





eee 2 Alsen Bise Cis) Dism Esser ee Gi 
H4fls os Ke t—a-3,A 9) B 1foc 18 
D2) E-} F=3 G2. Hi2? 4,A3.B 25 ¢3 
D-3 E11} F-3 G-$ H-2} 5.A1% B14 
C 1% D1 E13 F 4 

Think 17 

F-26 DISCUSSING THE IDEAS 

7 Al=1and=2 B —2and=3,.C 





B -3 C -2? D-} E -} Fi G -5/-6 H 
de 25 ee OS A> Bi a Case Di = < 
Gea Di 


F-27 USING THE IDEAS 


iS 2 Gide (@ = i) 1 =i) lt —Ae (cL / 
Higi7 mI Ui 2 AG 4s ose BeO Ore 


C —24,-25:> D 28,33;< E 140, 120;> 
Fet5=—203> 83, Al<—) B= Ce De CES. Fes 
Ges® Heal eed: Kees Lo = Me Ng 
O> P> 4.A -3§<x<} B -B<x<0 

C -35<x< 

















F-28 DISCUSSING THE IDEAS 

? $72 1. reduced 3. $72 4.A $32 B $64 
5 $31.96 
F-29 USING THE IDEAS 


1. $72.67 2. $135 3. $9 4.A $4.80 B $4.72 
Us CEO Cav 7 AMelel) 2h Ke) ER 
Think A $16 B A: $2; B: $2; C: $2 


F-30 DISCUSSING THE IDEAS 





3. segment 


F-31 USING THE IDEAS 
Up 2, = 210i 































































































































































































































































































-1, -4, -10 


6. 


By, Oh =o 


5. 


To Wy 2B On 


6. 0,4, 1,3, 
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8. 3, 0, 13, 12 





F-32 DISCUSSING THE IDEAS 








5. yes 


2.A no Bono 3.yes 4. 3% 





F-33 USING THE IDEAS 











8. (3, 1) 


9. (5, —5) 















































































































































F-34 REVIEWING THE IDEAS 
3 














ae 
=e 








[3 | 
Bz 
Roe 
B- op { b 


























—$<x<} 10. $99 11. 


They ee 


14 OF 




















ORES, 








aang Rad gs Of 
ay | 























RECEP 
GAm 


ARES 'S 














12. 
















































































13. Answers may vary. Some pairs are: (—1, 13), (2, 11), 


(i Qe (2 A, aos 
14, 



















































































UNIT F: MODULE 2 


F-38 DISCUSSING THE IDEAS 

? tbo, too, tod00; Toooss «6 1-A ite ~=B 107% 2.A 1/7? 
[} 29 BAN ey |) seen 1S 62 [e) GUE, 
F-39 USING THE IDEAS 


ToL WAC Tesi Ce Sle? Le) WON tS GE 
Ea/SG eualiiace lea tJ) )/820 8 27Am Ose Br O54 
E 





C75 D33 £107 F107 G10? H 10-4 
(p2sie Je3 0 3, A. 10° sB M03 CH10-2 8D. 102 
E 104 F10-' G 10-5 H 104 1108 J 10° 
4.A i BW C3} D 19% E 8077 F HA 


G 12% H 310% 5. 73 


6. C 
Think a a 
6 


F-40 DISCUSSING THE IDEAS 

2A 4925.0 B 49.250 C 492.50 1.A 0.001 
B 0.0001 C02 D003 E 0.27 F 0.179 
2.A hundredths thousandths' ten thousandths 
B-2 -3 -4 3.A 7-101 +5-10° + 4-107! 
B 2-10°+ 7:101+ 8-10? 
C 1-102 + 2-101 + 9:10° + 3:10°! + 5-107 
D 3:10° + 1:1071+ 4:10? + 1:10? + 6-1074 
4.A 0.9, 0.09, 0.0095) B 0.6, 0.06, 0.006 
C 0.1,0.01,0.001 D 0.8, 0.08, 0.008 


F-41 USING THE IDEAS 

1. A hundreds, 3 x 10? B hundredths, 6 x 10-2 
C thousandths, 7 x 10-3 2.B 0.7 C019 D 0.239 
E09 F 0.03 G 0.743 H 0.6197 10.39 J 0.007 


K 0.0291 L 0.009 3.B 7.142 C 56.375 D 475.3 
E 25.07 F 27.046 G 62.0539 H 3.0007 4.A 3-10°+ 
Wed st AhoglO=2 ae Ors = [eee lars cee) cs fjoq (oe) ae 
Ar Ome epee Ce OenOmuerentien Ones op Oneal One 
DIG: 10m 7 05 4 DAN 23: en 6.03 eC 7965.61 
D 700.03 6.A 0.7 B 0.70 C 0.700, 7. 0.750; 0.7500 
8.A 72.435 B 8.020 C 0.074 

Think A5 B3 C10 D7 E5 F383 


F-42 DISCUSSING THE IDEAS 
2?A0.25km B26km C 0.65km 2. 0.053 


F-43 USING THE IDEAS 

1.A 111.01 B 1.541 C 1661.62 D 58.966 
E 0.222 2.A 14.5 B 5.09 C 0.038 D 22.8 
E 6.217 3.A 7.985 B 10.802 C 21.222 D 20.276 
4.A 13.96 B 46.166 C 24.103 D 23.064 
5.A 2.558 B 12.483 C 3.85 D 99.1224 6.A 5.6 
Be 1191 Ce 15:9 DEO:0GSb a Ew 0:20) re 0194 
G 2.17 H —4.25 


F-44 CELSIUS TEMPERATURES 

1.A1.3°C B 22°C 2.13.8 3.36 4. 105.6 
5.146: 6.47:8 7. —273c16°Gn 38, 194.665 95 no 
10. 11.8 


F-45 SPEED RECORDS 
1. 789.657 2. 39.83 3. 225.773 4. 0.97 5. 5.29 
Uh Us Th OK 


F-46 DISCUSSING THE IDEAS 
20.06 3.A 0.0048 B35 C 0.09585 4. right, left 


F-47 USING THE IDEAS 

1.A hundredths B thousandths C hundred 
thousandths 2.A 127.8 B 3.78 C 22.26 D 1.625 
E 5250 F 14.744 G 27.82 H 4.7124 I 77.89012 
3. 90¢> 454-2 cnt 15s o:Oiiss vo: Ziman 00S 
8. 300000 km/s 9.A —1.68 B —0.24 C 2.24 
D —0.793 E —2.56 F 0.504 G —3.1714 H —0.0684 
1 0.36519 

Think 1 


F-48 DISCUSSING THE IDEAS 
Ard 8 BON Cole De Eek Ee Gay 
A. 3° 2)x 10%" 2A; BADE 3s Aeo- Sea 02 
B17 <1052 Co 1s0rX 104) Dv3i76 <al0S SE 6 Oka One 


F-49 USING THE IDEAS 

1, Al B22 Cee D.— 2a Eee Om GnomEreo 
107 25 A238 1102 Blk28io 10s Coals Os 
D 3.029 x 10?km E 4.0 x 104 F 4.44 x 106 
G 8.7 x 10° H 3.0 x 1022 3.A 7000 B 0.062 
C 0.00000545 D 90300000 E 6.43 
F 0.000000000005 G 11000000000 H 0.0000000337 
4.A 0.02 B 0.35 C 0.000064 D 0.000053 
E 0.000045 F 0.00000025 G 0.0000000106 
H 0.000000000000000003 5.A 3.0 x 10’ B 2.0 x 1029 
C20 105 DB 5.6 One En 1:06 102 ek Ob a0¢ 
G 4.2 x 1013 H 6.0x 10-7 I 1.0 x 10-6 


F-50 DISCUSSING THE IDEAS 


? 3:85 x 10°km 1.A yes B yes C no D yes 
2A3 B4 3A4 B3 C4 D1 4.3 
5A or 028e Bao 10! 


F-51 USING THE IDEAS 


1,AG2 eB sopmGaeenDiGw Era Fromme. A oO0lcm 
B 0.00005mm C 50000000 yr D 50000 kg 
C 0.00000005cm F 5mi G 5000m 
H 50000000000 km 1 0.005cm 3.A 74 B tu 
Cz Dw 4.A (3.2+.05)x 102% B 2.14 x 10-3 
C 4.0 x 108 


F-52 DISCUSSING THE IDEAS 

2A 0.543 B.047 C.025 3.A 3.62 B 0.00243 
C 0.023 4.A 42.1 BO0032 C015 D/7.3 
F-53 USING THE IDEAS 

1.A38 B057 C 0.063 D 3.56 E 0.0023 


F 0.00015 G 5.294 H 0.74 2.A 35.7 B38 C 6.4 


DiON0625 SE V04 1 Ea) Gale nOl0S6aa3iaii2o. 
4.40 5.1.31 6.192 7. 64s 8. 80 9.B -2 
Bi 0'5 3 Ce 700) D) 0:2 E 0:05 F530 

Think 1.3 2.7 3.3 4.3 


F-54 DISCUSSING THE IDEAS 

?A 6.93 B 693 C693 D 693 E 0.0693 
F 0.00693 2.A2 B3 C693 3.A 1104... 
B510'5°-= C 0.01892), 52 45.20 


F-55 USING THE IDEAS 


1.4 36x107 B6x10* C 44x10'1 D9x 107 
ERG e<alOm a FleGe< Orn Gade4e x 10m 
HRS: Zea One IR2:8 x Ono 2H Ale Gee 45% Gross 
D 04 E 3.258 F 0.0037 3.A 103 B 104 C 102 
DE6e<a02 ES 108) Fee a109 Gi 4e<a1052 
H2x104% 12x10? 4.A 2x102 B 2x 103 
Ces 0 DES <x 10s eee 254102 FS xl0ne Se 
G1x105° H2 13x10? 5.A 0.002 B 500 C 14 
D 0.27 6.A8x10° B 81x 1013 C 6.4 x 107 
Dien ES2x<10° F 103° 7 3'x 108 


F-56 DISCUSSING THE IDEAS 
(0.5/7 300.0 7O2 mel Al ns 27AND mB. OD 7,G2msTAN OLS 


B 0.33 C 0.333 D 0.3333 4.A 4.74 B 3.66 
C 7.96 D 15.46 E 0.81 


F-57 USING THE IDEAS 

1.A 0.4;0.6;1.5 B 0.43; 0.62; 1.52 C 0.435; 0.622; 
1.516 2.A 083 B081 C043 DO.73 E 0.55 
3.A 0.500 B 0.778 C 0.583 D0.657 E 0.146 
4.A 0.607 B 0.583 C 0582 D0632 5.AD BC 
6.A 0.750 B 0.688 C 0.500 D 0.438 E 0.375 


F-58 DISCUSSING THE IDEAS 
2.A 20, 18, 6, 2, 0.63 B 200, 198, 66, 2, 0.663 
C 2000, 1998, 666, 2,0.6663 6. 34,4 7.A 0.13 
B 0.123 C 0.1425 
F-59 USING THE IDEAS 
1.A 0.063% B 0.01; C 0.344% 2.A 0.53, 0.583, 


0.5833 B 0.83, 0.833, 0.8335 C 1.34, 1.334, 1.333} 
D 0.93, 0.933, 0.937; E 0.2%, 0.2143, 0.216% F 0.1%, 
0.1835, 0.185% 3.A% Bs Cy D§ ER FH 
4.A 0.2%}, 0.237%, 0.2343, 0.23433, 0.234373, 0.234375 
B 0.37%, 0.3543, 0.3582, 0.3584 C 0.1%, 0.18%, 0.1873, 
0.1875 D 0.6%, 0.613,0.616 E 0.93,0.973,0.975 F 0.4%, 
0.483, 0.4873, 0.4875 

Think 15 


F-60 DISCUSSING THE IDEAS 


7A 0:8533...6 B 0.96000 Ci0.S55em 
D 0.428571428571... 1. 0.185 1.25 


F-61 USING THE IDEAS 

1.A03 BO7 C015 DO0324 £056 F09 
0.024 H 0.3715 10.0426 J 0.507 K 0.62 LO.1 
.A 5.263 B 0.74 C 3.28 D 526.14 E 73.46 
77.7713 G 56.6615 H 0.04321 1 0.76243 
.A03 B06 C01 DO3 E08 F 0.09 
0.27 HO0O81 10.16 J 0.01 K 0.02 L 0.71 
0.142857 N 0.571428 4.A B CH 
1 K L 
6 
0. 
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F-62 COMPUTING WITH REPEATING DECIMALS 

1.A 0.666... B 0.8787...; 1.902993 2.A 0.444... 
BrO:4949 re G 80:00] eemenoAmO.OCOmmE 
B 0.3232... C 1.332 4. Since the divisor is 17 and if it 
repeats, it should do so after 17 places. 5.A 0.9999... 
B 0.9999... 

Think #3 = 0.074 
F-63 SPECIFIC GRAVITY 

1.A 19300 B 35.2 C798 D 786 E 311.65 
F 9000 G 90000 H 1000 2.A 13g B 1300g 
3. 499.2kg 4. 13.55 5. 51.8 


F-64 REVIEWING THE IDEAS 


1.A 104 B 10-7 C103 2. 8400.56 3. 5.102 + 
6.101 + 3 x 10° + 8.102 + 1.1073 4.A hundreds 

B hundredths 5.A 25.98 B 173.876 C 0.1665 

6.A 3.72 B 4.71 C 5.47 D 96.921 7. 9.405 

8.A 8.75 B 4080 C 9.715 D 0.0215 E 0.156 

F 199.71 9.A 900000 B 6300 C 0.053 

D 0.00000388 10.A 2.5x 103 B 4.5 x 104 

C 5.9x10-2 D3.1x10-4 11.3.9x105 12. 5 x 102 
13.40.14 B14 © 14 D 0.00014 E 0.14 

F 140000 14.A 0.25 B 1.25 C 560 D -9.1 
15.A 48x10 B21 C48x107 D4x410 

16.A 0.313 B 0.267 C 0.889 17. 0.634 18.A 0.75 
B 0.304 19.A 0.83 BO0.5 C 0.285714 





UNIT F: MODULE 3 


F-68 DISCUSSING THE IDEAS 
3. pizzas: 3 Boe: 3 doughnuts: 3 chips: 4 
4. AS 3-2. Bre, 3.42) -SSANG:409 Bi5:4 Cre Dike 


F-69 USING THE IDEAS 


1.A 4to8;5to10;6to12 B 12:8; 15:10; 18:12 

C 12 to 16; 15 to 20;18 to 24 D 39,28 38 E 8:20:10:25: 
12:30) F 43; 48:32 2A6 B15-C 20 D9 €E 50 
F 21 G15 H10 160 J18 3.A 1:2 B 5:4 
Crm 4e D 14917 SE 2513) -4yAes (Bt Cs) Ds 
Ex 5.A064 BO0O65 C029 D1.29 E 0.22 

6. 39 


Think 


Step 





F-70 DISCUSSING THE IDEAS 
? EF:AE GD:AD HC:AC 1B:AB 
1.A4cm,12cm B 4:12 C 1:3 4. 12 


F-71 USING THE IDEAS 

1.A3:3=1:9;9=9 B 5:12 =3-20; 60 = 60 
C 6:10 =4:15;60=60 D 3-28=7-12; 84 = 84 
E 5:60 = 3-100; 300 = 300 _F 90-27 = 30°81; 
2430 = 2430 2.A 18 B30 C16 D10 E9 F5 
Gil OMe Hial eee e/eeKe 24 elmer ALS lili Bn cO 
C175km D750 4 26km 5.A% B33 C 43 
Deja 6, Aye4 ee Bii2eCrOm Ditto 


F-72 RATIO AND UNITS OF MEASURE 
1.A 700 B 7000 C 19000 D3 E2 F3 
G 3.2 H3 120000 J4 K 200 L 45 M 900 
N 30 O 300 P06 Q 200 R 25200 2.A 60,2 
B 7,200 C 60,50 3.A% BY C m0 Di E 3 
F-73 SPORTS RATIOS 
1.A9% B 0.482 2.0625 3. 0.544 4. 1.95 


5. 2.20 6.A 0.841 B 0.159 7. 0.574 8. 0.730 
9. 0.318 10.A % 3a OC 


F-74 DISCUSSING THE IDEAS 

?2:10$cm 1.A x/3=%§ 2.A yes B x/40 =32 
C 24 4. yes 
F-75 USING THE IDEAS 


Ne 4 ee 2 ONO 4 Oa Oro mE OM C4aeOt0.6 
7.A 25mm B2.5mm C 100mm D 30mm 8. 3 
times 


F-76 DISCUSSING THE IDEAS 

2? 140 metres 190 metres 270metres 320 metres 
1. 1:5000 3. 4:1 4.6mm _ 5.A 1:8000000 B 224km 
F-77 USING THE IDEAS 


1.3.12m 2.4.92m 3. about47m 4.A 0.013 mm 
B 0.006 mm _ 5. 1:25000000 


Think ‘ ‘ ‘ 
Gg oe 


F-78 RATIOS AND ELECTRICITY 
1.36 2.A16 B625 C50 D140 3. 14.4 
4.0.17 5. 31.5 


F-79 EXPANSION OF METALS 
d.0:69 2: 0/0156 3:90:66" 74: 0:0219952920:75 


F-80 DISCUSSING THE IDEAS 
2A x0 B yo C %o D 333/100 E yo F 1 373/100 


F-81 USING THE IDEAS 


1.A 19% B 26% C4% D 150% E 0.5% 
F 100% G 65% H 24% 2.A 5% B 4% C 23% 
D 33% E 33% F 22% G 2.3% H 37.1% 2% 
J 0.75% 3.A 40,133 B 200,663 C 500, 413 
D 100,12; 4.A 58% B 72% C 838% D 75% 
E 69% F 6% G 154% H 88% 157% J 96% 
5.A 58.3% B 7.8% C 241% D 362% E 23.9% 
F 0.7% 6.5% 7.A 3 is 73% not 75% B 4 

Think 23421314 or 41312432 


F-82 DISCUSSING THE IDEAS 


1.A .05 B044 C 1.25 D0164 E001 2.A4 

Ci D ooo EnOme sr AG omer Gus D ar 
7 UES Gad He Wao Js 4.48%, 5. A 22%, 
36% C 214% D1% 


-83 USING THE IDEAS 

1. 0.735; 0.015 2.0.87 3. 32% 4.71% 5. 32.9% 
6. 4% 7. 2% 8. 53% 9. 95% 10. 81% 11. 0.085 
12. 2.2% 


oma 
ho 


7 


F-84 DISCUSSING THE IDEAS 


2A 50% B 37.5% C€ 117% D 27.3% E 20% 
F 4% 3.A,B,E,F,G 4.A 20% B 45% 


F-85 USING THE IDEAS 

1. 90% 2. 80% 3. 40% 4. 75% 5. 25% 6. 75% 
7. 10% 8. 25% 9. 80% 10. 663% 11. 583% 
12. 14% 13.A 20% B 333% C 63% 

Think 89, 98 & 99 


F-86 DISCUSSING THE IDEAS 

? dress, watch 2. $45 4. no 
5. $72, $18, $54, $3.24, $57.24: 
$69.95, $17.49, $52.46, $3.14, $55.60; 
$54.00, $13.50, $40.50, $2.43, $42.93 
F-87 USING THE IDEAS 

1.A $450 B $13.50 2.A $5.50 B $5.78 
3.A yes Bono 4. $11263 5. B 6. Erton’s: $12; 
Sampson's: $12 7. $129.60 8.A $126 B $3.60 less 
F-88 DISCUSSING THE IDEAS 

1.A3 B3% 2.A $4.20 B $175 C $10 3. 250 
4.A 3.0 B12 C€C 10:0 D 1.05 
F-89 USING THE IDEAS 

1.A 0.005 B 2.74 C 0.003 D8 E 0.007 
F 0.0025 G 0.0001 H 2.1 13.5 J 0.002 K 0.0005 
L 0.00125 2.0.007m 3.0.6cm 4. 1.6 5. $12,000 
6. 95400 7. $1308 8. 0.0001% 
F-91 USING THE IDEAS 


1.A 6, %,7% B 8, #%, 10.3% C 9, 2%, 11.3% D 5, 7 
7% 2.A6 B 4.3% 3.A 32 B 225% 4. 6.6% 
5. 58.3% 6. 16% 


F-92 REVIEWING THE IDEAS 

14 ONG 15: GcOme2 Alsi 4 Bicol Ce2itol3 
3. 16,9 4. 3:4=9:12 5. product of the extremes 
6) A, Si BES (CG De25 E18 FG 7. 60'km 
8. 0.09mm 9.4cm 10.C 11.5 12.A 11% 
B 8% C12% D4% 13.A 4% B 8% 
C 20% D3% 14.A 60% B 17% C 663% 
D 125% E 0.2% F 2.25% 15. 85% 16. $44 
17. $1.00 18. 25% 19. $960 20. 97% 


F-94 CUMULATIVE REVIEW 
1. 37.5% org 2. 73,48, 2%, 38,38 3.A 4 B-i 4.A5 
C#% 5A2 B9 C81 D 64 6 = 


NA Ne 


D> 7.A 144 B 
commutative + B 
istributive 9.A 4% B2A% C 
Ceo Deno alan A 

a Elan Gey 1) ere Akh Sx) 
O74 B.0:i8255C 0:4 5D) 0:375) EO: 
857142 14.A% By C i 

17.A 77.906 B 43.821 18.A 7.3 x 10° 
Opa OZ Gre 2k 10k DOS 10 ASS Aw OS2 
8038 C.64 D 3.9 
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20.A 71 B82 C 2160 D 0.217 E 6.39 
F 0.0554 21.A 86.8 B 553 C 20.978 D 0.0216 
22.A 8.14 B 62.8 C 9600 D 0.0283 23.A 19230 
B 2610.41 C 27 D 0.0719 24.A 28 B 1.8 
C 1200 D 27000 25.A 4 B6 C 500 26. 3:2 
27.A 16 Bi8 C7 D64 E8 FQ 28. 3to9 
29.A 75% B 70% C 33% D 538% E 110% 
F 16% 30. 84% 31. 2% 32. $9.80 33.A $4.56 
B $80.51 34. 7.1% 35. $500 36. 0.06 


UNIT G: MODULE 1 


G-2 DISCUSSING THE IDEAS 
1.A B',C',D! 


G-3 USING THE IDEAS 
ils 


































































































2.A triangle B segment C quadrilateral 
3; A DER” B DTE,.B 4, A xyz ~B x,y,z 
5. Same except for its opposite direction. 


G-4 DISCUSSING THE IDEAS 
1. right 2,down4 2.B right 6, down 1 

3.A right1,up4 8B right4,down2 C right5, up2 

G-5 USING THE IDEAS 

Ua. (ea i oe B 











































































































4. yes 5.A right1,down1 8B left4,up5 C left 2, 
down7 OD right4,up4 E down3 F right2 6.C no 


G-6 DISCUSSING THE IDEAS 
2? GHI 2.AJ BKandB,LandC 3. B! 


G-7 USING THE IDEAS 

1.A yes Bono C yes D yes E yes F yes 
2.A F,G,H_ B 45° clockwise 
<3 AY |e i B 




























































































4. D,E,A,B 


G-8 DISCUSSING THE IDEAS 
3.A XZY BX,Z,Y 


G-9 USING THE IDEAS 


1. A-H, S-Q,T-L,M-E 4.C no Dyes 5.A 4 B2 
6.A 3 B2 CO _ OD uncountable 


G-12 DISCUSSING THE IDEAS 
1.A translation Bono 2.A QKL = ZRST; 
ZKLJ = ZSTR; LK =TS; LJ =TR 


G-13 USING THE IDEAS 
1.ADF BFE CDE DvD E/F F/E 





2.A HI = MN; lJ = NO; JK = OL: KH =LM B // =ZN; 


ZJ =l0; 4K =ZL;H=/M 3.Al/' 8B JZA'AC C yes 
D /A"A'B'=/A'AB 4.A RSTU & EFGD 

B RSTU & MLKJ C RSTU & YXWZ 

5.A RS =EF, ST = FG; TU = GD, UR = DE; 

ZR =ZE, ZS = ZF: LT = ZG, LU = ZD; RSTU =EFGD 

B RS =ML, ST = ZK; TU =KJ, UR =JM; ZR = ZM, 
LS Ke ee RSME Kee Ca RS = VX: 
Si] xWe TU WZ UR ZY OZR 2a Si 1X 

ZT = ZW, 2U = ZZ: RSTU = YXWZ 


G-14 DISCUSSING THE IDEAS 

2? AJBF and ANMF: ACBH and AGFA 
1. AJBF = ANMF: JB = NH, BF = MF, 
JF =WNF, 4J = ZN, ZB = ZM, ZF = ZF 
ACBH =A GFA; CB =GF, BH =FA, CH =GA, 
£0 =4G,2B =ZF,/H=Z4A 2.A. KL = YZ, 
UR XZ BZ = AY A Zee AA = OV, 
RS =UW; ST =WV: B ZR =ZU; ZS = ZW; 
ZT =ZV C ARST = AUVW 
G-15 USING THE IDEAS 

1 ATE. BRE aC DIA DE DELEEw® RULE 
2.A MK BKL CML D/M EVK FiZL 
G AMKL 3. RS = XW: RT = XY: ST = WY: ZR = (xX: 
4S =1W;/T=ZY 4. A AABD = ACBD 
B AEFH = AGFH C AJKL = ALMJ 
D AWXY = AVZY E APOS = AQOR 
F ADGH = AHED 

Think 27 


G-16 DISCUSSING THE IDEAS 

25 AGAR = 2V; i= ZW 2S = ZU B ZR ZK 
EPR LO = Ae GeZAl = AC 42RD Ar= ZB DE: 
ZABD =ZCBD D ZX =ZW; ZY = ZZ; ZXRY = ZWRZ 





























G-17 USING THE IDEAS 

1.A DEF,IHG BI CH DG 2.A UVW,YXZ 
B /U =/Y; lV =/X;(W=/Z 3.A eorso = SQ 
SP =SR; PQ =RQ; ASPQ=ASRQ BM 
MP = MN: PQ =NQ; APMQ=ANMQ C SU: ce Sy 
SR = ST; RU =TU; ASRU = ASTU 











D DB: DB =DB,AD =CD; AB =CD, AB = BC: AD =BC; 





AADB =ACDB 4. AD =AD: AB =DC; BD =CA; 
AABD = ADCA_  5.A yes,SSS_ B yes 


G-18 DISCUSSING THE IDEAS 


2? yes 1.A yes Byes 2. DEandEF 3.A SAS 
B SSS CSAS D SAS 


G-19 USING THE IDEAS 

1.A AABC =AFDE BSAS C FD,/F,/D 
2.A CD BAC C72 D CAB:SAS 3.A SAS 
B SSS CSSS_ D SAS 

Think 
AACD = AAED; AABG = AAFG; ABGC = AFGE; 
AGCD = AGED: ABCE = AFEC; AACG = AAEG; 
AACF = AAEB 


I 


G-20 DISCUSSING THE IDEAS 

2.A WU,XY BXZ,YZ C ZZ 3.A ASA B SAS 
C ASA 
G-21 USING THE IDEAS 


1.A SUT,ASA BzS CTS,SU 2.A IHJ B 2X,YX, 
Z| 3.A SSS B ASA CSAS DASA 
4. A translation B reflection C rotation D translation 


Think 


i Step 2 ‘ip \ ta Ae 


step 1 
i | = A B® | 


G-22 DISCUSSING THE IDEAS 

1. yes 2. intersecting 3. same 4. 90° 5. parallel 
6.A yes Byes C4 = 28; 23 =27; 41 =Z45; 22 = £6; 
£4 =L2" 28) = 26845) = Zi 230253 22 28 
G-23 USING THE IDEAS 


howe Lo Wide Sir Ge zie 
Think the second car 


G-25 USING THE IDEAS 

1.46 BCEGA C yes 2.A yes 8B rectangle 
3.A AED and BFC B AEFB and DEFC 
4.A triangular B hexagonal 


G-26 REVIEWING THE IDEAS 

1.A Z B XY 2. Answers will vary, however, the final 
image should be ‘“‘left 2 and down 2” from the original 
position. 3.A clockwise BE C AEDF 


4. D A SRS One, 7. 
G [ale 


8. true 9.A AMNP=AQRS (SAS) 

B AHIJ=AGFE (ASA) C AABD =ACDB (SSS) 
10. PIM 11.A 21, 28,25 B 24, 26, 27 

12.A ABC and DEF 8B rectangles 

















UNIT G: MODULE 2 
G-30 DISCUSSING THE IDEAS 
1. Qunits 4. 23 
G-31 USING THE IDEAS 
1. A I(AB) = 4; 1(CD) = 2; (EF) = 2__B I(AB) = 4; 
8: 


(CD) = 2}; (EF) = 13 C 8 2.A (GH) = 0.8; (lJ) = 0.7 
(KL) =0.4 B19 3.A 26 B36 C54 D 19.54 
4.A 4by2 B4by1} C 4.2by1.7 5.A 12 B11 


C 11.8 


G-32 DISCUSSING THE IDEAS 

1.4 0.01 B100 C10 D 1000 2.A meters 
Bkm C mm Dcm 3.1.9cm 
G-33 USING THE IDEAS 

1.A I(AB) = 9;1(CD) =7; (EF) =3 B 9,7.5,3.5 
C 88,74,33 2.A5 B3 C1.2 D 2000 E 1600 
F 2.27 G 470 H 1500 1358 J025 K1 L1 


3.A 152 B 548 C 276 D366 E34 4.A 250 
B 38 C 300 D5 5.A 10.8 B91 C 0.086 


G-34 DISCUSSING THE IDEAS 


20A08 = Bafa GSO) DA.75 83. WA SB beh 
D 4.07 


G-35 USING THE IDEAS 

1.A 345 B 612 C 0.0567 2. 20.68 3. $247.75 
4.A 322 B 23.04 C 8.51 5.A 23.4 B 40.32 
6.A 423.36 B 1747.36 C 1324 

Think 8 


G-36 DISCUSSING THE IDEAS 
3.A b-h BAVWS =ASTV; AVRW =ARVU 4.A a 
Bb C 3.x (product of two sides) 


G-37 USING THE IDEAS 


1.A60 B12 C 81 2.A 69 B 49.8 C 7.9625 
3.A 28 B20 C 48 4. 5325 5.A 96 B 1182 
C 71.04 

Think 16, yes 


G-38 DISCUSSING THE IDEAS 

home As4Ocee BO0m mC) lO; dvAlae Bin (Cl. 
Dw Esa Fro Gx 
G-39 USING THE IDEAS 

UndN Week (2) zeros Te ee ial pa RAn 
3290421645198 4,A 30:5) B) 180°C) 1502) D) 1502 
Eyes 5. 132°40" 6. A 57°13" B 56°53’ 
ToAMtOco5 50 Bat472i2'40 °C 1802 (D 126°40713" 
8. A 59°14'9" B 51°42’20" C 88°48'49" D 35°45’8” 
G-40 DISCUSSING THE IDEAS 

1. sum = 180° 2.A yes B yes C 180° 3. 180° 
4. 36° 5.A 180° B 180° C 360° (2 x 180°) 6. 540° 
(3 x 180°) 


G-41 USING THE IDEAS 
1 AvoO gs B2doe Cul455D' 452° 2) A 90° B s0e 
C 74° D77° E 93°29' F 66°45' G 95°4’ 
HisS3: 55130 amr.) CO 44 42-08 55 144° 6. 123° 
7.A 540° B 108° 8.A 720° B 120° 9.A 1440° 
B 144° 10. MZH = 87°30’; MZG = 43°45’: MZI = 48°45’ 
Think 180° 
G-42 DISCUSSING THE IDEAS 
Ts ae Ce IS ee aise ee ec ee epee), aio aie) 
2. a2 + b? =c? 
G-43 USING THE IDEAS 
ToALO LO IS eB lOMmia ld © 2ar4Omno ce wae 41) mone 


6.1 7. 200 8.6.25 9. 71.41 10. 223.49 
11. 9,2: 6,7 








G-44 DISCUSSING THE IDEAS 
23) Om Os) 2059 


G-45 USING THE IDEAS 

1:A-85 B13 C17 2A 4B 127,C 12 
3. 10cm 4. 24 5.500 6A 24 B20 C 36 
7.A 20 BOS C25 D9 E16 F10 
G-46 DISCUSSING THE IDEAS 

1.A9 B5 C45 D8 E360 3.Al-w 4.A6 
B 6 
G-47 USING THE IDEAS 

1.A15 B75 C15 2.A 337.5 B 279 
C 27.225 D 0.875 E35 F 93.75 G 840 
3.A 1620 B 1.62 4. 24 5. 81 

Think 6 


G-48 DISCUSSING THE IDEAS 


1. joo «622:A 3 Bros 3. 1 gram 4.A 1920c? 
B 1920ml C 1.92¢ D about 1000 grams 
G-49 USING THE IDEAS 

1.A 560 B 24 C600 2.A 8 8B 1.1529 
C 4.35132 3.A 560g B 24g C 600g 4.A 8 
B 1.1529 € 4:35132 5. 1000 6:°C” 725A 80\cm? 
B 32cm? 

Think mm 


G-50 DISCUSSING THE IDEAS 

1.A yes Byes C yes 3. Yes, the heights and bases 
appear the same. 
G-51 USING THE IDEAS 


1.A 84 B 38 C 89.46 D 95.472 2.A 20 
B 190 C18 3. 2592276m? 4.A 49.5 B 113850 
5. 2500 cm? 6.A 320 B 1408 


G-52 REVIEWING THE IDEAS 

1.A 3.7 B 0.37 C 0.037 2.A 55 B80 3.A 75 
B 53.94 C 11.3 D 20 4. 166.6667m 5.A 49.4 
B 0.8075 6.A 72°29'36" B 71°37'42” 7. 52°45’ 
8235 9 CO0n Omi S mall one SO00 
13.A02kg Bi£ 14. 14.4 15.A 480 B 480 
C 160 


UNIT G: MODULE 3 


G-56 DISCUSSING THE IDEAS 
2.A 21=2Z2 Byes C AABD = ABCE; ASA 
D yes E parallelogram F yes 
G-57 USING THE IDEAS 
1.A yes Byes 2.A7 B6 C9 3.A6 B6 
6) 4.A 4 B45" CS D8 E8725 Sre4oeesoAgs 
Ce gh le) 729) 
58 DISCUSSING THE IDEAS 
2. ByZle— AW 7 Re= ZU Sn = AV Ga aloe 
3.A 62° B 5to6 
G-59 USING THE IDEAS 
1. /(DE) = 6; (EF) = 15; (DF) =12 2.A yes B yes 


Cc 
B 
G- 


C yes 3. yes 4. 60° 5. mZP = 27°:mZzQ = 90° 
mZR = 63° 6. 141x96 7. 60 8. 3to 4 
Think 


1. 2. 3. 


G-60 DISCUSSING THE IDEAS 
1. yes 2. yes 3.A yes Byes 4. 12 


G-61 USING THE IDEAS 

1. MLR = 35°; MLS = 120°; mZT = 25° 2.6 3.5 
Ub Tee) OR Re Gb Se We 2 Gb ER Oy UR egy 
il eaOnMinnd 22 Meets. Ol 


G-62 DISCUSSING THE IDEAS 


2? AABC ~ AONM; AGHJ ~ AJLK; ASTW ~ ADEF 
3. a2/c2 5. a2/c2 6.A yes B QPR 


G-63 USING THE IDEAS 
1.AMN 2. wy, 3. bif=clg=dih 4.A} B} 


5.A4 Bé 6.3 7. I(a) = 20; l(b) = 15; I(c) 
I(d)=5 8. 14.86m 





G-64 DISCUSSING THE IDEAS 
Un AA ZEN age} 


G-65 USING THE IDEAS 


1.A035 BO0O34 C095 2.A 05 B 60° 3.A 1 
Be45me 45 An 0:05) BOSS Cr2 ao. 0.1405 
7. 3.8 8A 70° B 4.1m 


G-66 DISCUSSING THE IDEAS 
2.A sin B tan 3. 17.2 


G-67 USING THE IDEAS 


1.A 855 B123 2.A 18.75 B 35.29 3.A 0.42 
B 038 C092 4.A 0.225 B0220 5.A5 B 0.6 
C08 D 0.75 


G-69 USING THE TRIGONOMETRIC TABLE 


1.A 407 B 1.036 C0574 DO0602 E 6.314 
F 0.454 G 0.035 H 0.574 2.A 75° B 27° C 70° 
D543. 90m 4 5A 4 07S Bali. 42m) Cr5:325) Di 9:96 
iN S72 de Ge eae ip) Gis a eh te, Acleen(sian 


G-70 REVIEWING THE IDEAS 

1.8 2.7 3.A iJ =/P; 4K =/Q;/L =/R 

JK andPQ:KL andQR:JL andPR 4. 48 5. /S 

§ 7. AandE,C anc )D,BandF 8.A sin B cos 
an 9. 37° 10.A 0.454 B 0.788 C 0.344 

PS26i Edel 1) au0:993 eld AN 702s) B92) (CRG02 
O° 12. x = 23.8; y = 49.1 


+ 


B 
6. 
Cc 
D 
D 


nO 


UNIT G: MODULE 4 


G-75 USING THE IDEAS pad 

1.A 14cm Bchord C ACD 2.A interior Bon 
C exterior 3. 10, 15, 21, 28, 36,45 4.A OB Bono 
C yes 


G-76 DISCUSSING THE IDEAS 
1.B yes 2.A z 3. cutsalongadiameter 4.B circle 


G-77 USING THE IDEAS 

1.A circle B radius C Anywhere on the sphere 
2. no 3. interior to sphere 4.A hemisphere 
B sphericalcap 5.A OB Bono C yes 6.A 90° 
B sum = 180° 
G-79 USING THE IDEAS 

1.A 28cm B 22cm 2.A A6cm;B6cm;C 6cm; 
Disicms BrAy Cs Ds 327A OMB ley GLE 
iw once 

Think Tosee the circular shape, view from A. To see the 
triangular shape, view from B. A 


G-80 DISCUSSING THE IDEAS 

2.A triangle B octagon C yes 3.A decrease 
B increase 

Think 


G-81 USING THE IDEAS 


1. to 4. Constructions left to the student. 5. 3.14 
Think 


a 


Ne 


G-82 DISCUSSING THE IDEAS 
2.A 3.14 B 3.142 3.314cm 4. 25.12cm 


G-83 USING THE IDEAS 

1.A 25.12 B 47.1 C 19.468 D 376.8 E 2.23 
F408 G314dm H7.54 2. 265 3.A 31.4 
B 42.7 C 232.36 D502 4. 40000 5.A 37.68 
B12 6.A 490 B 245 7. 3.140868 


G-84 DISCUSSING THE IDEAS 
1. yes 4.A 50.24 


G-85 USING THE IDEAS 

1.A 153.86 B 314 C 452 D0015 2.5 3.A 16, 
50.24, 200.96 B 2.5, 15.7, 19.625 C 2,4,12.56 D 10, 
62.8, 314 E 2.25,4.5,15.90 F 0.24, 0.75, 0.045 
4.A 1017.36 B 278.64 5. 169.18 


G-86 CIRCUMFERENCE AND AREA PROBLEMS 
1.A 11.304 B 5.652 C 5.652 D 10.1736 


E 5.0868 2. 571.48g 3.9.8 4. 400 5. 9555.3 
6. 14.6 7.A 3.5325, 6.28, 9.81 


G-88 DISCUSSING THE IDEAS 

1.A less 2.A less 3.D5 4.8 

? 15 black, 28 orange 2. no 3.A 350 in 1000 
B 0.35 4.A 65 B35 5.Alin4 Bi C50 


G-89 USING THE IDEAS 

1.A 113.04, 1130.4, 376.8 B 452.16, 2712.96, 452.16 
C 1256, 75360, 7586 D 0.785, 0.196, 0.79 E 2.96, 27.5, 
148.7 2.5.6 3.A 10, 113.04, 37.68, 301.44,188.4 B 2, 
4.52, 7.54, 2.41, 7.54 © 12, 78.5, 31.4, 314, 204.1 
4. 1.96 m? 5.A 616 B same 


G-91 USING THE IDEAS 

1.A 113.04, 113.04 B 904.32, 452.16 C 6202.7, 
1632.3 D 2143.6, 803.8 E 4.19,1256 2.A 4082g 
3.A 514457600 B 363207060 C 1097509500000 
4.A 37503959 B 21602280000 km’ 5. 4.19 
6. A 7234.56 cm? B 6589.44cm? C 1808.6 cm? 
D 1647.36 cm? 7. ($-2-r3/m-r2+h) = (4/2) =3 8. 8x, 4x 
OI AILXaLOX 


G-92 REVIEWING THE IDEAS — 

1.A AB BOC CO OD BCD, or ABC 2. great 
circle 3.B 4.314 5.C=a7dor2mnr 6. 77.24 
7.2.8 8. mr? 9. 117.6 10. 125.6 11. 784 12. 4.46 
13.A 6cm B 28.26 C45 14.519 15. 1.73 
16. 305.3 17.A 38.8 B 55.4 


G-94-95 CUMULATIVE REVIEW 

GSPN (cecal Ah) ES (oer) (2 sul) me 2ereAln (agli) es- (itinsS) 
C"(5, 4) 
3. 









































































































































4.A /Y B XZ 5. Cand D (ASA); B and F (SSS); 
AandE (SAS) 6. 23,/5,/7 7.A A =9.87;P =13.6 
ByAl— 1244 P= DAS GEA = 10161 = 15.) DEA — 30.59: 
P=28.8 8. m/1 = 114°: m3 = 24° m/4 = 66°; 

m5 = 90°; m6 = 66° 9.A 110° B 70° C 50° 
10.417 B16 C10 DOS 11.A 1134 B 105 
12. 1380 13.4 14.9 =6;h=51 15.A % cr 
C*% 16. 16.97 17. 3.14t01 18. 31.4 19. 113.04 
20.A 785 B 314 C 471 21.A 96 B 75.36 
22.A 33.5 B 50.24 


UNIT H: MODULE 1 


H-3 USING THE IDEAS 

1. A 50 black; 30 orange; 20 white B 500, 0.5; 300, 0.3 
2007,0°25 25A50)).B10'5; 0:5" 37A 6 Bz “4A 3 
Bs C20 D 100 


Think 


Wi WIS 47, 





H-4 DISCUSSING THE IDEAS 
2.AA+F,C+£E,B+D Bono 


1. yes 


3. A 180, Too 


00, 100; 


785, 788 Bono 4.A yes B yes 


H-5 USING THE IDEAS 


1.A3 


Ey yah owe 


SIA {13283 .4,.5,,.6 
4.A 25 BA:38;B 


H-6 DISCUSSING THE IDEAS 


260 1.2 2.A {2,4} B#? 3. yes;? 4. yes 5.0 


1 ihe) oS ae 
a Ceo, Digg enamel 


H-7 USING THE IDEAS 


P(H, H) =a; 


By) Cix{2)3\. ae (Dt n2nss4 aie SERS, 
3 C} D1 E# 3A} Bi Ci 
4.B P({2,4,6,8}) =4 C P({4,8}) =3 
4})=4 E P({1,4,9}) =3 

5,7})=$ G P({t, 2,3, 6}) =4 

}) =# 1 P({7,8,9}) =4 

3,4, 5,6)) =2" KUPC 1, 293.4, Sn67) js 
3, 4,5,6,8})=% M P({2,4,6}) =3 
Ales 


DISCUSSING THE IDEAS 
? 250,500,250 2.A P(H,T)=1;P 
P(e) =) Cesmesa2 


H-9 USING THE IDEAS 


Footie ), (H,.7), 7,4). 7.) BY 2A (A, Ht 
); 


B es HST} ~<C {(HaT) tam 

D {(H,H), (HT), (T,H)} E {(H,7), (7, )} 

F(t, ED 3A: Bo Coe Demecere 
4. A (D, 3) B {(A, 1), (A, 2), (A, 3), (B, 1), (B, 2), (B, 3), 
(C, 1), (C, 2), (C, 3), (D, 1), (0, 2), (0,3)} -12 Ce 

5 Ad BY were & 1 Gx H# 
H-10 DISCUSSING THE IDEAS 


aes SS ehleh lal) vorwe did Sh iG © a 
4.A 32 B 3 


H-11 USING THE IDEAS 


1.A4 
24 


Bi 


Ww 


Cc 


ie a Saul 1 1 1 1 
me dass dete (iy bv wt 


YN 
/\a 4/\: 


ffl 


z 
~ 
z= 


BLac 


k 


KWkWwe 
yy By re 


Were 


b/\ al \s 


dha 


& cB 


5.A$ Bs 


Cc 


Erb [GC REC 


4 
9 


Ds Ex FA Ga HH 


H-12 DISCUSSING THE IDEAS 
? 24 1.A 6 = 2. 24 (total number) 


H-13 USING THE IDEAS 


hae NU. 
ee MY 
iS PEG 6h BA 7hG Geo Ch 7ew 


Think 10:16¢, 31¢, 36¢, 40¢, 56¢, 61¢, 65¢, 76¢, 80¢, 85¢ 
H-14 DISCUSSING THE IDEAS 
? 24-5 2.A yes B 120 3.A 720 B 5040 
4.A 6 B 120 C 3628800 D 144 E 5 
H-15 USING THE IDEAS 
1. 5! = 120; 6! = 720; 7! = 5040; 8! = 40320; 
9! = 362880; 10! = 3628 800; 11! = 39916800; 
12! = 479001600 2.6 3. 362880 4. 5040 5. 120 
6. 720 7.A 10! = 3628800 B 7! = 5040 
C 11!=39916800 D5 E 20 F6 G9g:0 H 60 
15 J 7!=5040 K 4!=24 L6!=720 M72 N5 
Think ETTF 
H-16 DISCUSSING THE IDEAS 
212 2A4 B3 C4x3=12 3.120 4. 20 


H-17 USING THE IDEAS 


fyAgoe Bo47)C 205 25 60553-71116280545 8° 5.A 9 
B10 € 90 7. 900 8. 15600 


H-18 DISCUSSING THE IDEAS 
2alOmSyAN Ge Bo. aC ecm Dey, 


H-19 USING THE IDEAS 
Om 24 snAr4 eBid 4502] 905.0458 6. AS 


Bas )Ce5s) Del20 27.015 829220100 
Think 6 


H-20 DISCUSSING THE IDEAS 
2533 m2 AL 6B sadn 


H-21 USING THE IDEAS 
1.A (V,S), (V, 8), (S,8) B2 C% D3 2.A 20 
B2 Cy 3.A10 Bh 4A 45 B10 C# D3 
E3 
H-22 DISCUSSING THE IDEAS 
24,444 1.1 3. P(EUF) = P(E) + P(F) — P(E 1 F) 
4. 4 


H-23 USING THE IDEAS 
1.A E: {2, 4,6}, P(E) = 
BE nF = {2}; P(E nF) U 
P(E UF)=% Di 2A% Bi C 
$4% BR Cx,1%,%,3 D B= 
E {2,3,4,5,6,7,8} FH G {4,5} 


H-24 REVIEWING THE IDEAS 
1. 75 2.A 4 B about 10 white; about 30 red 
PO RBs, ata Cre. 486) 9D {278;5} 
3 (ee Ie 


+A 46 ue 
iN 

ey Hs 4 » 4 ¢ 

SALKSE 24% 
6Ai Bicr Dt EtG FR 7. 24 8. 72 
9.6 B20 C5 10.10 11.A 24 B6 C 36 
D 120 12.A E = {(B, 1), (B, 2), (B, 3)}, P(E) =3 
B F = {(A, 2), (B, 2), (C, 2), (0, 2)}, P(F) =3 Ce D} 


UNIT H: MODULE 2 


H-28 DISCUSSING THE IDEAS 
4. 25cm 


H-29 USING THE IDEAS 
Be 2)A256.25) 3B 4000p Cecom Dem E625 rad 
3.A 10s B 25m 4.9m 5.A 25cm B75 C 37 


H-30 DISCUSSING THE IDEAS 
? EvaB 2.B 59.3 3. 33kg 


H-31 USING THE IDEAS 

1.A 5140000000km B 1700888800km C Saturn 
2.A 412,442 B 137.3, 147.3; Mary C Linda 47; 
Mary 40 3.A 30 B 81.4 4.A 19.3 B 47.4 5. 92 


H-32 DISCUSSING THE IDEAS 
3.A 13 B 15 and 16 


H-33 USING THE IDEAS 

1.77 2.A 40, 59, 65, 65, 65, 67, 68, 72, 76, 80, 100 
B67 3.A 12 B12 4.A 7.4 B 7.96 C mean by 
0.56 5. 4230 6.A 23 B 31.75 

Think yes 


H-34 DISCUSSING THE IDEAS 
?8 1.A8 B7 C17 2.A yes8 B no 
3. Oand3 


H-35 USING THE IDEAS 
1.13 2. 38 3.A 2and5 B 2and5 4.A $2-4 





H-37 USING THE IDEAS 
1.A 45 B 1,4,7,10,9,6,5,3 


22.2% D 6.66 


oO 


2. 
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H-38 DISCUSSING THE IDEAS 
RAOUL M@OrCInm2s AS bem onARG4. 


H-39 USING THE IDEAS 


1.A A: 26;B:22 BA: 27;B:24.5 C A: 25.5; B: 22 
D A:1.5;B:2.5 2.A 1600: 0.5 billion; 1700: 0.8 billion; 
1800: 1 billion; 1900: 1.5 billion; 1950: 3 billion 
B 45 billion C 10billion 3.A —10°C B 11°C 
Ca2 Cae Dei 4: 30 


vs 
Ey lal 
Ww | 
uw 


fa oH 


Ie 7 
14 












































VEQUl4GN1 2345 
peltih > (AAI 
H-40 DISCUSSING THE IDEAS 
2. pie 72° malt 84° fries 84° 3. 96° 
5. eating 12.5%, 45° school 25%, 90° other 12.5%, 45° 
recreation 8.3%, 30° homework 4.2%, 15° 
sleeping 37.5%, 135° 


H-41 USING THE IDEAS 


1. A basketball, ; other, 4; tennis, 7%; golf, 75; baseball, 
3; football, + B basketball, 40%; other, 13.3%; tennis, 





8.3%; golf, 3.3%; baseball, 15%; football, 20% 
2.A $3.00 B $2.40 C 10%; $1.20 3. 437 by bus; 235 
walk; 100 ride bicycles; 68 by car. 4. 





Think d 
AB foe aua ofa] 
48 


25 24 23/40 








H-43 USING THE IDEAS 
1.A 13.8% B 15.884 C 10801 2.A bias 
B unbias C bias D bias E bias F unbias 
3.A yes B undecided votes D A: 5960000, 4760000; 
B: 5000000, 3800000; C: 1 440000, 240 000 


H-44 DISCUSSING THE IDEAS 
3. 01851 4. 23,43 
H-45 USING THE IDEAS 
1.4180 B64 C6 D1 Eno 2. 0.2882634 
3.A 73% B 876 C 324 
H-48 REVIEWING THE IDEAS 
1) $13" 2A 18 B 87-499C 88:5) 935A) 1 Bat 

























































































6. 










































































7.A 15% B 72° 8. under 20: 12000; 20-39: 7500; 
40-60: 6000; over 60: 4500 - 9.A no B no 
10. 625000 11. 59 


UNIT H: MODULE 3 
H-52 DISCUSSING THE IDEAS 


Ziedieeielesss = 2simoremese yess: Ay yes, Bl V2 


H-53 USING THE IDEAS 

1.AV3 B-V3 CVi7 D -Vi7 E positive, 6 
F negative,6 G positive,7 H —-V47 In 2.A 2 
B5 C6 D015 E100 F 225 3.AV9 BV7 
Cvi1 DVi6 EVI7 FV1I9 GV63 H V64 
4. 7=V49; 8 = 64; 9 = V81: 10 = 100 
H-54 DISCUSSING THE IDEAS 

2 no 1.C 2.no 3.B V5 CV5,-V5 


H-55 USING THE IDEAS 





5 10,10, VA0, V0" 28 17, We -V17 _ 3. 26, 
VOIR. —V26 4. 3,V3,V3, -V3 ‘5. 6,V6, V6, -V6 
H-56 DISCUSSING THE IDEAS 

1.A incorrect B correct 2.A incorrect 
B incorrect C correct 3.3 4. 3.2 
H-57 USING THE IDEAS 

in Agor 4 Buoy OmaG ales lomerAp Ga Bid aGrG 
Ay {ete Ways tender olalveh Wh i aD A @) eae; 
MM NP OO PN QR RI 3.A 2.8; 2.9 
Biige /-GmaGelO'6O. 1 Oj 4a Aneccm Biiacen Ge 10:6 
es We Tee TSE eel are SIR. WAR) Tk Zehir 
PPiey, Pale PLOls) PEO) TA. Fey. (ae 8}, Shy Byistel fopete)- 


5.385, 5.386 8. 9, 10; 9.3, 9.4; 9.32; 9.33; 9.327, 9.328 


H-58 DISCUSSING THE IDEAS 
? yes 1.A43 B 4.3 


H-59 USING THE IDEAS 

Ta Aycom Bao Cos'5as DEOUS me Ee Gia) Fe5:3' .G) 57 
Hodiesimeen Arde B O45 Cala ceeDe4: 6a Eatsa 
F209 G38. eH 14 IO LS) 93..A\ 9127 
Be24 our Cec:6i) Di4AcGm Eno:65 Far.2r = (Gr2-8 
Hy54:77) 10.63 (J 1102" 45 B 55h 25 8B 10. C4 
D5 E—1 6.A 67; 667; 6667; 66667 

Think 1. 3:4 2. 7:6 3. engine 8 cm; dining car 12 
cm; caboose 6 cm 


H-60 DISCUSSING THE IDEAS 

2A 196 B 4.123 C5477 2.A 2.236 B 2.828 
C 3606 D 4.472 3.A 5.477 B 9.487 C 10.954 
D 13.784 4.A 18 B13 C16 D119 5. 4.183 


H-61 USING THE IDEAS 

1.A 2.449 B 7.746 C 3.606 D 11.402 E 4.243 
F 13.416 G 3.317 H 10.488 114 J13 2.A 2.828 
B 4.472 C 3.464 3.B 11 C150 D90 E 15 
F155 9G S362) H Sidi yAr2 2a Balk225.C.3:240 
D 4.183 E 2.915 F 4.278 G 4.405 H 4.025 
1 3.688 J 3.847 5.5.39 6. 4.47 


H-62 DISCUSSING THE IDEAS 
@, 3.6 122:8'94953. Bini2 


H-63 USING THE IDEAS 
1.A 3.16 B 424 C 5.385 2.95 3.10.4 4. yes 
Bh ele Ch aia 


H-65 USING THE IDEAS 
1.A 0.6,1 B 0.2857142,7 C 0.6250, 1 

















D 0.384615,6 E 0.83,1 F 0.037,3 G 0.81,2 

2.B 4.4 C 3.83 D 7.07 E 842.842 3.A 4.444... 
EA es C/N ar Bar : Bez 1G = 

5.A 74.074074... B74 Cu CHIN a2 (6 oe 
Ds E a4 Ee Gis H 440 132 J ss 

7, AO ee B O02 Ca001) DN 0.02 E 0.001 0.002 
8A44 Bis Cas Dig, Scien lie chy a 
G stay | H 935, 33 I 5, $3 Ja K sos, 335 L so5, Tit 
M os, Be ON obs, $83 

H- 


66 DISCUSSING THE IDEAS 


2 A 0.23323323323... B 0.05005000500005... 
C 0.123456789101112131... 
D 0.142857142857142857... E 0.246810121416182... 
F 6.26262626262... G 0.100100200300400... 
H 1.4142531425314253142... la,d,f,h 2.6,c,e,g 
4. non-repeating 5. irrational 6.A yes B yes 


H-67 USING THE IDEAS 

1.A rational B rational C irrational D rational 
E irrational F rational G rational H irrational 
2.A 4.414 B 2.828 C 0.414 D 2.828 E 0.2828 
F 0.9023 G 0.7072 H 0.707 3.A 31.4 B 12.56 
C 28.26 DO32 E002 F986 G 17.58 H 19.63 
4. 1.62 

Think A #33 B 3.1415928 


H-68 DISCUSSING THE IDEAS 
1.A yes, rational B irrational 2.A 2 BV3 
3.A6 B20 C15 D56 


H-69 USING THE IDEAS 

1.A rational 8B irrational C irrational D rational 
25A 6° Bi 18> (Ge 21) 4 Di245 Evi2 SEs05 
3A 2°3=6" B S25 15) (Ce2e7 = 145 Dei 5335 
4.V6 5. 2.449 B 2449 6.AV15 BV14 C V35 
DV21 JE V55 F V143 1G Vi878 1H WSs 








H-70 REVIEWING THE IDEAS 

1.AV5 B-\V5 C positive,13 D negative, 13 
2. V1i0 3. —6and—7)4,A 3,4 B56) GC 18.49 
5.A3 B5 C18 D4 E16 F113 6A 3.6 
Be 7.28 72, 430 Oa iON ARGEE BD aOl CHS? sD a7, 
10. 8.1 11. 0.857142 12. 23 13.B irrational 14. 14 
15. 6.71 16. 33 17. 4.863 18. 16.97 





UNIT H: MODULE 4 


H-74 DISCUSSING THE IDEAS 

3.A qd 4.A true Btrue C true D true €E true 
F false 
H-75 USING THE IDEAS 


1p ARoe Bae Ce2te DOR Esme St GrOmHielies2 
Wd 22Al oe Bi 24 Ceol D238) se) — 40) F230 


G —-44 H -60 3.A true B true C false D true 
E true F false 4.41 B2 C0O D3 E11 FO 
G1 HO. 137 5.A 0) Bt €C2.D3 6.A 3 BO 
CEs De EO FaceeG ya HinO 


H-76 DISCUSSING THE IDEAS 

ine eee) sh @ Cha EE 2 Os) wi ch 2 
Coa Wek Ss deny Ga Ce) 2 Pee 133 
3.3 45B5h) C2 


H-77 USING THE IDEAS 





-78 DISCUSSING THE IDEAS 
Hi 2 72 Sho th @ Es) Gh 7 Or CET 
vAy Co BAOu Gus ad-52un 4-20 


H-79 USING THE IDEAS 











Bl0s CU3) D3) E 0) Fe2 ess .yes 94553 
. 6.A no Btland1;3and3 7.A2 B2 C1 
Dal Es2 Eee 


Think The ratio of the areas. 


H-80 DISCUSSING THE IDEAS 
27 Agee Bele GC USD! SEUSS EGU 








5yVAL URE Re BeOS iu 


H-81 USING THE IDEAS 
REMOTE re lG =) ev ster (Eo le iatketat 3 (U/ 
Die oh eee UBS SCE DUS Ea)» Fer 


GU SHER Ui 435A UB iu CoUs DG aSETR 
FR GL HL _ 5. associativity 6. / times any 
element is thatelement. 7.A/ BL CU DR 
8. yes, / and/, L andR, R andL, U and U 


H-82 DISCUSSING THE IDEAS 

1. Horizontal and Vertical Flip 2. no 3.AR B/ 
(ek ey TEV [aap CEN IL [ee 
H-83 USING THE IDEAS 

1AHsH=!| BRxP=U CUre=F 


DBxu=ph 











4. | 5. not commutative in flip section of octic system; 
Rx H=HwhileHsR=Q 6. loxl=1,UxU=], 
PRR LAS WahLMEVehewa=1 BAI BL 
GV. DIV ECR: FURS 8-syess. 9 


H-84 DISCUSSING THE IDEAS 


1. (=3, —2), (3, —4), (1,4) 2. (=8, 4), (<1, —4) 
SHAS Bi 130 Cy 20) 4( 2a) eS 


H-85 USING THE IDEAS 
1,A. (23, 1) eB (-1, 


E (3,—4) F (4,2) 2.A V1i0 BV2 C3 DV41 
E5 FV20 4.AV17 BV2 C4 D5 £2 
FV29 GvVi8 H5 5.Ab Bd Ce Dg 


H-86 DISCUSSING THE IDEAS 
1, 0(2) 3) 03. A (5 02)) Bane 5) 


H-87 USING THE IDEAS 




















2A (5,1) ° Bid) 1)e C131) (Dae ae ie 1) 
F (0,4) 3. (-7,3) 4. (0,0) 5.A (0,0) B (0,0) 
C yes 6.A (—6,5) B yes 7.A (—1,4) B (1, —5) 


C (3,1) D (3,1) 8. yes 9. (—8, -11) 


Think 65 = 12 + 82 = 42 + 72: 85 = 22 + g2 = 62 + 72: 


125 = 22 + 112 = 52 + 102 
H-88 DISCUSSING THE IDEAS 


1A no)” Beno C yes! 25A 0% 1—0 §B 1x 0'= 
Crieaie=1 


H-89 USING THE IDEAS 
see CS One 
Je 
Car 


0 


-—& |O } — 


ClOM Dim onA 
BO0O@1=0 5.A 
QG@ by we 


closed B 1 (x) 1= 
B elie co 
0 


.A 
.A no 
LA On =o 1 0= 


B 
pen 
B 


ooo 


0 


yes 


-90 DISCUSSING THE IDEAS 


1.A closed B closed C open D closed 
2.8 1@0=1 Co@o=0 D1@1=1 


I 2 DPN 





ABBE Ca Dan EsU FlE~ 5°5A RYeB YD 
DROVE Fe U 4 

PD) ESE ey) eh (eS 
parallel B series 
Te SOL ei ete” Tah 


D 
H-94-95 CUMULATIVE REVIEW 

1.4% 23 3.2 4A} Bi Ci D3 
5. re A 


a i 
Abb gis 


AAMN a 


6 we we | wB we we We 

624 7. 20°85 21 95A 4e)B 3 C10* Dia 

10.A 39 B 163 11.88 12.A4 B6 CO 
GEM Ask wie 1s) eink (2x 

14. 


A 
,2) 10. (4, 4) 
12, yes 13.A0 B1 C1 









































15.A 40% B 72° 16.A 10600 B 9400 
Wh VE SVE NG Ie 














20.A 3,4 B6,7 C9,10 D 24,25 21.A 69 

B 30.5 C75 22.05 23.A Bre CH 
24.A repeating B non-repeating 25.A 15 B 14 
C105 D6 26.A 365 B316 C082 D 1.58 
27.4 0" B 1) 282A" 0, 9B 029 Ue Reso 
315(O 6) o2s (20-6) eco 


SUPPLEMENTARY EXERCISES 


S-2 SET 1 

1.A 52 B 8? C 25 D 954 E 10° F 32 2.A 102 
B 104 C 108 D 10° E 10° F107 G 10° H 109 
3.A 102 B10’ C 103 D105 E 10° F102 G 108 
H 1 4.A (3-10)+8 B (6-102) + (2-10) +1 
C (8-102) +2 D (1-103) + (2-102) + (5-10) +9 
E (2-103) + (3-10) +5 F (8-103)+1 G (1-104) + 
(4-103) + (3-10) +5 H (8-104) + (1-103) + (2-102) + 
(5:10) +3 1 (6-105) + (8-104) + (7-103) + (5-102) + 
(2:10) +4 J (3-105) + (5-10) 


S-2 SET 2 


1.470 B90 C 130 D 640 E 1250 F 7510 
G 15630 H 48110 1! 200010 J 555560 2.A 400 
B 600 C 1300 D 6800 E 9100 F 17900 


G 24000 H 105100 | 843700 J 503500 3.A 1000 
B 3000 C 6000 D 16000 E 21000 F 135000 
G 458000 H 756000 4.A 5607380 B 5607400 
C 5607000 D 5610000 E 5600000 F 6000000 


S-3 SET 3 

1.A 400 B 1300 C 30 D 400 E 500 F 6000 
G 42000 2.A 800 B 500 C 5400 D 30 E 18000 
F 9800 G 1900 H4 1 600000 J 23000 
K 450000 L 6000000 


S-3 SET 4 

1.A 89 B92 C 207 D 844 E 2204 F 18932 
G 204 H 208 11500 J 1516 K 9814 L 88087 
2.A 196 B 262 C 247 D 3885 E 1266 F 700 
G 1565 H 6862 I 367 J 19461 K 41070 L 6950 
M 11097 WN 79594 O 77274 P 896218 
Q 1590423 R 13090851 


S-4 SET 5 

1.A 33 B33 C 47 D162 E 686 F 449 
G 1229 H 991 159 J 555 K 3194 L 9409 
2.A 66 B 81 C178 D 284 E 625 F 628 G 99 
H 6961 1 8890 J 898 K 49908 L 28587 
M 27000 N 66005 O 96081 P 90000 Q 99000 
R 99900 S 318207 T 689 


S-4 SET 6 
1.A 312 B 584 C 783 D 516 E 3192 F 4515 
G 3152 H 27654 1 72720 J 37533 K 185295 
L 636321 2.A 972 B 1742 C1012 D 8855 
E 11000 F 45980 G 82800 H 429786 I 349932 
J 270000 K 853576 L 4507125 3.A 35979 
B 204240 C 292521 D 431210 E 175910 
F 858945 G 369342 H 1780731 I 4269687 
J 5252065 K 5771500 L 4066540 


S-5 SET 7 


1.4 14,R4 B15 C 15,R5 D 64 E 37,R1 
F 63,R3 G 167 H 83,R4 1137 J 253, R4 
K 476,R1 L 4999,R1 M 4287,R4 N 5706, R1 
O 8785,R4 2.A 4,R15 B8,R12 C 4, R28 
D 29,R2 E 83,R4 F 34,R11 G 28,R3 H 122, R50 
1 98,R62 J 2700 K 876,R22 L 823, R88 
3.A 22,R2 B 8,R31 C9,R1 D 13, R30 
E 9,R270 F 9,R821 G 46,R5 H 68, R11 
1 83,R39 J 143,R4 K 112,R268 L 295, R285 
5 
lls 


S-5 SET 8 
iononietenAete. Bets C18) D 7 Er t2 
17 G10 H6 110 J100 3.A4 B11 CO 


F 
D6 E3 


S-6 SET 9 

1A7B4C9 D9 E6 F4 G5 H9 17 
J2 KO L5 2.A {0,1,2,3,4} B {10} 

C {0,1,2,3,4,5,6} D {8,9, 10} 

E {3,4,5,6,7,8,9,10} F {0,1,2,3,4,5} @G {0,1,2} 
H {5,6,7,8,9,10} 1# {0,1,2,3, 4} 

J 40,1, 2731,4,5} 1K {0,1,2°3.4,5, 6} b 1001, 253, 4) 


S-6 SET 10 

1.A6 B4 C49 D5 E14 F36 G23 H5 
336 Kj GL 3% M0 N*z One toento 2 
B 12,6 C 12,3 D84 E 10,2 F 21,3 G 20,5 
H 0,0 
S-7 SET 11 

1.A°0,1° 8 1,2 © 0/0. D5 OSE Fur sig 
2A2 B3 C3 D4'E2 PSS AS52B 5 
C6 D3 E4 F1 G2 H7 19 
S-7 SET 12 


1.79 2.68 (3.3) 4.5865) Sil OG eo mea AncS 
B 10,13 


S-8 SET 13 
1. 4,3,2,1.0 
2. 
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ie ree) 
aeketitiel. 
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BBEBBI 
BOVE 
aeev?T 3 yul 
S-8 SET 14 


TA 3 5651) Be2ex 2527 Gala o pas 
Di2c3ncor E25 2sc25c sean Fae cea 
Grex 3 Ho x GO NSS, SB UASiba Shear 
Kel03 Ee2 <5 Xai Medes) 5 me Neck 2 ecu, 
OF2 20355 545 PP 5t< 61) G83 5c 163i RES 

2yA\ 3.x. 5) B 25032) C33 Di 2 osm Ene oass 
F223) < 5) G53) Hi 22 5c 7 et cS a7 
Ji22e 34 <o7, 1K, 222x752 SE 22 M22 s7ecalil 

N 22x5x41 O 26x11 P 22x 32x17 Q 23x79 
Re2exeS2exel S42 503445 pape ease aa 
U2x3x 5% V 22x 32x52 W 26x3 x5 

X 22x 5 x 72 


S-9 SET 15 


Exom ra li2ee Ge HiG 
4 N25 O 24 P 30 
AX3” B40 Cll DS 
J K 25 L 30 M 75 


1.410 B18 C20 D114 E 24 F 20 G 60 
H 100 160 J 34 K 30 L99 M60 N 48 

O 105 P 120 Q@ 130 R90 S 48 T 180 2.A 30 
B30 C60 D60 E 30 F12 G 28 H 36 I 30 
J 120 K 70 L 30 M 24 N60 O 48 


S-10 SET 17 

iTAgoe! Bc Ce 3a. DEO Ee eee /. iGe2 
H4 1-23 J —42 K 20 L 65 M -19 N —100 
ORS Pai Oe 198 Re 48eeSe 22a 935 
PHI\ S 12) ss} Te 6) [) =<) [3 =@) iz) Cepal 


Hee 2a le oe dO 7 Ke 60 Ee Omen Oe Na—6O 
OR 20 
S-10 SET 18 


1A =3 B-2 C3 D4 E2 F-4 G8 
He Ome te nd Ke 4 ee Oa MO Nie 

OFS omer Ome OC) 20M Re aoe omer One ALO 
3s =8 © 90 =A! 210 Pe 8 Tlie 
1545535) Kes Eliz Me SmNG 32 Ol53 
Pe oom Qr43 RE2B ES. 96 see OS mUE—224un VO 
W 560 X —396 


S-11 SET 19 

ivAS— 20 eB) 24) C60 Dk4Bee Ee 50) a2 
GO H53 190 JO K —280 L120 M —43 
N 1500 O 34 P —87 Q 87 R -870 §S 870 
T -870 U -1600 VO W140 X —1232 Y 1350 
PLAN PRE [) <3P Ae 2 Ae) =2iF 1 = 27 NP ee 








G 90 H -—800 |! —-180 J 144 K 400 L 400 
M 400 N —400 O 400 
S-11 SET 20 


iw Bad =o P= fl i=” ter’ 
ey The a) i Se Thal ih) ae alee tess 
O 7aVN =6 Te) t 7 418) = 13 S2 AP = 6 
G —-3 H13 133 J3 K —5 L 59 M 40 N 100 
07-50" P! —2 Q3  R=2>S 2°57 6 Us 


S-12 SET 21 


H 
P 


17 ACG BOG lOeeD EO m bee re Ome Gromer a2 
edu Ga Keo Ly Cares Alou Baoe Gece Dro ESO 
Fl iiee Guise HH anleoe Jeo Ke oOn24 Lees 29 
BARB = Cu) (Des bu —eere 


S-12 SET 22 
1 AG —4.—| Be SlC MlOnOmE 2a Amon 
B 20/40) © =8)—2) Dean EM 05-4 353A) —5 
B -9 C -389 D -78 E -10 F -2 G-3 H -9 
[9 J —5 Ka 9 LG 
S-13 SET 23 
1. Many are possible—Sample answers: A 4%, i 
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ae 
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ae 
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iO oe 
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nlo 
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SS +O 
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jo Sho 
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=04 
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ole 
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ie 
on >< 3D EI 
oy 
es 
ok 


ale 
<= 


ip NIC ol Shs 


ow CroaAt2zitwo 


—_ 
ow 
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1.A no Byes Cno Dno 2.A # 
= F= G# H# I= J= 
#1 Or 3. Ae B24. C24 
81 H 80 139 J 125 


A$ Bi Ci D138 Et} Fl} G -1¥5 H 1h 
Jam Ko (2 Mew Ndi -% 

453 C 80} D 23h E 101% F 427% 
444 154i J 6548 K 703 L 35735 





+ 3. 
Celie D129 Es CFR ieseeGal eee 
2 


S-15 SET 28 
1.A14 B3; C% Di} E 
lee Usp I Ae 1k =i ot 
2.A14 B10% CH DY E 2 
ni eh Th Se dP Sa IK 2 IL 
O -6 

S-16 SET 29 


1.18 25 '$7.50° 3. $7052 “45 172hn 5: .75)kmih= 
Sh teh 


S-16 SET 30 

1.A 7.93 B 12.791 C 246.85 D 9.007 E 6.746 
F 251.248 G 39.375 L 70.7105 I 862.943 
J 62.0379 K 2.7409 L 410.563 2.A 258 B 6.36 
C 10.9 D0.277 E 29.35 F 4.081 G 8.42 
H 12.665 | 25.34 J 457 K 5.818 L 281.32 
M 21.28 WN 43463 O 651.67 P 4506.029 3.A 1.26 
B 3.6 C —13:.43 D —3208 E —1.55 F 0.166 
G 4.83 H —0.0524 11495 J 84.55 K 4.95 
L 43.704 


S-17 SET 31 


1.A 28.32 B 128 C301 D 156.91 E 220.92 
F 1544 G 25.976 H 5.369 1 13.086 J 0.90611 
K 171.038 L 1.36279 M 13.3668 N 195.038 
O 33.8355 P 414.15136 Q 0.32812 R 3688.626 
S 12.04924 T 0.418573 2.A —0.27 B -12.6 





C -28 D425 E -3.569 F 6585 G —10.132 
H -—848.16 1 29.96856 J —48824 K —1767.633 
L 3523.455 M —53.049651 N —0.07425 O 202.4891 


S-17 SET 32 
1.A4x 10? B3x103 C 63x10? D 2x 10 
E 5.4x10* F 35x10 G9x108 H 4.56 x 10° 
| 8.03 x 109 J 7.905 x 10'2 K 5 x 107? 
8749 e088 IM 4 <at0n*  N) 70) < 1052 
ORS0RS 103 P 7202510525 OQNS:0)x 105° 
R 4.53 x 10°? S 8.0 x10-’ T 8.002 x 10% 
2.A 42000 B 561 C 3700000 D 92.2 E 405000 
F 3200000000 G 9.55 H 107000000 1! 90050 
J 35400000 K06 L 0.008 M0O.15 N 0.034 
O 0.000691 P 0.00000007 Q 0.00000000044 
R 0.0000039 S$ 0.000000801 T 0.00000000001392 


S-18 SET 33 

1.A2.4 B63.4 C93 D3.8 E351 F 0.32 
G 0.2535384 H 0.93 1 63.4 J 361 K 65 L 0.37 
M 23.5 N 0.36 00.99 P0114 2.A 0.82 B 5.15 
G 0345590) 105s5E, 01062) (FMiiS:5eG 405) H <4 
1 32.28 J 460 K 015 L135 M 45 N 0.55 
O65 Pe4at Q0873) = R1053 S134 et 75110963 


S-18 SET 34 

1.A 3.2 x 107 B24 x 105 C 1.2 x 104 
Dr2:8ex< 105 EVAtox 1025 File Gi4:38 << 1104 
Hel <10 19S3:5i 102" J 2:7%* 102K 2:4 « 1102 
LC 3x10? M28 N35 045x110" 2.A 5 
B 200 C 20 D 15000 E03 F 200 G 50 
HiMiZO0R INOS J 520m Ke2 LOS 


S-19 SET 35 

1.A05 B0O53 C0533 2.A 0.88 B 0.38 
C 0.11 DO36 E039 F 087 3.A 0.688 B 0.889 
C 0.938 D 0.711 E 0.577 F 0.974 


S-19 SET 36 
1.A24 B45 C20 D9 E27 F 42 G6 
H 15 2.A $1.29 B30 C 184 D911 E 160km 


S-20 SET 37 


1.A12cm B 24cm C1.5cm D 22.5cm 
2. 279km 3.18cm 4. 4cmby7.5cm 


S-20 SET 38 

ARON Om BaO-c3e) CHOl oD 009s Es 0:05 SF 0:7 
G10 H0O01 1002 J075 K 0.075 L 0.04 
M 0.015 N 0.333 2.A 38% B 65% C 20% D 3% 
E 150% F 15% G 130% H 205% 19.3% J 550% 
K 1630% L 17.8% M 1.7% N 30.9% 3.A % B 3 
C# Dw Ei Fx Gis Hits 1% VA KA 
L% M5: N38 4.A 59% B3% C1% D 75% 
E 34% F 28% G 36% H 56% I 39% J 42% 
K 71% L 30% M 60% N 93% 


S-21 SET 39 

1.A $3.15 B $1260 2. 80% 3.A $169 B $481 
4.A $9.30 B $164.30 5. $45600 6. A by $1 
S-21 SET 40 

TaApesig Bo. Ge 10) 1Die7.90) 6 E 2 5a Fe 3o 


G 0.003 H 0.007 10.005 J 0.0035 K 0.0006 
L 0.00125 2.A 1950 B 1700 C 2720 D 6300 
E 2250 F 72240 G45 H 494 1256 J 1.2 
K 2.25 L 6.25 3.A 172125 B 0.0075m 


S-22 SET 41 

1.A3 B13 C 5000 D 15000 E4 F 0.74 
G 4600 H 400 1053 J 100 K10 L1 M 0.001 
N 0.0001 O3 2.A 9.8 B15 C82 D 108 
S-22 SET 42 

1.A 14.82 B 16.17 C 16% D 2086.5 E 27.0375 
2.A 9.03 B 5.225 C 2161.08 D 2709.63 E 5.2768 


S-23 SET 43 
1.449 B 154 C 56 D 928.05 2.A 6975 


B 208 C 18: D 43.26 3.A 1066 B75 C 175.5 
D 1995 


S-23 SET 44 

1. A 65°48'56" B 57°48’22” C 99°11'49" D 95°8” 
E 130°42'1” F 113°25'33” G 90° H 183°51'10" 
2. A 22°26'6" B 27°23'47" C 50°44'11” D 27°20'47" 
E 61°45'38" F 24°54” G 25°48'49" H 46°7'13” 
S-24 SET 45 

1A10 B25 C17 D113 2:A 24” B 20° € 12 
Di/za03. A) 25) B26" Cr30 SD isSeeEac aa 
G30 H33 I 3.2 
S-24 SET 46 

1.A 180 B 75.516 C 884.4 D 1155000 E 297.1 
2.A 57.5 B 105 C 42.02 D 10.04 


S-25 SET 47 
1.A 11.66 B 441 C 3725 D 8450 2.A 28.7 
B 700 C 1916.7 D 13 


S-25 SET 48 
1 Av3e 1 Bi8s)C 32) D7 SEs 39 ere 2alee Gas 
H045 2.A4 B12 C9 D5 E 48 F 30 
G39 H 4 


S-26 SET 49 
1.AE Beld C EDF 2.A RS/RQ =TU/UV 

B uP =/V C ASRQ=ATUV 3.A2? B? 4.A3 

B 4 

S-26 SET 50 


1.A584 B988 2.A 14.74 B 16.28 3. t = 19.05; 
x =25 4.A 0.53 B 0.47 C 0.88 


S-27 SET 51 

1.A 15.7 B 10.04 C 43.96 D722 E 973.4 
F 5.02 G543 H28 2.A 251 B 21.98 C 138.2 
D 2763 E 329.7 F 52.1 G 2.20 H 38.62 


S-27 SET 52 

1.A 113.04 B 176.6 C 1256 D 452.2 E 7.07 
F 30.2 G 32.2 H 0.50 2.A 379.94 B 632.06 
3.A 520.96 B 298.98 
$-28 SET 53 


1.A 863.5 B 1161.8 C 368.95 D 6280 E 6782.4 
F 156.9 G 23.25 2.A 150.7 B 942 C 211.95 


D 196.25 E 100480 F 4.57 G 1.21 

S-28 SET 54 

ibis Ss DS Ga reine Ey eh yy SENSE 
Bee Ci DE Ere G 10 

S-29 SET 55 


1.A 24 B 720 C 5040 D 48 E 720 F 120 
2. 24 3.120 4. 40320 5. 362880 6.A 7! B 10 
C76 D4! £4! F7! G9! H6-5-4 16 
S-29 SET 56 

ARON BECMNCESOMN 242 4am ml SING mOOmED TAUC 
B 20 C21 D56 E35 F 84 

S-30 SET 57 

TAS Bt C@.0 D (12375, 6)52 2.A% Bt 
Cee Dito Alta Bia Cel 

S-30 SET 58 

1.A 27 B67 C 241 D120 E 218 F 4539 


2,A 51 B 313° C 140) D697 -E 1291, F 88 G 55 
H 53 


ae 
= 
ie 


S-31 SET 59 


1.A49 B86 C125 D 40 E 1350 F10 G19 
inl Giles ip qlee dis 47S skh es Choy Soyos 
B 55.7 C mean 


S-31 SET 60 
Un 2. 2-3 3. 16-20 


S-32 SET 61 


1.A 110 B 27.3% C 63.6% 2.A 27°C B 22°C 
C4 3.A $150 B $90 4.A 30% B 15% 
S-32 SET 62 

1A 135.8) 23 'Ce21 DiiG BE=34™ Fava) Giis4 
Hip4 7 el 5625 J 865 Kaos E94 a MiaS 9 NTSi8 
084 P61 Q68 R38 S 0.5708765 T 0.43 
PUNT [sy Aish A ERS). Je Ae 1s AIO: Le Ko) 
G22 4 O54 154 Se eS OMe BOs O.4-5 Mie fee 
N07 003 
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MAKING THE METRIC SYSTEM MEANINGFUL 


To make the metric system meaningful it is useful to under- 
stand something of the origin of weights and measures, the 
emergence of early decimal measurement systems, and the 
development of the modern metric system. Although the metric 
system is simply the application of the decimal number system to 
measurement based on the metre and other standard units, its 
usefulness has not been readily accepted universally. The struggle 
to develop a universal language of measurement has been long and 
difficult. 

It is a little known fact that even though our o/d measure- 
ment system is called the British Imperial or English measurement 
system, the British neither originated nor advocated this system 
in earlier days. The British used a system similar to metric nearly 
1500 years ago, abandoning it about 700 years ago only to go 
metric again in the 1970’s. 

How did measurement begin? Probably back in pre-history, 
one cave man showed another just how big the fish was which he 
caught (or which got away) by using his out-stretched arms: since 
then, man has used parts of his body for measuring. 

Ancient Egyptian history of measurement was recorded as a 
readable story with markings cut into rock used to keep track of 
the rise and fall of the Nile waters at floodtime. Every tenth line 
was emphasized, a measure roughly corresponding to the span of 
the hand. The units used in land surveying were as follows: 


10 zebos (fingerwidths) = 1 span 
10 spans (100 zebos) = 1 nent (armstretch) 
10 nents = | khet 


The builders of pyramids and temples used the cubit (length of 
the forearm). 

With the domestication of the Arabian camel, two Phoeni- 
cian ports, Tyre and Sidon, became thriving commercial centres 
where trade flourished for centuries. Camels made possible 
caravan routes from Babylon to Egypt. Since Egypt was an 
important customer, the Phoenicians adopted the Egyptian 
decimal system. One small modification was made in order to 
measure cloth—half a nent (armstretch) was used, a unit close to a 
yard. 
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The Phoenicians had established trading centres along the 
Mediterranean shores including Greece. Around the 3rd to 4th 
century contact was made with the northern tribes, particularly 
with the Goths who had moved south along the Black Sea into 
Greece. Odin whose name survives in our word “Wednesday”, was 
a mighty chieftain in Teutonic mythology, and guided his 
people from a semi-nomadic to a more settled way of life. It is 
said that he accepted the Phoenician way of measurement—only 
his ‘“‘armstretch” unit was larger. And so the decimal measure- 
ment spread among the peoples known as Norse or German. 
Around this time portions of Britain were occupied by Roman 
legions who confined themselves mainly to the fortresses built 
along the defending walls. With the recall of the Roman soldiers 
Britan was left defenceless. 

This situation allowed the migrations to Britain to take 
place from the Sth to the 8th century A.D. Across the North Sea 
came the Angles, Saxons, Jutes, and Danes. They brought with 
them the decimal system of measurement. 

10 fingerwidths = | span-of-length 


10 spans = 1 armstretch 
10 armstretches = | chain 
10 chains = 1 furlong 


10 chains x 1 chain = 1 acre 
These measurements were suitable for surveying and building. 
The housewife used smaller units based on 10. 
10 one-half fingerwidths = 1 handbreadth 
(across knuckles) 
= 1 wand 
(half an armstretch) 

In most measurement systems, it is noteworthy that from 
the selected unit of length a cube is described which determines 
the unit of capacity or volume; the unit of mass is derived from 
the mass of cool water in this cube. For example, the capacity of 
a cubic handbreadth was called a measure-full. The mass of cool 
water in this cube gave the early Britons the basic mass unit called 
a measure-weight; the mass of a cubic wand of cool water was a 
tun-weight. Length received greater emphasis in this historical 
development because the derived units were determined by the 
unit of length and limited space. 


10 handbreadths 


However, about 700 years ago the foot was introduced to 
England from continental Europe. The foot did not originate 
with the English. The Romans used such a unit and they in turn 
had borrowed it from the Greeks who devised it in the first place. 

The Greeks worked out a system for fighting men using 
paces (double steps) as units. Romans used mille for a thousand 
paces, giving us the word mile. Some areas affected by Roman 
units were Italy, Spain and France while those retaining the units 
of the Gothic tribe were England, Germany and the Scandinavian 
countries. 

Around 1200 A.D., about 700 years after the fall of the 
Roman Empire, a new industrial era began in Europe. Trade 
increased, trade organizations were formed, fairs were established, 
and cathedrals were built. Unfortunately the measurement plan 
used was the “foot-length”. With the introduction of the indus- 
trial era in England, there too the foot-length and other related 
units were adopted. Since it was non-decimal it did not fit the 
simple Gothic system. No doubt many in Britain at the time were 
dismayed by this decision to allow the Roman units to be used. 

At the beginning of the 17th century, Simon Stevin, an 
inspector of dikes in the Low Countries, proposed a decimal 
measurement system, and shortly thereafter Father Gabriel 
Mouton suggested to the French Academy of Sciences a decimal 
system based on the circumference of the earth. 

By the 18th century in Europe, there were 280 measures 
called “foot”, all of different lengths. Imagine the quarrels and 
squabbles that this could cause. In the midst of this confusion 
people were clamouring for a simple system. One very important 
development in the U.S.A. captured the people’s attention: 
namely, the decimal coinage plan approved by Congress in 1786. 

10 mills = 1 cent 
10 cents =1 dime 
10 dimes = 1 dollar 

At this time Thomas Jefferson, as U.S. Secretary of State, 
prepared a unified system of weights and measures which was 
decimal in nature. He sub-divided the foot into 10 parts, larger 
units being formed by multiplying by 10. 

Meanwhile the scientists at the Academy of Sciences of 
Paris began to devise a fully decimalized measurement system to 
dovetail with the decimal number system. At this time certain 
mathematicians were proposing a duodecimal number system and 
advocating a duodecimalized measurement system to match. This 
idea failed; instead the idea of linking the measurement system to 
the place-value number system based on 10, flourished. 


In the 1790's the French instructed a small group of out- 
standing scientists to measure the distance from Dunkirk to 
Barcelona and this information was used to calculate the distance 
from the North Pole to the Equator. This land measurement was 
chosen because it was the longest segment of land along a 
meridian in Europe. Assuming the earth to be perfectly round, 
one ten-millionth of this arc was designated as the metre (greek 
metron—a measure). 

Beginning with the metre, larger and smaller units were 
formed based on the decimal number system, i.e. multiples and 
sub-multiples of ten with the appropriate prefix. 














PREFIX SYMBOL | MULTIPLYING FACTOR 

kilo k 1000 = 103 
Greek ~ hecto h 100 = 102 
deca da 10 = 101 

deci d ON= 101 

Latin centi Cc OOT= 10m 

t milli m 0.001 = 10-3 

4 a 











Some of the common metric units used in most daily 
situations are derived from the metre, gram and litre and these 
are: 























QUANTITY UNIT SYMBOL 
——— 
Length millimetre mm 
centimetre cm 
metre m 
kilometre km 
Capacity millilitre ml 
litre lor Z 
kilolitre kl 
Mass gram g 
kilogram kg 
tonne 
Volume cubic centimetre cm? 
cubic metre m3 
LS s J 
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FLOURISHED FOR CENTURIES Memphis 


It is remarkable how near the modern metric system is to 
the early decimal system. The wand of old was only 0.5 cm 
longer than the metre. Had the early system remained, little 
change would have been necessary in order to bring the old into 
the new. However, the metric system as proposed by France 
gained ready acceptance in certain Latin American and European 
countries. Germany adopted the metric system after defeating the 
French in the war of 1870-1871. The British however, in 1871, 
rejected the proposal to convert to the metric system by de- 
feating the Bill in the House of Commons by a mere five votes. 
Since Napoleonic times the original metric system has 
undergone changes and in 1960 the General Conference on 
Weights and Measures (Conférence Générale des Poids et 
Mesures) adopted the name Systéme International d’Unités 
(International System of Units) abbreviated SI. The SI system is 
an extension and refinement of the traditional systems (CGS and 
MKS) and superior because it is a rationalized, coherent, and 
simplified metric system. 

The base units of SI are seven independent units: metre 

| 

: 


eee ee 


(length), kilogram (mass), second (time), ampere (electric 
current), kelvin (temperature), candela (luminous intensity), and 
mole (amount of substance). All other derived units are defined 
in terms of these units. 
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QUANTITY UNIT SYMBOL 

Length metre m 
Mass ; kilogram * kg 
Time secondt S 
Electric current ampere A 
Thermodynamic temperature | kelvin# K 
Luminous intensity candela cd 
Amount of substance mole** mol 





In addition to the seven base units are the following SI 
units—supplementary units and derived units having special 
names. 





| UNIT 4 SYMBOL 


























QUANTITY 
Supplementary | Plane angle radian 
Units Solid angle steradian 
Frequency (cycle 
per second) hertz 
Force newton 
Energy joule 
Derived Units Power watt 
having Electric charge coulomb 
Special Names Electric potential volt 
Electric resistance ohm 
Electric capacitance | farad 
Magnetic flux weber 
Inductance henry 
Magnetic induction | tesla 
Luminous flux lumen 
= | S88 


= =| 
*The Kilogram is the only base unit containing a prefix and 
is used because the gram is too small. 

t As early as 1670, it was suggested by C. Wren that the 
length of the pendulum whose swing takes one second be 
the unit of length. By coincidence the length of this pendu- 
lum was very nearly 1 m long. 





# The Celsius temperature scale (previously called Centi- 
grade) is common in everyday usage and even though it is a 
non-SI unit it is permissible to use it for. temperature 
measurements. One degree Celsius equals one kelvin (1°C = 
HK): 

XX The mole is defined in chemistry in terms of a number 
of elementary particles (Avogadro’s number). 


THE RULES GOVERNING THE USE OF SI UNITS 


In order to preserve uniformity in the writing of the units, 
the symbols, the prefixes, and the numerals, the following list of 
rules should be followed. For a more complete treatment write 
to: Canadian Standards Association, 178 Rexdale Blvd., Rexdale, 
Ontario and request a copy of a CSA Standard Z234.1—1973, 
Metric Practice Guide. 


A. SI Units when written out in full: 


(1) Units are not capitalized except at the beginning of a 
sentence. Example: ampere, newton, kelvin. Only Celsius 
begins with a capital letter. 

(2) The word per is used to denote division between the 
units. Example: kilometres per hour not kilometres/hour. 


B. Symbols for SI Units: 


(1) A symbol represents a unit and is the same in all 
languages. 

(2) The symbols do not change in the plural. 

Example: 10 metres 10m 

(3) Because the symbols are not abbreviations no periods 
are written after the symbol except at the end of a 
sentence: The symbols can be manipulated like algebraic 
variables i.e. multiplied, divided, squared, cubed, etc. 

(4) Symbols are usually not capitalized except for a unit 
named after an individual. Example: A for ampere, N for 
newton, and K for kelvin. (Note: Hz for hertz, Pa for 
pascal, and Wb for weber). 

(5) Symbols should not begin a sentence. 

(6) The symbol of a derived unit formed by division is 
shown by using a solidus (/) or a negative exponent. 
Example: km/h or km-h~', not kmph or k.p.h. m/s? or 
ms 2, not m/s/s/. 

(7) The symbol must be separated from the numeral by a 
space. Example: 75 cm 

(8) The symbol for degree ° is used to denote degree 
Celsius (°C) to differentiate it from a coulomb (C), a unit 
of electrical charge. 


C. Prefixes for SI Units: 


The prefixes larger than kilo and smaller than milli are 
listed as additional information to teachers and interested 
students. 











PREFIX SYMBOL MULTIPLYING FACTOR 
tera i 1012 
giga G 109 
mega M 10& 
micro iu Ome 
nano n 10°? 
pico p Ome 
femto f 10512 
atto a 10-18 
= 














(1) The only prefix symbols capitalized are T for tera, G 
for giga, M for mega. 

(2) The prefix symbol and the unit symbol are printed in 
roman (upright) type without spacing between them. 
Examples: kPa for kilopascal, mN for millinewton, MN for 
meganewton. 

(3) Only one prefix is applied at one time to a given unit. 
Example: picometre (pm), not millinanometre (mnm). 

(4) The prefix symbol combines with the unit symbol to 
form a new symbol which can be raised to a positive or 
negative power. 

Example: 1 cm? = 1 (cm)? = (10-?m)? = 10°4m? 

(5) The prefixes denoting multiples or sub-multiples of 
1000 are preferred where it is practical. This implies that 
the prefixes h, da, d, c, are to be avoided; however, in 
measuring length the cm is acceptable. 


D. Numerals used with SI Units: 


(1) Instead of using commas to group blocks of three digits 
to the left and right of the decimal point, a space is used as 
a separator. 
Examples: 654 321.234 56 
(2) A prefix should be chosen so that the numerical values 
fall between 0.1 and 1000 if it is suitable. 
Example: 23 000 J becomes 23 kJ 

0.005 81g becomes 5.81 mg 
(3) A zero is written in the units column for a number less 
than one. 
Example: 0.3 in place of .3 
(4) Decimal notation should be used where it is practical. 
Example: 4/5 should be written 0.8 
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E. General comments: 


(1) The following should not be used: 

amp to mean ampere; 

kilo to mean kilogram; 

sq. cm to mean square centimetre (use cm? ); 

cc to mean cubic centimetre (use cm®). 
(2) Metric (but non-S]) units are to be avoided. 
Example: calorie, micron, dyne, erg. 
(3) Some NON-SI units are permissible with the SI. 
Example: minute, hour, day, litre, tonne, degree Celsius, 
nautical mile, knot, angstrom, hectare. 


THE ADVANTAGES OF SI 


UNIQUE: The SI system is convenient in measuring in that 
there is only one unit for each physical quantity as illustrated by 
the seven base units such as the metre for length, second for time, 
etc. There is absolutely only one version of all the base units all 
over the world. 

COHERENT: This can be defined 

(a) as the act of sticking together or 

(b) as a natural or logical connection. 

Starting with a unique set seven base units all other derived units 
can be obtained by multiplying or dividing two units either basic 
or derived. 

Example: velocity unit is the metre per second. i.e. m/s 
The coherence can be better illustrated by the following 
schematic diagram. 
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Because of its coherence, complicated conversion factors are 
eliminated. When measuring physical quantities one unit applies 
to the mechanical, electrical and thermal fields. 
Example: 1 watt = 1 newton x 1 metre per second 

1 watt = 1 ampere x 1 volt 

1 watt = 1 joule per second. 

INTERRELATIONSHIP: The cubic model illustrated best 
describes the following interrelationships. 

1 cubic centimetre (cm) container holds I millilitre of 

water of mass 1 gram (g) at 4° Celsius. Consequently a 

1000 cubic centimetres (cm?) or 1 cubic decimetre (dm?) 

container holds 1000 millilitres (ml) or 1 litre (2) of water 

of mass 1000 grams (g) of 1 kilogram (kg). 

UNIVERSAL: The metric system (more specifically, SI 
units) has become the “lingua franca” of the world. The symbols 
are identical whenever and wherever SI units are used and thereby 
form part of a worldwide language of measurement. 


THINK METRIC 


The SI units are distinct and unique in that they are not 
derived by converting units from other systems. In order to pre- 
serve this “purity”, conversions from one system of measurement 
to another should be avoided. Education research strongly 
supports the theory that the best way to learn the metric (SI) 
system is to think metric. Languages are best understood if the 
person thinks in the language spoken. 

However, it is not always possible to strictly enforce this 
way of thinking. If conversion is necessary it is better to use the 
form 1 m= 1.094 yd. instead of 1 yd. = 0.9144 m. 


rset 


It is easier to relate units of measurement to parts of the 
body. 
1 fingerwidth—2 cm 
1 small fingernail width—1 cm 
1 handbreadth—10 cm 
1 cubic handbreadth—1 dm? or 12 
(remember the mass of 1 2 water is 1 kg) 

In this fashion the everyday units can be readily visualized. 
It is more difficult to visualize distances in kilometres. For this 
reason the more common relationships can be applied. For 
example: 

60 miles is approximately 100 km 
30 miles is approximately 50 km 
20 miles is approximately 30 km 
50 miles is approximately 80 km 
100 miles is approximately 160 km. 

It is convenient to think of a common paper clip to have a 
mass of | g. A litre is less than the Imperial or Canadian quart but 
greater than the U.S. quart. 

In developing a feel for the temperatures expressed in 
degrees Celsius, it may be useful to relate it to some common 
experiences. 

100°C boiling point of water 

37°C normal body temperature 
30°C hot summer day 
20°C comfortable room temperature 
10°C cool summer day 
0°C freezing 
-20°C cold winter day 
-40°C extremely cold winter day (equivalent to -40°F) 


CONCEPT OF MEASUREMENT 


To measure is to count or mark off using a selected unit as 
the standard. In other words, to measure is to determine a 
number which indicates the number of times the standard unit 
has been applied. 

Concepts of measurement are best learned if students are 
meaningfully involved in activity. The Chinese proverb “I do, I 
understand” applies very well to the development of measure- 
ment concepts. The U.S. Metric Study Interim Report states: “To 
begin with, measurement should not and really cannot be 
“taught” through a series of planned lessons. Learning to measure 
is a gradual process related to each child’s experiences... 
children will learn best if it is not taught but experienced and 


used in some activity in the context of situations in which a child 
is actively involved... .” 

The variety and extent of the hands-on approach is limited 
only to the imagination of the students and teacher. Although 
excellent commercial material is available, it is at times less 
expensive and more beneficial to the learner to use materials in 
the school or home. Cuisenaire rods and cubes are excellent to 
demonstrate the cm, cm?, and cm. The container of a 2 quart 
milk carton is 10 cm x 10 cm. This would readily provide the 
student with a cubic decimetre, or 1 litre, if 10 cm high. This 
type of activity reinforces the think metric theme. 

Teachers are strongly urged to allow students the opportu- 
nity to develop the skill of estimation. It is fun and very useful. 
Like any other skill, perfection is attained through meaningful 
practice. 

When industry in Great Britain went metric the companies 
streamlined their operations. Forty different sizes of screws were 
reduced to seven. Going metric gives teachers an opportunity to 
streamline mathematical operations and methods of instruction of 
measurements concepts. 

The adoption of the metric (SI) system will simplify and 
unify the teaching of mathematics and science, reduce calculation 
errors, save teaching time, and give a better understanding of 
basic physical principles. 
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